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Abstract The interaction between fiscal and monetary policy is analyzed by means of a
game theory approach. The coordination between these two policies is essential, since de-
cisions taken by one institution may have disastrous effects on the other one, resulting in
welfare loss for the society. We derived optimal monetary and fiscal policies in context of
three coordination schemes: when each institution independently minimizes its welfare loss
as a Nash equilibrium of a normal form game; when an institution moves first and the other
follows, in a mechanism known as the Stackelberg solution; and, when institutions behave
cooperatively, seeking common goals. In the Brazilian case, a numerical exercise shows that
the smallest welfare loss is obtained under a Stackelberg solution which has the monetary
policy as leader and the fiscal policy as follower. Under the optimal policy, there is evidence
of a strong distaste for inflation by the Brazilian society.

Keywords Fiscal policy · Monetary policy · Nash equilibrium · Stackelberg equilibrium ·
Cooperative solution

1 Introduction

The macroeconomic analysis has experienced wide changes in recent years. The rule-based
policymaking approach has taken the scene in both fiscal and monetary policies all over the
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world. Woodford (2003), for instance, calls our attention to the adoption of interest rate rules
by the monetary policy aiming at inflation stabilization. The relevance of commitment with
explicit rules is strengthened by the adoption of inflation targeting regimes by many central
banks worldwide, including Central Bank of Brazil, Bank of England, Reserve Bank of
New Zealand, Swedish Riksbank, among others. However, independent movements by the
monetary authority might result in conflicting interests with the fiscal authority. To resolve
this dispute, one might make use of the game theory framework.

Our goal is to analyze the interaction between fiscal and monetary policy, taking into
account different policy regimes, resulting from alternative forms of interactions between
the policy authorities in a game theory environment. We allow for the policymakers to si-
multaneously set their instruments without cooperation as in a normal form game, engage in
a Stackelberg leadership scheme, and simultaneously set their instruments in a cooperative
game to pursue common objectives. Whenever possible, the models are solved analytically.
Otherwise, we provide numerical approximation for the solutions using the Brazilian econ-
omy as a reference.

Backus and Driffill (1985) and Tabellini (1985), for instance, used the theory of repeated
games to demonstrate that, under certain conditions, equilibria with low inflation could also
appear under discretionary policymaking.1 The argument is that when the monetary author-
ity fights against inflation by relying on good reputation, it influences private-sector expecta-
tions on future inflation. Thus, even under discretion, the policymakers need to demonstrate
a certain amount of credibility. In this scenario there appeared, for instance, the Taylor rule
(Taylor 1993), establishing a reaction function for the nominal interest rate in response to
variations in inflation and the output gap. Later on, Taylor’s empirical rule was rationalized
by optimizing behavior of individuals and firms in a New Keynesian framework.

Coordination between fiscal and monetary policies has to take care of conflicting inter-
ests, since each policymaker is primarily concerned with his own objectives. In this scenario,
the induced economic spillovers and externalities become very important. This issue is ad-
dressed by Engwerda (1998), Engwerda et al. (1999, 2002), who modeled dynamic games
among monetary and fiscal policymakers.

Dixit (2001) built several models of the EMU (European Monetary Union) and the Euro-
pean Central Bank (ECB) in order to analyze the interactions of some countries’ monetary
and fiscal policies. He found that the voting mechanism2 achieved moderate and stable in-
flation. In case of a repeated game, the ECM should foresee eventual member drawback and
overcome this perturbation. Dixit (2001) emphasizes the dangerous role played by uncon-
strained national fiscal policies, which can undermine the ECB’s monetary policy commit-
ment.

Van Aarle et al. (2002) implemented a monetary and fiscal policy framework in the EMU
area according to the Engwerda et al. (2002) model. The idea was to study various interac-
tions, spillovers, and externalities involving macroeconomic policies under alternative pol-
icy regimes. Numerical examples were provided for some types of coalitions. It is interesting
to highlight that, in the simulations, full cooperation did not induce a Pareto improvement
for the ECB.

The traditional three-equation Taylor-rule New Keynesian model was extended by Kir-
sanova et al. (2005) to include the fiscal policy and analyze policy coordination. The idea
was to amend the set-up to a five-equation system in order to describe the role of the fiscal

1Macroeconomic policy characterized by absence of commitment.
2This is a mechanism of decision-making in the European Central Bank (ECB).
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policy, which might give feed back on the level of debt and helps the monetary authority to
stabilize inflation. Policy interactions were considered in three scenarios: (i) non-cooperative
policies, (ii) partially cooperative policies, and (iii) benevolent policies. The results sug-
gested that, if the authorities are benevolent and cooperative, the monetary authority will
bear all the burden of the stabilization. In addition, the Nash equilibrium will produce large
welfare losses when the monetary authority is benevolent and the fiscal authority discounts
too much the future or aims for an excessive level of output.

Lambertini and Rovelli (2003) also studied monetary and fiscal policy coordination using
a game theory approach. Particularly, they argue that each policy maker prefers to be the
follower in a Stackelberg situation. Moreover, when compared to the Nash equilibrium,
both Stackelberg solutions are preferable. Due to implementation issues, they also claim
that fiscal authorities would naturally behave as leaders in a strategic game with monetary
authorities. Favero (2004), on the other hand, shows that the strategic complementarity or
substitutability between fiscal and monetary policy might depend on the type of shock hitting
the economy. In addition, countercyclical fiscal policy might be welfare-reducing if fiscal
and monetary policy rules are inertial and not coordinated.

Our major contribution states that, in the Brazilian case, the monetary leadership under
the Stackelberg solution yields the smallest welfare loss for the society. The monetary lead-
ership might be associated to the existence of a monetary dominance in the Brazilian econ-
omy during the recent period, as empirically suggested by Tanner and Ramos (2002), Fialho
and Portugal (2005), and Gadelha and Divino (2008). Under the optimal policy, a sensitivity
analysis performed by varying the relative weights placed by the monetary and fiscal author-
ities on their target variables revealed a strong distaste for inflation by the Brazilian society.
In addition, impulse response functions indicated strong reactions of the monetary author-
ity to inflationary pressures. There is also an inflationary effect coming from fiscal shocks,
which contributes to reinforce the key role played by the monetary authority to stabilize the
economy.

The remainder of the paper is organized as follows. The next section details the baseline
macroeconomic model and discusses some elements of game theory. The third section in-
troduces the fiscal and monetary policy games. The fourth section discusses the numerical
approach used to approximate some of the solutions. The numerical results are presented
and analyzed in the fifth section. Finally, the sixth section is dedicated to the concluding
remarks.

2 The baseline model

The New Keynesian framework has been largely used to analyze optimal monetary and fis-
cal policy rules. The system of equations is a linear approximation, in logarithmic form, of
a dynamic stochastic general equilibrium (DSGE) model with sticky prices. The DSGE ap-
proach attempts to explain aggregate economic fluctuations, such as economic growth and
the effects of monetary and fiscal policies, on the basis of macroeconomic models derived
from microeconomic principles. The model is forward-looking and consists of an aggregate
supply equation, also known as the New Keynesian Phillips curve, an aggregate demand
equation, also called the IS curve. Additionally, there is an intertemporal budget constraint,
with which the government should comply, and the optimal monetary and fiscal policy rules.
These two policy rules will be derived later on. The aggregate demand function, represented
by the intertemporal IS curve, results from the first-order conditions of the individual’s op-
timization problem. The IS curve can be modeled taking into account the primary deficit,
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as in Nordhaus (1994), the public debt as in Kirsanova et al. (2005) and Bénassy (2007),
or even the level of government expenditures as in Muscatelli et al. (2004). In this paper,
we amend the IS curve proposed by Woodford (2003) in order to capture the effects of the
public debt on aggregate demand. Thus, the set-up considers the following closed economy
IS curve in log-linearized form3

x̂t = Et x̂t+1 − σ(ît − Etπt+1) + αb̂t + r̂n
t , (1)

where x̂t = (̂Yt − ̂Y n
t ) is the output gap (difference between actual and potential output), ît

is the nominal interest rate, r̂n
t is a demand shock, Et represents the time t expected value

of the next period inflation rate πt+1 and output gap x̂t+1, bt is the real stock of government
debt, σ > 0 is the intertemporal elasticity of substitution in private spending, and α measures
the sensitivity of the output gap with respect to the debt. Notice that the aggregate demand
relationship depends also on future expected values and not just current ones.

On the aggregate supply curve (Phillips curve), firms face a decision to choose a price
that solves their profit maximization problem. The assumption of price rigidity (Calvo 1983),
according to which a fraction 0 < ϑ < 1 of prices remains fixed during each period, allows
the derivation of the following (log-linearized) aggregate supply:

πt = κx̂t + βEtπt+1 + νt , (2)

where the current inflation rate (πt ) depends on the expected Et inflation rate at t + 1, and
the current output gap x̂. We allow a supply shock νt , as in Woodford (2003), to have a
trade-off between inflation versus output gap stabilization. The parameter κ > 0 measures
the sensitivity of inflation with respect to the output gap and β , where 0 < β < 1 is the
intertemporal discount factor.

The debt in Eq. (1) also needs to be modeled. Here, the real stock of debt b̂t is treated
as in Kirsanova et al. (2005). Thus, the period t real stock of debt, b̂t , depends on the stock
of debt in the previous period, b̂t−1, flows of interest payments, government spending, and
revenues, such that:

b̂t = (

1 + i∗)b̂t−1 + bît + ĝt − 	x̂t + ηt , (3)

where i∗ is the equilibrium interest rate, b accounts for the steady state value of the debt, ît
is the interest rate, ĝt represents the government spending, 	 is the tax rate, x̂t denotes the
output gap, and ηt stands for the debt shock.

The monetary policy and fiscal policy variables are interest rate and government spend-
ing, respectively. Through Eq. (1), one can see that the aggregate demand monetary policy
transmission takes place when an increase (decrease) in the interest rate is greater than the
expected increase (decrease) in the inflation rate at t + 1. The reduction (rise) in the ag-
gregate demand of the economy lowers (increases) inflation via Eq. (2). On the other hand,
Eq. (3) establishes that an increase (decrease) in the government spending raises (lowers)
the level of debt, which in turn increases (decreases) the level of activity of the economy
through Eq. (1). Everything else constant, the ultimate result is an increase (decrease) in the
inflation rate by Eq. (2). Notice also that a high inflation rate has corrosive effects on the
income coming from public bonds, as argued by Kirsanova et al. (2005).

Equations (1), (3), and (2) define the basic equilibrium conditions of the model. The op-
timization problems of Sect. 3 closes the model by deriving optimal rules for both monetary
policy (interest rate rule) and fiscal policy (government spending rule).

3The hat notation is used to denote deviations from the steady state in logarithm form.
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2.1 Game theoretic approach

Monetary and fiscal authorities interact with each other in order to minimize their respec-
tive loss functions. We use game theory models to analyze such interactions. The games
analyzed here have two individual players, namely monetary authority (central bank) and
fiscal authority (treasury). Each player has his own instrument, represented by the interest
rate (i) and government spending (g). If players act independently of each other, then we
have a non-cooperative game, while if they coordinate their actions, we have a cooperative
solution.

We consider three different scenarios where the interactions between fiscal and monetary
authorities take place.

2.1.1 Normal form game

When monetary and fiscal policymakers set their instruments simultaneously and non-
cooperatively, we model this situation using a normal form game. In general, a normal form
game is described by the set of players in the game, a set of actions for each player in the
game, and for each player a utility function that assigns a real value to every possible way the
game can be played; the higher the value of the utility function, the better the outcome of the
game for the player. In our case, there are two players: the fiscal and monetary authorities.
The fiscal authority chooses a level of government spending (g) and the monetary authority
chooses the level of interest rate (i). Both players try to minimize their loss function. We
consider the most well-known solution in game theory, the so-called Nash equilibrium of
the game. Intuitively, a pair of interest rate and government spending is a Nash equilibrium
if none of the players can unilaterally deviate from the equilibrium and obtain some gain.

2.1.2 Extensive form game

When the fiscal and monetary authorities move sequentially, we model this situation using an
extensive form game. In general, an extensive form game is described by a game tree where
in each node of the tree a player chooses one of the available actions which are described
by the branches of the tree. We consider only games with perfect information where each
player knows the history of the game each time he moves. A utility value for each player
is associated to each final node of the tree. In economics, if there are only two players and
each one of them moves only once, the player who moves first is known as the Stackelberg
leader and the player who moves last is known as the follower. We use the solution concept
which in game theory is known as subgame perfect equilibrium. Intuitively, in such solution
concept the game is solved from the end of the tree to the beginning. We consider that each
player (fiscal and monetary authorities) acts as the Stackelberg leader and anticipates the
response from the other player.

2.1.3 Cooperative game

When monetary and fiscal policymakers set their instruments simultaneously but in a coop-
erative way in order to pursue a common objective of maximizing social welfare, we model
the situation as a cooperative game.

The cooperation mechanism between the fiscal and monetary authorities occurs indi-
rectly when both authorities associate a positive weight on their instrumental variables. This
mechanism permits a direct adjustment to ongoing actions taken by the other authority. The
authorities face a common optimization problem, i.e. they try to minimize a common loss
function.
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3 Fiscal and monetary policy games

In this section, we derive the optimal reaction functions for different regimes of coordina-
tion. The monetary and fiscal authorities minimize their loss functions subject to the equi-
librium conditions of the economy. The authorities solve each optimization problem and
commit themselves to the optimal policy rules, having no incentive to deviate from them.
The rules present relevant properties of time consistency and timelessness. The former char-
acteristic is due to commitment, and the latter hinges on the fact that the monetary and fiscal
authorities need only be committed to determine policies at the later dates by rules that are
optimal from a similar perspective. As stressed by Damjanovic et al. (2005), the timeless
optimal policy is the policy that these authorities would have decided upon for the current
period had such a decision been taking infinitely far in the past.

The technical tools considered throughout this paper follow the general linear-quadratic
policy approach introduced by Giannoni and Woodford (2002a), with applications in Gian-
noni and Woodford (2002b). This approach is widely used in the monetary policy literature.
Particularly, Giannoni and Woodford (2002a) justify the use of this approach since (a) the
policy rule should be consistent with the desired equilibrium, which is a determinate equi-
librium under commitment; (b) the policy rule should be time-invariant and refer only to the
evolution of target variables which represent the authority’s stabilization goals; and (c) the
derived policy rule should continue to be optimal no matter what the statistical properties of
the exogenous disturbances hitting the economy are. Appendix A provides more details on
this technique.

3.1 A normal form game between fiscal and monetary policymakers

The monetary authority, represented by the central bank, tries to minimize a current period
quadratic loss function, with positive weights γπ , γx , and γi on deviations of inflation from
the target (zero), output gap, and deviations of the interest rate from the equilibrium rate
(i∗), such that:

LM
t = γππ2

t + γxx̂
2
t + γi

(

ît − i∗)2
,

subject to the equilibrium conditions of the economy.
Thus, the monetary authority’s problem can be written as:

minE0

{

1

2

∞
∑

t=0

βt
(

γππ2
t + γxx̂

2
t + γi

(

ît − i∗)2)
}

,

subject to (4)

(1) and (2).

Notice that the equilibrium conditions can be represented by Eqs. (1), (2) and (3). However,
under the current solution, there is no interaction between fiscal and monetary policies,
and the monetary authority takes as given the fiscal variables, which are exogenous to his
choices. Therefore, Eq. (3) is excluded because it defines the dynamics of the debt and the
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fiscal side of the economy.4 A similar reasoning can be applied to equivalent policy problems
discussed ahead. The Lagrangian for this problem is:5

L = E0

⎧

⎪

⎨

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎣

1
2 γππ2

t + 1
2γxx̂

2
t + 1

2γi(ît − i∗)2

+ Λ1,t (x̂t − x̂t+1 + σ(ît − πt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βπt+1 − νt )

⎤

⎥

⎦

⎫

⎪

⎬

⎪

⎭

, (5)

where Λ1,t and Λ2,t are the Lagrange multipliers associated to the constraints in period t .
See Appendix B for an explanation on how to derive the results. The first order conditions
yield the following equations:

∂L
∂πt

= γππt − β−1σΛ1,t−1 + Λ2,t − Λ2,t−1 = 0,

∂L
∂x̂t

= γxx̂t + Λ1,t − β−1Λ1,t−1 − κΛ2,t = 0,

∂L
∂(ît − i∗)

= γi

(

ît − i∗) + σΛ1,t = 0.

(6)

Isolating and substituting the Lagrange multipliers we obtain the following optimal nom-
inal interest rate rule:6

ît = −Γ0i
∗ + Γi,1 ît−1 − Γi,2 ît−2 + Γπ,0πt + Γx,0x̂t − Γx,1x̂t−1, (7)

where the coefficients are Γ0 = σκ
β

, Γi,1 = ( σκ
β

+ 1
β

+ 1), Γi,2 = 1
β

, Γπ,0 = γπ σκ

γi
, Γx,0 = γxσ

γi
,

and Γx,1 = γxσ

γi
.

The rule (7), which the central bank commits to follow, has contemporaneous and lagged
responses to the output gap. Additionally, it encompasses a history dependence since it de-
pends on past interest rates. The response is inversely related to the size of β . Therefore,
the more importance consumers attach to future variables, the stronger the monetary pol-
icy leverage is. Notice that the steeper the slope of the Phillips curve, measured by κ , the
stronger the interest rate response to inflation deviations from the target. On the other hand,
an increase in the weight placed on interest rate deviations, γi , diminishes the interest rate
reaction to inflation and output gap deviations. The elasticity of intertemporal substitution,
σ , also plays an important role in the monetary authority reaction function. For instance,
a higher value of σ implies stronger responses of the interest rate to deviations in both infla-
tion rate and output gap.

The fiscal side resembles the monetary one, with the difference being that the fiscal au-
thority (treasury) takes into account government spending. So, the period loss function as-
sumes the following form:7

LF
t = ρππ2

t + ρxx̂
2
t + ρgĝ

2
t ,

4Equation (3) might bring on a multiplier effect into the other equations, which is neglected under the current
solution.
5Note that the dating of the expectations operator captures the idea of the policy maker choosing a rule ex-
ante which will be followed in the future. As we have a solution under commitment, the Lagrangian is solved
for expectations at time zero, which characterizes the time when the rule was defined, thereafter followed
without deviations. Thus, we removed the expectations operator on both inflation and output gap at t + 1.
6This solution coincides with that proposed by Woodford (2003).
7Kirsanova et al. (2005) and Dixit and Lambertini (2000) use a similar loss function.
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where ρπ , ρx , and ρg are positive weights placed on deviations of inflation rate, output
gap, and government spending, respectively. The debt does not enter the loss function. The
reason relies on the fact that if the fiscal policy feeds back on debt with a large coefficient,
then it tends to be welfare-reducing, since the economy will exhibit cycles and increase the
volatility of both inflation and output (Kirsanova et al. 2005).

The fiscal authority’s problem is to solve:

minE0

{

1

2

∞
∑

t=0

βt
(

ρππ2
t + ρxx̂

2
t + ρgĝ

2
t

)

}

,

subject to (8)

(1), (2) and (3).

The fiscal authority’s Lagrangian is

L = E0

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎢

⎢

⎣

1
2ρππ2

t + 1
2ρxx̂

2
t + 1

2ρgĝ
2
t

+ Λ1,t (x̂t − x̂t+1 + σ(ît − πt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βπt+1 − νt )

+ Λ3,t (b̂t − (1 + i∗)b̂t−1 − bît − ĝt + 	x̂t − ηt )

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

. (9)

The associated first order conditions are:

∂L
∂πt

= ρππt − β−1σΛ1,t−1 + Λ2,t − Λ2,t−1 = 0,

∂L
∂x̂t

= ρxx̂t + Λ1,t − β−1Λ1,t−1 − κΛ2,t + 	Λ3,t = 0,

∂L
∂ĝt

= ρgĝt − Λ3,t = 0,

∂L
∂b̂t

= −αΛ1,t + Λ3,t − (

1 + i∗)βEt(Λ3,t+1) = 0.

(10)

Isolating and substituting for the Lagrangian multipliers, we have the optimal nominal
government spending rule:

ĝt = −Θπ,0πt + Θg,1ĝt−1 − Θg,2ĝt−2 + Θg,+1Et ĝt+1 − Θx,0x̂t + Θx,1x̂t−1, (11)

where the coefficients are: Θπ,0 = ρπ ακ

ρgB
, Θg,1 = A

B
, Θg,2 = 1

βB
, Θg,+1 = (1 + i∗) β

B
, Θx,0 =

ρxα

ρgB
, Θx,1 = ρxα

ρgB
. Additionally, A = (β−1σκ + 1

β
+ 1 + (1 + i∗)), B = ((1 + i∗)(σκα +

1 + β) + 	α + 1).
According to Eq. (11), which the fiscal authority commits to follow, fiscal policy feeds

back on current inflation, current and past output gap, and lagged and expected government
spending. The rule encompasses a forward and backward history dependence since the gov-
ernment spending responds to past and future government spending. Notice that increases
in the weight placed on government spending ρg reduces the reaction to inflation and output
gap deviations.

3.2 Stackelberg leadership

We now address the equilibrium which emerges when the fiscal (monetary) authority moves
first, as a Stackelberg leader, anticipating the response from the monetary (fiscal) authority.
The leader takes into account the follower’s optimal policy, whereas the follower’s optimal
policy remains as a Nash equilibrium solution.
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Consider, first, the loss function for the fiscal authority acting as leader. We have the
following problem:

minE0

{

1

2

∞
∑

t=0

βt
(

ρππ2
t + ρxx̂

2
t + ρgĝ

2
t

)

}

,

subject to (12)

(1), (2), (3) and (7).

The corresponding Lagrangian might be written as:

L = E0

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
2ρππ2

t + 1
2ρxx̂

2
t + 1

2ρgĝ
2
t

+ Λ1,t (x̂t − x̂t+1 + σ(ît − πt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βπt+1 − νt )

+ Λ3,t (b̂t − (1 + i∗)b̂t−1 − bît − ĝt + 	x̂t − ηt )

+ Λ4,t (ît + Γ0i
∗ − Γi,1 ît−1 + Γi,2 ît−2 − Γπ,0πt

− Γx,0x̂t + Γx,1x̂t−1)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

. (13)

The associated first order conditions are:

∂L
∂πt

= ρππt − β−1σΛ1,t−1 + Λ2,t − Λ2,t−1 − Γπ,0Λ4,t = 0,

∂L
∂x̂t

= ρxx̂t + Λ1,t − β−1Λ1,t−1 − κΛ2,t + 	Λ3,t − Γπ,0Λ4,t + βΓx,1Et(Λ4,t+1) = 0,

∂L
∂ĝt

= ρgĝt − Λ3,t = 0,

∂L
∂b̂t

= −αΛ1,t + Λ3,t − (

1 + i∗)βEt(Λ3,t+1) = 0.

(14)

This optimization problem cannot be solved analytically. Thus, we implement the numer-
ical solution proposed by Juillard and Pelgrin (2007), where a timeless-perspective solution
is derived according to Woodford (2003). The next section will provide further details on
such a problem.

On the other hand, when acting as a leader, the monetary authority aims to minimize:

minE0

{

1

2

∞
∑

t=0

βt
(

γππ2
t + γxx̂

2
t + γi

(

ît − i∗)2)
}

,

subject to (15)

(1), (2) and (11).

The corresponding Lagrangian is given by:

L = E0

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
2γππ2

t + 1
2 γxx̂

2
t + 1

2γi(ît − i∗)2

+ Λ1,t (x̂t − x̂t+1 + σ(ît − πt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βπt+1 − νt )

+ Λ3,t (ĝt + Θπ,0πt − Θg,1ĝt−1 + Θg,2ĝt−2

− Θg,+1Et ĝt+1 + Θx,0x̂t − Θx,1x̂t−1)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

. (16)

The implied first order conditions are:
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∂L
∂πt

= γππt − β−1σΛ1,t−1 + Λ2,t − Λ2,t−1 + Θπ,0Λ3,t = 0,

∂L
∂x̂t

= γxx̂t + Λ1,t − β−1Λ1,t−1 − κΛ2,t + Θx,0Λ3,t − βΘx,1Et(Λ3,t+1) = 0,

∂L
∂(ît − i∗)

= γi

(

ît − i∗) + σΛ1,t = 0.

(17)

Likewise, there is no analytical solution for this problem. The numerical solution, based
on Juillard and Pelgrin (2007), is discussed in the next section.

3.3 Cooperation between policymakers

Here we analyze the outcome which emerges when the fiscal and monetary policymakers
cooperate with each other in pursuing a common objective. This means that the fiscal (mone-
tary) authority takes into account the monetary (fiscal) reaction function. Under cooperation,
both fiscal and monetary authorities face a common optimization problem:

minE0

{

1

2

∞
∑

t=0

βt
(

ξππ2
t + ξxx̂

2
t + ξi

(

ît − i∗)2 + ξgĝ
2
t

)

}

,

subject to (18)

(1), (2) and (3),

where ξπ = γπ + ρπ , ξx = γx + ρx , ξi = γi and ξg = ρg . That is, the positive weights placed
on the deviations of inflation and output gap are the sum of the weights placed by each
authority on those variables, while the weights on interest rate and government spending
deviations remain unchanged.

The Lagrangian for this problem is given by:

L = E0

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎢

⎢

⎢

⎣

1
2ξππ2

t + 1
2 ξxx̂

2
t + 1

2ξi(ît − i∗)2 + 1
2 ξgĝ

2
t

+ Λ1,t (x̂t − x̂t+1 + σ(ît − πt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βπt+1 − νt )

+ Λ3,t (b̂t − (1 + i∗)b̂t−1 − bît − ĝt + 	x̂t − ηt )

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, (19)

with the following first order conditions:

∂L
∂πt

= ξππt − β−1σΛ1,t−1 + Λ2,t − Λ2,t−1 = 0,

∂L
∂x̂t

= ξxx̂t + Λ1,t − β−1Λ1,t−1 − κΛ2,t + 	Λ3,t = 0,

∂L
∂(ît − i∗)

= ξi

(

ît − i∗) + σΛ1,t − bΛ3,t = 0,

∂L
∂ĝt

= ξgĝt − Λ3,t = 0.

(20)

The resulting optimal nominal interest rate rule is:

ît = −Γ0i
∗ + Γi,1 ît−1 − Γi,2 ît−2 + Γπ,0πt + Γx,0x̂t

− Γx,1x̂t−1 + Γg,0ĝt − Γg,1ĝt−1 + Γg,2ĝt−2, (21)
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where the coefficients are: Γ0 = σκ
β

, Γi,1 = ( σκ
β

+ 1
β

+ 1), Γi,2 = 1
β

, Γπ,0 = ξπ σκ

ξi
, Γx,0 = ξxσ

ξi
,

and Γx,1 = ξπ σ

ξi
, Γg,0(

bξg

ξi
+ σ	ξg

ξi
), Γg,1 = (

σκbξg

βξi
+ bξg

βξi
+ bξg

ξi
+ σ	ξg

ξi
), Γg,2 = (

bξg

βξi
).

The resulting optimal government spending rule is given by:

ĝt = −Θπ,0πt + Θi,0
(

ît − i∗) − Θi,1
(

ît−1 − i∗) + Θi,2
(

ît−2 − i∗) − Θx,0x̂t

+ Θx,1x̂t−1 + Θg,1ĝt−1 − Θg,2ĝt−2, (22)

where the coefficients are defined as: Θπ,0 = κξπ
C

, Θi,0 = ξi
σC

, Θi,1 = (
κξi
βC

+ ξi
βσC

+ ξi
σC

),

Θi,2 = ξi
βσC

, Θx,0 = Θx,1 = ξx
C

, Θg,1 = (
κbξg

βC
+ bξg

βσC
+ bξg

σC
+ 	ξg

C
), Θg,2 = bξg

βσC
. Finally, C =

(
bξg

σ
+ 	ξg).

The above rules resemble the ones obtained in the normal form game. However, in both
equations, there are cross responses to the other authority policy instrument. That is, the
optimal nominal interest rule responds to current and lagged government spendings, while
the optimal government spending rule reacts to current and lagged interest rates. The coop-
eration occurs via those cross responses. One can also notice that, in the fiscal rule, there
is no response to future government spending, possibly because cooperation eliminated the
forward looking feature of that policy rule.

4 Numerical approach

4.1 Simulation of the Nash equilibrium

The model’s equilibrium is described by ten equations, being five endogenous and five ex-
ogenous processes. The endogenous variables are (x̂t , πt , b̂t , ît , ĝt ) while the exogenous
ones are (r̂n

t , νt , ηt ,Ξt ,Ot ). Following the definitions from previous sections, the set of
equations characterizing the equilibrium can be represented as:

IS curve: x̂t = Et x̂t+1 − σ(ît − Etπt+1) + αb̂t + r̂n
t

Phillips curve: πt = κx̂t + βEtπt+1 + νt

Public debt: b̂t = (1 + i∗)b̂t−1 + bît + ĝt − 	x̂t + ηt

Monetary rule: ît = −Γ0i
∗ + Γi,1 ît−1 − Γi,2 ît−2 + Γπ,0πt + Γx,0x̂t − Γx,1x̂t−1 + Ξt

Fiscal rule: ĝt = −Θπ,0πt +Θg,1ĝt−1 −Θg,2ĝt−2 +Θg,+1Et ĝt+1 −Θx,0x̂t +Θx,1x̂t−1 +Ot

Demand shock: r̂n
t = χr r̂

n
t−1 + εr

Supply shock: νt = χννt−1 + εν

Debt shock: ηt = χηηt−1 + εη

Monetary policy shock: Ξt = χΞΞt−1 + εΞ

Fiscal policy shock: Ot = χOOt−1 + εO

As usual, the exogenous processes are assumed to follow AR(1) stationary processes.
The AR(1) process reflects, relatively well, the persistence that exists in many macroeco-
nomic time series. Moreover, each εj is independent and identically distributed with zero
mean and variance σ 2

j . Based on Brazilian data, we set χj = 0.9 in order to capture the high
persistence of those shocks and σ 2

j = 0.04, ∀j . At this point, we do not allow for nonzero
correlations among the shocks. The DYNARE for MATLAB was used to solve for the ra-
tional expectations model.8

8See Laffargue (1990), Boucekkine (1995), Juillard (1996), Collard and Juillard (2001a, 2001b) for details
on how the model can be solved.
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4.2 Simulation of the Stackelberg solution

The Stackelberg solution, as stressed earlier, is numerically solved under commitment fol-
lowing Juillard and Pelgrin (2007) and Woodford (2003). The structural equations, which
represent constraints on possible equilibrium outcomes under Stackelberg leadership, are
represented by a system of the form:

[

Zt+1

Etzt+1

]

= A

[

Zt

zt

]

+ But +
[

εt+1

0nz×1

]

, (23)

where zt is a nz × 1 vector of non-predetermined (forward looking) variables, Zt is a nZ × 1
vector of predetermined (backward looking) variables, ut is a k × 1 vector of policy in-
struments, and εt+1 is a nZ × 1 vector of zero-mean uncorrelated shocks. The number of
rows of each matrix is, then, n = nz + nZ . The matrices A and B are functions of structural
parameters.

The above representation allows us to deal with all structural equations in matrix format.
The intertemporal loss function can be written as:

1

2
E1

∞
∑

t=1

βt−1y ′
tWyt (24)

where, for the sake of simplicity, we can define the vector xt = (Zt , zt ). Also, yt = (x ′
t , u

′
t )

′.
The matrix W is

(

Wxx Wxu

W ′
xu Wuu

)

(25)

where the matrices Wxx and Wuu are, without loss of generality, assumed to be symmetric.
The Lagrangian that follows from (23) and (24) is given by:

L = E1

∞
∑

t=1

βt−1
[

x ′
tWxxxt + 2x ′

tWxuut + u′
tWuuut + 2ρ ′

t+1(Axt + But + ξt+1 − xt+1)
]

(26)

where ξt+1 = (εt+1, zt+1 − Ezt+1) and ρt+1 is a vector of multipliers. Subsequently, we
should take the first order conditions with respect to ρt+1, xt , and ut , such that

⎡

⎢

⎣

In 0nxk 0nxn

0nxn 0nxk βA′

0kxn 0nxk −B ′

⎤

⎥

⎦

⎡

⎢

⎣

xt+1

ut+1

Etρt+1

⎤

⎥

⎦ =
⎡

⎢

⎣

A B 0nxn

−βWxx −βWxu In

W ′
xu Wuu 0kxn

⎤

⎥

⎦

⎡

⎢

⎣

xt

ut

ρt

⎤

⎥

⎦ +
⎡

⎢

⎣

ξt+1

0xx1

0kx1

⎤

⎥

⎦

(27)

where ρ0 = 0 and x0 given.
Klein (2000) shows how to solve the above via generalized Schur decomposition. How-

ever, the optimal Ramsey policy, as previously described, is time inconsistent. The time in-
consistency comes from the fact that, in the current period, the policymaker sets the optimal
policy after the private agents’ expectations realization, such that he might have an incentive
to re-optimize in the future. The method proposed by Woodford (2003) to overcome this
issue was numerically implemented by Juillard and Pelgrin (2007). They generalize Wood-
ford’s timeless perspective solution by computing initial values for the Lagrange multipliers.
A timeless perspective hinges on the fact that the equilibrium evolution from time t = t0 on-
ward is optimal, subject to the constraint that the economy’s initial evolution be the one



Ann Oper Res (2013) 206:341–366 353

associated with the policy in case (Woodford 2003). That is, the policymaker renounces the
possibility of setting the Lagrange multipliers to zero if he reoptimizes later on (Juillard and
Pelgrin 2007).

Considering now a timeless perspective solution, the Lagrange multipliers can be defined
as

ρt+1 = gρ(xt , ut , ρt , ξt+1).

Further, inserting the above restriction and adopting a timeless perspective policy,
namely, that the choice of the Lagrange multipliers ρ0 is governed by the same rule from
time t = t0 onwards, we have the Lagrangian for the timeless perspective policy

L = E1

∞
∑

t=1

βt−1
[

x ′
tWxxxt + 2x ′

tWxuut + u′
tWuuut + 2ρ ′

t+1(Axt + But + ξt+1 − xt+1)
]

+ β−1ρ ′
0(y0 − y0) (28)

where y0 = (x ′
0,0). The first order conditions remain as before:

⎡

⎢

⎣

In 0nxk 0nxn

0nxn 0nxk βA′

0kxn 0nxk −B ′

⎤

⎥

⎦

⎡

⎢

⎣

xt+1

ut+1

Etρt+1

⎤

⎥

⎦
=

⎡

⎢

⎣

A B 0nxn

−βWxx −βWxu In

W ′
xu Wuu 0kxn

⎤

⎥

⎦

⎡

⎢

⎣

xt

ut

ρt

⎤

⎥

⎦
+

⎡

⎢

⎣

ξt+1

0xx1

0kx1

⎤

⎥

⎦

(29)

where ρ0 �= 0 and x0 given.
The non-predetermined variables of y0 are selected such that (i) the function of the prede-

termined variables exists in the initial period, and (ii) there is a solution for the optimization
problem under the following condition y0 = y0, for t > 0. The Stackelberg problem is, then,
solved with the help of MATLAB.

4.3 Simulation of the cooperative solution

The cooperative case is similar to the one obtained in the normal form game. The major
differences are in the optimal policy rules (fiscal and monetary). Additional variables enter
those equations modifying thus the optimal responses to other variables.

The equilibrium of the model is described by ten equations, where five are endoge-
nous and the other five are exogenous processes. The endogenous ones are represented by
(x̂t , πt , b̂t , ît , ĝt ) while the exogenous ones are (r̂n

t , νt , ηt ,Ξt ,Ot ). Next, we describe each
one of those equations.

IS curve: x̂t = Et x̂t+1 − σ(ît − Etπt+1) + αb̂t + r̂n
t

Phillips curve: πt = κx̂t + βEtπt+1 + νt

Public debt: b̂t = (1 + i∗)b̂t−1 + bît + ĝt − 	x̂t + ηt

Monetary rule: ît = −Γ0i
∗ + Γi,1 ît−1 − Γi,2 ît−2 + Γπ,0πt + Γx,0x̂t − Γx,1x̂t−1 + Γg,0ĝt −

Γg,1ĝt−1 + Γg,2ĝt−2 + Ξt

Fiscal rule: ĝt = −Θπ,0πt + Θi,0(ît − i∗) − Θi,1(ît−1 − i∗) + Θi,2(ît−2 − i∗) − Θx,0x̂t +
Θx,1x̂t−1 + Θg,1ĝt−1 − Θg,2ĝt−2 + Ot

Demand shock: r̂n
t = χr r̂

n
t−1 + εr

Supply shock: νt = χννt−1 + εν

Debt shock: ηt = χηηt−1 + εη

Monetary policy shock: Ξt = χΞΞt−1 + εΞ

Fiscal policy shock: Ot = χOOt−1 + εO
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Table 1 Calibration of the parameters

Parameter Definition Value Reference

σ Intertemporal elasticity of
substitution in private
consumption

5.00 Nunes and Portugal (2009)

α Sensitivity of output gap to the
debt

0.20 Pires (2008)

κ Sensitivity of inflation rate to
the output gap

0.50 Gouvea (2007), Walsh (2003)

β Sensitivity of agents to the
inflation rate

0.99 Cavallari (2003), Pires (2008)

i∗ Natural rate of interest 0.07 Barcelos Neto and Portugal (2009)

b Steady state debt value 0.20 Kirsanova et al. (2005), Nunes and
Portugal (2009)

	 Tax rate 0.26 Kirsanova et al. (2005), Nunes and
Portugal (2009)

In the cooperative solution, as in the Nash equilibrium one, the exogenous processes are
assumed to follow stationary AR(1) representations, where each εj is independent and iden-
tically distributed with zero mean and constant variance σ 2

j . The same calibration described
in Table 1 is applied here. The simulation was carried on in Dynare for MATLAB.

5 Numerical results

In order to evaluate the performance of the alternative regime of coordination, we simulate
the models encompassing the Phillips curve, IS curve, government budget constraint, and
optimal monetary and fiscal rules. Additionally, we provide an overview on the social losses
generated by the distinct monetary and fiscal policy arrangements, and compute impulse
response functions. The calibration exercise is meant for the Brazilian economy in the period
after the implementation of the Real Plan.9 Following most of the literature, we assume that
each period corresponds to one quarter of a year. The calibrated parameters, along with the
respective sources, are reported in Table 1.

One of the major goals of the simulation is to obtain variances of the variables under
the optimal trajectories, allowing for the computation of the expected social loss associated
to each regime of coordination. As a robustness check, we calculate and plot social losses
generated by alternative monetary and fiscal policy decisions, i.e. by varying the weights
placed on the target variables. We also compute impulse response functions to analyze how
the dynamics of the model behave under shocks of demand, supply, debt, monetary policy,
and fiscal policy. Therefore, the analysis will focus on efficient aspects for macroeconomic
stabilization.

5.1 Social loss analysis

The social loss is defined as the sum of the authorities’ expected individual losses, which
can be easily obtained by computing the unconditional variance.10 Taking, for instance, the

9The Real Plan was edited in June 1994.
10See Woodford (2003) for details.
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Table 2 Loss values for different coefficients under the Nash solution

σ κ LM = π2
t + 0.5x̂2

t + 0.05(ît − i∗)2

LF = 0.5π2
t + x̂2

t + 0.3ĝ2
t

LM LF LS

Variance of

πt x̂t b̂t ît ĝt

0.50 0.10 12.7452 0.7057 19.1851 27.5664 3.4317 12.9905 4.2008 17.1913

0.50 5.2119 0.2723 7.9440 11.3445 1.4225 5.3084 1.7033 7.0117

0.90 2.7197 0.1369 4.1761 5.9437 0.7486 2.7688 0.8842 3.6500

2.50 0.10 9.6978 2.1892 211.2660 16.3928 11.3685 10.2861 5.6368 15.9229

0.50 2.3218 0.4530 52.7042 4.0432 2.6607 2.4452 1.2729 3.7181

0.90 0.9891 0.1819 22.8264 1.7428 1.1210 1.0389 0.5301 1.5690

5.00 0.10 8.1027 2.9793 414.0482 11.6572 18.6392 8.8767 6.6826 15.5593

0.50 1.5190 0.4980 81.3970 2.2583 3.4490 1.6492 1.1882 2.8374

0.90 0.6059 0.1908 33.0275 0.9111 1.3681 0.6559 0.4654 1.1213

monetary authority period loss function, LM
t = γππ2

t + γxx̂
2
t + γi(ît − i∗)2, it is easy to

calculate the expected loss for the monetary authority, given by:11

LM = γ 2
π var(πt ) + γ 2

x var(x̂t ) + γ 2
i var

(

ît − i∗). (30)

Thus, the social loss is given by LS = LM + LF .
The welfare criterion defines a function which depends upon both monetary and fiscal

social losses. We make use of that criterion to analyze the cooperative solution, which occurs
indirectly when both authorities associate a positive weight on their instrumental variables.
The mechanism permits a direct adjustment to ongoing actions taken by the other authority.
Basically, the problem is to maximize a social utility (welfare) or, on the other hand, to
minimize the social loss function LS , which is defined by LS = LM + LF , that is, the sum
of the authorities’ individual losses.

The results reported in Tables 2, 3, 4 and 5 show the variance of each time series and
the losses of each authority for different values of σ and κ . The former parameter is the
intertemporal elasticity of substitution in private consumption and the latter one measures
the sensitivity of the inflation rate to the output gap in the Phillips curve. These parameters
came from Eqs. (1) and (2). The reason for choosing these parameters is that they play a
crucial role in both structural equations and policy rules.

According to Table 2, keeping κ unchanged, the increases in σ tend to reduce the loss for
the monetary but not for the fiscal authority. A high intertemporal elasticity of substitution in
private spending means a preference for future consumption, namely, the agents are willing
to postpone consumption. Under a higher interest rate, aggregate demand experiences a
shrinkage, reducing the output gap and inflation. The monetary policy is more effective,
leading to smaller monetary loss under a higher σ . The fiscal policy also experiences a
similar decrease in loss, but not for all parameter combinations.

Turning now to the parameter κ , when it increases for a given σ , both fiscal and monetary
losses decrease. The idea behind a rise in parameter κ is a steeper Phillips curve. Thus,
a higher value of κ tends to increase the sensitivity of inflation to the output gap, yielding a
negative effect on the loss. It is interesting to notice that when σ = 5.00 and κ = 0.90, we

11In order to simplify the notation, we will not distinguish between social loss and expected social loss.
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Table 3 Loss values for different coefficients under the Stackelberg solution: Fiscal leadership

σ κ LM = π2
t + 0.5x̂2

t + 0.05(ît − i∗)2

LF = 0.5π2
t + x̂2

t + 0.3ĝ2
t

LM LF LS

Variance of

πt x̂t b̂t ît ĝt

0.50 0.10 0.0355 0.0077 0.0318 0.0612 0.0034 0.0376 0.0169 0.0545

0.50 0.0219 0.0066 0.0183 0.0365 0.0036 0.0236 0.0124 0.0360

0.90 0.0149 0.0052 0.0120 0.0241 0.0035 0.0163 0.0092 0.0255

2.50 0.10 0.0311 0.0677 0.1868 0.0213 0.0087 0.0481 0.0763 0.1244

0.50 0.0142 0.0311 0.0238 0.0086 0.0034 0.0220 0.0350 0.0570

0.90 0.0080 0.0173 0.0071 0.0047 0.0017 0.0123 0.0195 0.0318

5.00 0.10 0.0296 0.1147 0.1973 0.0095 0.0072 0.0583 0.1227 0.1810

0.50 0.0121 0.0427 0.0148 0.0038 0.0020 0.0228 0.0459 0.0687

0.90 0.0064 0.0217 0.0057 0.0021 0.0010 0.0118 0.0234 0.0352

Table 4 Loss values for different coefficients under the Stackelberg solution: Monetary leadership

σ κ LM = π2
t + 0.5x̂2

t + 0.05(ît − i∗)2

LF = 0.5π2
t + x̂2

t + 0.3ĝ2
t

LM LF LS

Variance of

πt x̂t b̂t ît ĝt

0.50 0.10 0.0325 0.0051 1.1690 0.0001 0.0486 0.0338 0.0176 0.0514

0.50 0.0143 0.0119 0.3080 0.0018 0.0337 0.0173 0.0185 0.0358

0.90 0.0073 0.0103 0.1555 0.0050 0.0196 0.0099 0.0139 0.0238

2.50 0.10 0.0325 0.0050 1.1446 0.0013 0.0491 0.0338 0.0175 0.0513

0.50 0.0132 0.0138 0.2759 0.0009 0.0353 0.0167 0.0203 0.0370

0.90 0.0055 0.0132 0.1352 0.0001 0.0212 0.0088 0.0165 0.0253

5.00 0.10 0.0326 0.0050 1.1389 0.0015 0.0490 0.0339 0.0176 0.0515

0.50 0.0133 0.0137 0.2690 0.0018 0.0353 0.0167 0.0202 0.0369

0.90 0.0055 0.0133 0.1305 0.0006 0.0213 0.0088 0.0166 0.0254

obtain the lowest loss (LS = 1.1213), meaning that social welfare is maximized under that
parameter combination.

The results reported in Table 3 resembles the Nash equilibrium case when we consider
variations in κ . On the other hand, variations in σ do not have clear effects, given that there
are decreases and increases in the monetary loss depending on the value of κ . The combi-
nation of σ = 0.50 and κ = 0.90 provides the lowest loss (LS = 0.0255). In addition, the
losses for the fiscal leadership are lower than the losses for the Nash equilibrium, suggesting
that the former is more efficient.

Table 4 shows losses similar to what was observed under the fiscal leadership. However,
increases in σ have lower impacts on the fiscal loss. Once again, the pair of values σ = 0.50
and κ = 0.90 provides the lowest loss (LS = 0.0238). Comparing all tables, that value is the
global minimum, which was obtained under a monetary leadership solution.

The coordination scheme presented in Table 5 has characteristics similar to the Nash
equilibrium outcome. Thereby, the same analysis can be employed here. The combination of
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Table 5 Loss values for different coefficients under the cooperative solution

σ κ LM = π2
t + 0.5x̂2

t + 0.05(ît − i∗)2

LF = 0.5π2
t + x̂2

t + 0.3ĝ2
t

LM LF LS

Variance of

πt x̂t b̂t ît ĝt

0.50 0.10 12.1107 0.7355 29.9229 30.4118 4.0704 12.3706 4.1296 16.5002

0.50 4.4734 0.2630 11.2059 11.3251 1.5229 4.5675 1.5184 6.0859

0.90 2.2562 0.1300 5.7000 5.7413 0.7742 2.3030 0.7637 3.0667

2.50 0.10 7.8141 1.6191 364.3679 15.3638 11.8087 8.2573 4.6354 12.8927

0.50 0.1146 0.1094 0.5639 0.1531 0.4110 0.1423 0.1750 0.3173

0.90 1.6526 0.3492 72.2684 3.1152 2.4879 1.7477 0.9862 2.7339

5.00 0.10 5.6878 1.9734 769.0163 9.0333 17.8931 6.2037 5.0057 11.2094

0.50 1.0476 0.3632 112.2076 1.4691 3.0751 1.1421 0.9019 2.0440

0.90 0.4451 0.1524 44.5084 0.6046 1.2813 0.4847 0.3790 0.8637

Fig. 1 Social losses for different weights under the Nash solution

σ = 2.50 and κ = 0.50 leads to the minimum value for the loss function (LS = 0.3173). This
performance, however, is well above the smallest loss obtained under a monetary leadership
in the Stackelberg game.

According to the smallest social loss criterion, the policy regimes might be ordered as
(1) monetary leadership, (2) fiscal leadership, (3) cooperative solution, and (4) Nash equilib-
rium solution. Thus, when the monetary authority moves first as a Stackelberg leader we get
the best scheme of coordination between the authorities. In addition, both Stackelberg so-
lutions are superior to the remaining ones. Finally, comparing the cooperative and the Nash
equilibrium solutions, we can note that the former regime is more efficient in minimizing
the social loss.

5.2 Sensitivity analysis

As a robustness check, we evaluated social losses generated by the three mechanisms of
coordination discussed in the previous section. In each case, it is assumed that the economy
is hit by a supply shock and the weights placed in output gap, inflation, and government
spending vary from 0.10 to 1.50, and in interest rate from 0.05 to 1.00. The resulting losses
are shown in Figs. 1, 2, 3 and 4.
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Fig. 2 Social losses for different weights under the fiscal leadership solution

Fig. 3 Social losses for different weights under the monetary leadership solution

Under the Nash equilibrium solution, Fig. 1 shows that the monetary loss increases pro-
portionately to the relative weights placed by the central bank on output gap and interest rate.
This is due to the fact that the society dislikes inflation more than the other two variables.
Notice that the distaste for interest rate fluctuations is the smallest, given that its impact on
the social loss is the strongest. Differently, the fiscal loss directly increases with the size
of the relative weights placed by the fiscal authority on government spending and inflation
stabilization. The reason is because the output gap is an important variable for the fiscal
policy. So, the society would prefer that the fiscal authority give more relative importance
to output gap stabilization. Here, changing the relative weight on the government spending
stabilization has the greater impact on the fiscal loss.

Furthermore, Fig. 2 reveals that under a fiscal leadership in the Stackelberg solution, the
monetary loss is very sensitive to the relative weight attached by the central bank to output
gap stabilization. On the other hand, the fiscal loss presents a high sensitivity to the weight
on inflation stabilization. Note that Figs. 1 and 2 strengthen the different consequences on
the loss under the Nash and Stackelberg (fiscal leadership) solutions.

Subsequently, Fig. 3 demonstrates that, under a monetary leadership in the Stackelberg
solution, the monetary loss behaves similarly to the case under fiscal leadership when the
central bank changes the relative weights on the output gap and interest rate. The fiscal loss
under a monetary leadership is more sensitive to the relative weight placed on government
spending.
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Fig. 4 Social losses for different weights under the cooperative solution

Fig. 5 Impulse responses to a supply shock under the monetary leadership solution

Finally, the losses shown in Fig. 4 under the full cooperative solution are quite similar to
the Nash equilibrium case, but to a lower degree. In general, the Nash equilibrium and fully
cooperative solutions display closer responses when the relative weights placed on target
variables are changed.

5.3 Impulse response analysis

We limit our attention to the monetary leadership solution since it is the best scheme of
coordination according to the loss analysis. The impulse responses to alternative exogenous
shocks are presented in Figs. 5, 6 and 7. The responses of the variables are for one standard
deviation supply, demand or fiscal shock under the monetary leadership solution.

Figure 5 shows the effects of a supply shock under monetary leadership. The immediate
effect of the shock is a rise in inflation, which leads the monetary authority to increase the
interest rate. A peak of that policy is reached in the ninth quarter, when the interest rate
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Fig. 6 Impulse responses to a demand shock under the monetary leadership solution

Fig. 7 Impulse responses to a fiscal shock under the monetary leadership solution

starts going back to the equilibrium. Due to the strong response of the monetary policy, the
output gap falls and pushes the government expenditure to a lower level. The debt response
is hump-shaped because it follows movements in the interest rate, reaching a peak after six
quarters.
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The effects of a demand shock under monetary leadership are shown in Fig. 6. On impact,
the shock pushes the output gap upwards, which in turn increases inflation and leads the
monetary authority to raise the interest rate. The peak in the interest rate is reached in the
fourth quarter and convergence to the equilibrium is faster than under a supply shock. The
debt and government spending are less volatile when compared to the supply shock.

A positive fiscal shock, displayed in Fig. 7, increases government spending, debt, and the
output gap. In addition, that shock is inflationary, given that there is a rise in inflation on
impact. The response of the monetary policy is delayed, but the increase in the interest rate
is sufficient to bring the economy back to equilibrium. Also, the debt converges slower than
the government spending due to the effects of high interest rates.

6 Concluding remarks

This paper has applied the game theory approach to a conventional macroeconomic opti-
mization problem to analyze the performance of alternative coordination schemes, repre-
sented by the Nash equilibrium solution, Stackelberg leadership, and the cooperative solu-
tion, in the interaction between fiscal and monetary policies. The comparisons among the
distinct regimes were made in terms of social loss, sensitivity to selected parameters, and
impulse response functions. Whenever possible, analytical solutions were derived for opti-
mal monetary and fiscal rules. In the Stackelberg case, however, due to the complexity of
the solution, only a numerical simulation was obtained.

The numerical approach provided evidence of relative superiority for the monetary lead-
ership in the Stackelberg solution. Thus, when the monetary authority moves first, as a
Stackelberg leader, taking into account the optimal fiscal policy obtained under the Nash
equilibrium solution, one reaches the smallest social loss. This monetary leadership might
be associated to the existence of a monetary dominance in the Brazilian economy during
the recent period. This evidence is supported by empirical findings provided by Tanner and
Ramos (2002), Fialho and Portugal (2005), Gadelha and Divino (2008), among others.

In particular, according to our results, the monetary leadership led to the lowest social
loss. A sensitivity analysis executed by varying the relative weights placed by the monetary
and fiscal authorities on their target variables showed that the Nash equilibrium and cooper-
ative solutions yielded more uniform responses. On the other hand, the monetary leadership
revealed a strong distaste for inflation by the Brazilian society. The impulse response func-
tions, computed for the best coordination scheme, indicated strong reactions of the monetary
authority to inflationary pressures. In addition, there is a clear inflationary effect coming
from fiscal shocks. Under the Stackelberg solution, the time series presented low volatility
and faster convergence to the equilibrium after the alternative exogenous shocks.

For future works, it would be interesting to analyze the performance of coordination
regimes under commitment and discretion, to apply the framework to a bargain problem in
a more complex environment and to extend the model to a block of countries, particularly
in South America, involving a monetary integration with common fiscal targets.
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Appendix A

In this appendix we describe the general linear-quadratic policy approach introduced by
Giannoni and Woodford (2002a) with applications by Giannoni and Woodford (2002a), to
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derive an optimal monetary policy rule. Note that this approach can easily be extended to
the fiscal optimization problems discussed in this paper.

Woodford (2003, pp. 23–24) argues that standard dynamic programming methods are
valid only for optimization problems that evolve in response to the current action of the
controller. Hence, they do not apply to problems of monetary stabilization policy since the
central bank’s actions depend on both the sequence of instrument settings in the present
time and the private-sector’s expectations regarding future policies. A direct implementa-
tion of the maximum principle is not indicated, since we have discrete-time problems with
conditional expectations on some variables which affect the solution under commitment.

A.1 General linear-quadratic policy problem

Giannoni and Woodford (2002a) deal with policy problems in which the constraints for the
various state variables can be represented by a system of linear (or log-linear) equations, and
in which a quadratic function of these variables can be used to represent the policymaker’s
objectives. In general, the optimal policy rules considered by the authors take the form

φiit + φ′
zz̄t + φ′

ZZ̄t + φ′
s s̄t = φ̄, (31)

where it is the policy instrument, z̄t and Z̄t are the vectors of nonpredetermined and prede-
termined endogenous variables (e.g., the output gap forecast Etxt+k may be an element of
z̄t ), s̄t is a vector of exogenous state variables, and φi , φz, φZ , and φs , are vectors of coeffi-
cients and φ̄ is a constant. As pointed out by Buiter (1982), a variable is nonpredetermined
if and only if its current value is a function of current anticipations of future values of en-
dogenous and/or exogenous variables. It is predetermined if its current value depends only
on past values of endogenous and/or exogenous variables.

The discounted quadratic loss function is assumed to have the form

Et0

∞
∑

t=t0

βt−t0Lt, (32)

where t0 stands for the initial date at which a policy rule is adopted, 0 < β < 1 denotes the
discount factor, and Lt specifies the period loss, that is,

Lt = 1

2

(

τt − τ ∗)′
W

(

τt − τ ∗). (33)

where τt is a vector of target variables, τ ∗ is its corresponding vector of target values, and
W is a symmetric, positive-definite matrix. The target variables are assumed to be linear
functions

τt = Tyt , (34)

where yt ≡ [Zt zt it ]�, Zt is a subset of the predetermined variables Z̄t , zt is a subset of the
vector of nonpredetermined endogenous variables z̄t , and T is a matrix of coefficients. It is
assumed that Zt encompasses all of the predetermined endogenous variables that constrain
the possible equilibrium evolution of the variables ZT and zT for T ≥ t . Also, st , i.e. the sub-
set of exogenous states, encompasses all of the exogenous states which possess information
on the possible future evolution of the variables ZT and zT for T ≥ t .

The endogenous variables zt and Zt take the form

Î

[

Zt+1

Etzt+1

]

= A

[

Zt

zt

]

+ Bit + Cst , (35)
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where each matrix has n = nz + nZ rows, nz and nZ denotes the number of nonpredeter-
mined and predetermined endogenous variables, respectively. Note that we may partition
the matrices as

Î =
[

I 0
0 Ẽ

]

, A =
[

A11 A12

A21 A22

]

, B =
[

0
B2

]

, C =
[

0
C2

]

,

where the upper and lower blocks have nZ and nz rows, respectively. The zero restrictions
in the upper blocks refer to the fact that the first nZ equations define the elements of Zt as
elements of zt−j for some j ≥ 1. It is assumed that A22 is non-singular in order to let the
last nz equations be solved for zt as a function of Zt , st , it , and Etzt+1. In addition, B2 is not
zero in all elements, resulting in an instrument with some effect.

Definition (Giannoni and Woodford 2002a) A policy rule that determines a unique non-
explosive rational expectations equilibrium is optimal from a timeless perspective if the
equilibrium determined by the rule is such that (a) the nonpredetermined endogenous
variables zt can be expressed as a time-invariant function of a vector of predetermined
variables Z̄t and a vector of exogenous variables s̄t ; that is, a relation of the form zt =
f0 + fZZ̄t + fs s̄t , applies for all dates t ≥ t0; and (b) the equilibrium evolution of the en-
dogenous variables {yt } for all dates t ≥ t0 minimizes (32) among the set of all bounded
processes, subject to the constraints implied by the economy’s initial state Zt0 , the require-
ments for rational expectations equilibrium (i.e., the structural equations (35)), and a set of
additional constraints of the form

Ẽzt0 = Ẽ[f0 + fZZ̄t0 + fs s̄t0 ], (36)

on the initial behavior of the nonpredetermined endogenous variables.

According to Woodford (1999), the Lagrangian for the minimization problem can be
written as

Lt0 = Et0

{ ∞
∑

t=t0

βt−t0
[

L(yt ) + ϕ′
t+1Ãyt − β−1ϕ′

t Ĩ yt

]

}

, (37)

where Ã ≡ [A B] and Ĩ ≡ [Î 0]. Note that L(yt ) denotes the period loss Lt expressed as a
quadratic function of yt and ϕt+1 denotes the vector of Lagrange multipliers related to the
constraints (35). Applying the law of iterated expectations, the conditional expectation can
be eliminated from the term Etzt+1 in these constraints. Set

ϕt+1 ≡
[

ξt+1

Ξt

]

and insert the term

ϕ′
t0
Ĩ yt0 = ξ ′

t0
Zt0 + Ξ ′

t0−1Ẽzt0 , (38)

into (37), where ξ ′
t0
Zt0 represents the constraints imposed by the given initial values Zt0 , and

Ξ ′
t0−1Ẽzt0 represents the constraints (36). Finally, differentiating the Lagrangian (37) with

respect to the endogenous variables yt , we yield the first-order conditions

Ã′Etϕt+1 + T ′W
(

τt − τ ∗) − β−1Ĩ ′ϕt = 0, (39)

for each t ≥ t0. Solving (39) under some assumptions (Giannoni and Woodford 2002a), it is
possible to obtain a policy rule of the form expressed in (31).
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Appendix B

This appendix explains the solution method used to derive the optimal nominal interest rate
rule given by (7). Note that a similar procedure can be used to derive the other optimal rules.

The monetary authority minimizes the constrained loss function given by:

L = E0

⎧

⎪

⎨

⎪

⎩

∞
∑

t=0

βt

⎡

⎢

⎣

1
2γππ2

t + 1
2γxx̂

2
t + 1

2 γi(ît − i∗)2

+ Λ1,t (x̂t − Et x̂t+1 + σ(ît − Etπt+1) − αb̂t − r̂n
t )

+ Λ2,t (πt − κx̂t − βEtπt+1 − νt )

⎤

⎥

⎦

⎫

⎪

⎬

⎪

⎭

, (40)

where the constraints include Eqs. (1) and (2), and Λ1,t and Λ2,t are the Lagrange multipli-
ers.

In order to write the first-order conditions, we need to differentiate this equation with
respect to the instrument (ît − i∗) and the state variables πt and x̂t . Before moving forward
we need to consider how to deal with the expectation terms within the constraint. Since this
is a policy under commitment, the dating of the expectations operator captures the idea of
the policymaker choosing an ex-ante rule which will be followed in the future. Hence, the
expectations operator on inflation and the output gap at t + 1 are removed. For example, if
the inflation rate which the policymaker sets influences both actual and expected inflation,
then he may directly optimize over the two. The first-order conditions are:

∂L
∂πt

= βtγππt − βt−1σΛ1,t−1 + βtΛ2,t − βt−1Λ2,t−1(β) = 0, (41)

∂L
∂x̂t

= βtγxx̂t + βtΛ1,t − βt−1Λ1,t−1 − βtκΛ2,t = 0, (42)

∂L
∂(ît − i∗)

= βtγi

(

ît − i∗) + βtσΛ1,t = 0. (43)

Isolating Λ1,t in (43) and inserting into (42), we obtain

γxx̂t − γi

σ

(

ît − i∗) + γi

βσ

(

ît−1 − i∗) − κΛ2,t = 0, (44)

where Λ1,t = − γi

σ
(ît − i∗) and Λ1,t−1 = − γi

σ
(ît−1 − i∗). Repeating the procedure for Λ2,t ,

we can eliminate all the Lagrange multipliers in (41). Then, isolating ît we have

ît = −Γ0i
∗ + Γi,1 ît−1 − Γi,2 ît−2 + Γπ,0πt + Γx,0x̂t − Γx,1x̂t−1, (45)

where Γ0 = σκ
β

, Γi,1 = ( σκ
β

+ 1
β

+ 1), Γi,2 = 1
β

, Γπ,0 = γπ σκ

γi
, Γx,0 = γxσ

γi
, and Γx,1 = γxσ

γi
.
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