
An Open-economy Real Business Cycle Model with Capital Adjustment cost 

Household’s period Utility 

𝑈𝑡 =
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

1 − 𝜎
 

Production function 

𝑌𝑡 = 𝐴𝑡𝐾𝑡
𝛼𝐿𝑡

1−𝛼  

Resource Constraint 

𝐶𝑡 + 𝑋𝑡 = 𝑌𝑡 + 𝐵𝑡 − 𝑞𝑡𝐵𝑡+1 

Law of Motion for Capital 

𝐾𝑡+1 = 𝑉𝑡𝑋𝑡 + (1 − 𝛿)𝐾𝑡 −
𝜙

2
(
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔)
2

𝐾𝑡  

Price of debt 

1

𝑞𝑡
= 1 + 𝑟∗ +  [𝑒𝑥𝑝 (

𝐵𝑡+1
𝑍𝑡

− 𝑏) − 1] 

Shock processes 

𝑙𝑛𝑉𝑡 = 𝑙𝑛𝑉𝑡−1 + 𝑔𝑣,𝑡 

𝑔𝑣,𝑡 − 𝜇 = 𝜌(𝑔𝑣,𝑡−1 − 𝜇) + 휀𝑡;          휀𝑡~𝑁(0, 𝜎)  

Marginal Utility of Consumption:  𝑈𝑐 =
𝛾(1−𝜎)

𝐶𝑡
𝑈𝑡  

Marginal disutility of Labor:  𝑈𝐿 = −
(1−𝛾)(1−𝜎)

1−𝐿𝑡
𝑈𝑡  

Set up the Lagrangian 

ℒ =∑𝛽𝑡[
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

1 − 𝜎
+ 𝜆𝑡(𝐴𝑡𝐾𝑡

𝛼𝐿𝑡
1−𝛼 + 𝐵𝑡 − 𝑞𝑡𝐵𝑡+1 − 𝐶𝑡 − 𝑋𝑡)

+ 𝜇𝑡 (𝑉𝑡𝑋𝑡 + (1 − 𝛿)𝐾𝑡 −
𝜙

2
(
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔)
2

𝐾𝑡 − 𝐾𝑡+1)] 

First order condition: consumption 

𝜕ℒ

𝜕𝐶𝑡
= 0 

⇒
(1 − 𝜎)[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

−𝜎

1 − 𝜎
𝛾𝐶𝑡

𝛾−1(1 − 𝐿𝑡)
1−𝛾 − 𝜆𝑡 = 0 

⇒
𝛾

𝐶𝑡
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

= 𝜆𝑡 
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⇒
𝛾(1 − 𝜎)

𝐶𝑡
𝑈𝑡 = 𝜆𝑡 

FOC: Labor 

ℒ =∑𝛽𝑡[
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

1 − 𝜎
+ 𝜆𝑡(𝐴𝑡𝐾𝑡

𝛼𝐿𝑡
1−𝛼 + 𝐵𝑡 − 𝑞𝑡𝐵𝑡+1 − 𝐶𝑡 − 𝑋𝑡)

+ 𝜇𝑡 (𝑉𝑡𝑋𝑡 + (1 − 𝛿)𝐾𝑡 −
𝜙

2
(
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔)
2

𝐾𝑡 − 𝐾𝑡+1)] 

𝜕ℒ

𝜕𝐿𝑡
= 0 

⇒ −
(1 − 𝜎)[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

−𝜎

1 − 𝜎
(1 − 𝛾)𝐶𝑡

𝛾(1 − 𝐿𝑡)
−𝛾 + (1 − 𝛼)𝜆𝑡𝐴𝑡𝐾𝑡

𝛼𝐿𝑡
−𝛼 = 0 

⇒ −
(1 − 𝛾)

1 − 𝐿𝑡
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

+ (1 − 𝛼)𝜆𝑡
𝑌𝑡
𝐿𝑡
= 0 

⇒ −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
𝑈𝑡 + (1 − 𝛼)𝜆𝑡

𝑌𝑡
𝐿𝑡
= 0 

FOC: Capital 

ℒ =∑𝛽𝑡[
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

1 − 𝜎
+ 𝜆𝑡(𝐴𝑡𝐾𝑡

𝛼𝐿𝑡
1−𝛼 + 𝐵𝑡 − 𝑞𝑡𝐵𝑡+1 − 𝐶𝑡 − 𝑋𝑡)

+ 𝜇𝑡 (𝑉𝑡𝑋𝑡 + (1 − 𝛿)𝐾𝑡 −
𝜙

2
(
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔)
2

𝐾𝑡 − 𝐾𝑡+1)] 

𝜕ℒ

𝜕𝐾𝑡+1
= 0 

⇒ 𝜇𝑡 [−𝜙 (
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑘)
𝐾𝑡
𝐾𝑡
− 1]

+ 𝛽 [𝛼𝜆𝑡+1𝐴𝑡+1𝐾𝑡+1
𝛼−1𝐿𝑡+1

1−𝛼

+ 𝜇𝑡+1 [(1 − 𝛿) −
𝜙

2
(
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔)
2

− 𝜙(
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔) (−
𝐾𝑡+2

𝐾𝑡+1
2)𝐾𝑡+1]] = 0 

⇒ 𝜇𝑡 [𝜙 (
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔) + 1]

= 𝛽 [𝛼𝜆𝑡+1
𝑌𝑡+1
𝐾𝑡+1

+ 𝜇𝑡+1 [(1 − 𝛿) −
𝜙

2
(
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔)
2

+𝜙 (
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔) (
𝐾𝑡+2
𝐾𝑡+1

)]] 
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FOC: Investment 
𝜕ℒ

𝜕𝑋𝑡
= 0 

⇒ −𝜆𝑡 + 𝜇𝑡𝑉𝑡 = 0 

⇒ 𝜆𝑡 = 𝜇𝑡𝑉𝑡  

FOC: Bond 
𝜕ℒ

𝜕𝐵𝑡+1
= 0 

𝜆𝑡𝑞𝑡 = 𝛽𝜆𝑡+1 

 

 

 

 

 

Stationarized Model 

Scale variable: 𝑍𝑡−1 = (𝑉𝑡−1)
𝛼

1−𝛼 

�̂�𝑡 =
𝐶𝑡
𝑍𝑡−1

;     �̂�𝑡 =
𝑌𝑡
𝑍𝑡−1

;      �̂�𝑡 =
𝑋𝑡
𝑍𝑡−1

;       𝑘 =
𝐾𝑡

𝑉𝑡−1𝑍𝑡−1
; 

�̂�𝑡 =
𝑈𝑡

(𝑍𝑡−1)𝛾(1−𝜎)
;      ;     �̂�𝐿,𝑡 =

𝑈𝐿
(𝑍𝑡−1)𝛾(1−𝜎)

 

�̂�𝑡 = �̂�𝑐,𝑡 =
𝑈𝑐

(𝑍𝑡−1)𝛾
(1−𝜎)−1

;    �̂�𝑡 =
𝜇𝑡

𝑉𝑡
−1(𝑍𝑡−1)𝛾

(1−𝜎)−1
 

Production Function 

𝑌𝑡 = 𝐴𝑡𝐾𝑡
𝛼𝐿𝑡

1−𝛼  

⇒
𝑌𝑡
𝑍𝑡−1

= 𝐴𝑡
𝐾𝑡

𝛼

𝑍𝑡−1
𝐿𝑡
1−𝛼 

⇒ �̂�𝑡 = 𝐴𝑡�̂�𝑡
𝛼
𝐿𝑡
1−𝛼  

Resource Constraint 

𝐶𝑡 + 𝑋𝑡 = 𝑌𝑡 + 𝐵𝑡 − 𝐵𝑡+1 

⇒
𝐶𝑡
𝑍𝑡−1

+
𝑋𝑡
𝑍𝑡−1

=
𝑌𝑡
𝑍𝑡−1

+
𝐵𝑡
𝑍𝑡−1

−
𝐵𝑡+1
𝑍𝑡

𝑍𝑡
𝑍𝑡−1
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⇒ 𝑐�̂� + �̂�𝑡 = �̂�𝑡 + �̂�𝑡 − �̂�𝑡+1 (
𝑉𝑡
𝑉𝑡−1

)

𝛼
1−𝛼

 

⇒ 𝑐�̂� + �̂�𝑡 = �̂�𝑡 + �̂�𝑡 − �̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼  

Law of Motion for Capital 

𝐾𝑡+1 = 𝑉𝑡𝑋𝑡 + (1 − 𝛿)𝐾𝑡 −
𝜙

2
(
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔)
2

𝐾𝑡  

Diving by 𝑉𝑡𝑍𝑡−1 

⇒
𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑍𝑡
𝑍𝑡−1

=
𝑋𝑡
𝑍𝑡−1

+ (1 − 𝛿)
𝐾𝑡

𝑉𝑡−1𝑍𝑡−1

𝑉𝑡−1
𝑉𝑡

−
𝜙

2
(

𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑉𝑡𝑍𝑡

𝐾𝑡
𝑉𝑡−1𝑍𝑡−1

𝑉𝑡−1𝑍𝑡−1

− 𝜇𝑔)

2

𝐾𝑡
𝑉𝑡−1𝑍𝑡−1

𝑉𝑡−1
𝑉𝑡

 

⇒ �̂�𝑡+1 (
𝑉𝑡
𝑉𝑡−1

)

𝛼
1−𝛼

= �̂�𝑡 + (1 − 𝛿)�̂�𝑡
𝑉𝑡−1
𝑉𝑡

−
𝜙

2
(
�̂�𝑡+1

�̂�𝑡
(
𝑉𝑡
𝑉𝑡−1

)

1
1−𝛼

− 𝜇𝑔)

2

�̂�𝑡
𝑉𝑡−1
𝑉𝑡

 

⇒ �̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼 = �̂�𝑡 + (1 − 𝛿)�̂�𝑡𝑒

−𝑔𝑡 −
𝜙

2
(
�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔)

2

�̂�𝑡𝑒
−𝑔𝑡  

 

Utility 

𝑈𝑡 =
[𝐶𝑡

𝛾(1 − 𝐿𝑡)
1−𝛾]

1−𝜎

1 − 𝜎
 

⇒
𝑈𝑡

(𝑍𝑡−1)𝛾(1−𝜎)
=
(
𝐶𝑡
𝑍𝑡−1

)
𝛾(1−𝜎)

[(1 − 𝐿𝑡)
1−𝛾]1−𝜎

1 − 𝜎
 

⇒ �̂�𝑡 =
[𝑐�̂�
𝛾(1 − 𝐿𝑡)

1−𝛾]
1−𝜎

1 − 𝜎
 

Marginal Utility of consumption 

𝑈𝑐 =
𝛾(1 − 𝜎)

𝐶𝑡
𝑈𝑡  

⇒
𝑈𝑐

(𝑍𝑡−1)𝛾
(1−𝜎)−1

=
𝛾(1 − 𝜎)

𝐶𝑡
𝑍𝑡−1

𝑈𝑡
(𝑍𝑡−1)𝛾(1−𝜎)

 

⇒ �̂�𝑐 =
𝛾(1 − 𝜎)

𝑐�̂�
�̂�𝑡  
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Marginal disutility of Labor 

𝑈𝐿 = −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
𝑈𝑡  

⇒
𝑈𝐿

(𝑍𝑡−1)𝛾(1−𝜎)
= −

(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡

𝑈𝑡
(𝑍𝑡−1)𝛾(1−𝜎)

 

⇒ �̂�𝐿 = −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
�̂�𝑡 

FOC: Labor 

−
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
𝑈𝑡 + (1 − 𝛼)𝜆𝑡

𝑌𝑡
𝐿𝑡
= 0 

⇒ 𝑈𝐿 + (1 − 𝛼)𝑈𝑐
𝑌𝑡
𝐿𝑡
= 0 

⇒
𝑈𝐿

(𝑍𝑡−1)
𝛾(1−𝜎)

+ (1 − 𝛼)
𝑈𝑐

(𝑍𝑡−1)𝛾
(1−𝜎)−1

𝑌𝑡
(𝑍𝑡−1)𝐿𝑡

= 0 

⇒ �̂�𝐿 + (1 − 𝛼)�̂�𝑐
�̂�𝑡
𝐿𝑡
= 0 

FOC: Capital 𝜇𝑡  𝑎𝑛𝑑 𝜆𝑡  𝑠ℎ𝑜𝑢𝑙𝑑 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑡𝑟𝑒𝑛𝑑𝑠 𝑎𝑠 𝜆𝑡 = 𝜇𝑡𝑉𝑡  

𝜇𝑡 [𝜙 (
𝐾𝑡+1
𝐾𝑡

− 𝜇𝑔) + 1]

= 𝛽 [𝛼𝜆𝑡+1
𝑌𝑡+1
𝐾𝑡+1

+ 𝜇𝑡+1 [(1 − 𝛿) −
𝜙

2
(
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔)
2

+𝜙 (
𝐾𝑡+2
𝐾𝑡+1

− 𝜇𝑔) (
𝐾𝑡+2
𝐾𝑡+1

)]] 

Multiplying each term by 𝑉𝑡  and detrending each variable by its respective trend 
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⇒
𝜇𝑡𝑉𝑡

(𝑍𝑡−1)𝛾
(1−𝜎)−1

(𝑍𝑡−1)
𝛾(1−𝜎)−1

(𝑍𝑡)𝛾
(1−𝜎)−1

[𝜙 (

𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑉𝑡𝑍𝑡

𝐾𝑡
𝑉𝑡−1𝑍𝑡−1

𝑉𝑡−1𝑍𝑡−1

− 𝜇𝑔) + 1]

= 𝛽

[
 
 
 

𝛼
𝑈𝑐,𝑡+1

(𝑍𝑡)𝛾
(1−𝜎)−1

𝑌𝑡+1
𝑍𝑡
⁄

𝐾𝑡+1
𝑉𝑡𝑍𝑡
⁄

+
𝜇𝑡+1𝑉𝑡+1

(𝑍𝑡)𝛾
(1−𝜎)−1

𝑉𝑡
𝑉𝑡+1

{
 

 
(1 − 𝛿) −

𝜙

2
(

𝐾𝑡+2
𝑉𝑡+1𝑍𝑡+1

𝑉𝑡+1𝑍𝑡+1

𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑉𝑡𝑍𝑡

− 𝜇𝑔)

2

+𝜙(

𝐾𝑡+2
𝑉𝑡+1𝑍𝑡+1

𝑉𝑡+1𝑍𝑡+1

𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑉𝑡𝑍𝑡

− 𝜇𝑔)(

𝐾𝑡+2
𝑉𝑡+1𝑍𝑡+1

𝑉𝑡+1𝑍𝑡+1

𝐾𝑡+1
𝑉𝑡𝑍𝑡

𝑉𝑡𝑍𝑡

)

}
 

 

]
 
 
 

 

⇒ �̂�𝑡 ((
𝑉𝑡−1
𝑉𝑡
)

𝛼
1−𝛼⁄

)

𝛾(1−𝜎)−1

[𝜙 (
�̂�𝑡+1

�̂�𝑡
(
𝑉𝑡
𝑉𝑡−1

)

1
1−𝛼

− 𝜇𝑔) + 1]

= 𝛽 [𝛼�̂�𝑐,𝑡+1
�̂�𝑡+1

�̂�𝑡+1
+�̂�𝑡+1𝑒

−𝑔𝑡+1 {(1 − 𝛿) −
𝜙

2
(
�̂�𝑡+2

�̂�𝑡+1
(
𝑉𝑡+1
𝑉𝑡
)

1
1−𝛼

− 𝜇𝑔)

2

+𝜙(
�̂�𝑡+2

�̂�𝑡+1
(
𝑉𝑡+1
𝑉𝑡
)

1
1−𝛼

− 𝜇𝑔)
�̂�𝑡+2

�̂�𝑡+1
(
𝑉𝑡+1
𝑉𝑡
)

1
1−𝛼

}] 

⇒ �̂�𝑡((𝑒
−𝑔𝑡)

𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝜙 (

�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔) + 1]

= 𝛽 [𝛼�̂�𝑐,𝑡+1
�̂�𝑡+1

�̂�𝑡+1
+�̂�𝑡+1𝑒

−𝑔𝑡+1 {(1 − 𝛿) −
𝜙

2
(
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 (
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼}] 

Euler equation for bond 

𝜆𝑡𝑞𝑡 = 𝛽𝜆𝑡+1 

⇒ 𝑈𝑐,𝑡𝑞𝑡 = 𝛽𝑈𝑐,𝑡+1 

𝑈𝑐,𝑡
(𝑍𝑡−1)𝛾

(1−𝜎)−1
𝑞𝑡 = 𝛽

𝑈𝑐,𝑡+1
(𝑍𝑡)𝛾

(1−𝜎)−1

(𝑍𝑡)
𝛾(1−𝜎)−1

(𝑍𝑡−1)𝛾
(1−𝜎)−1

 

�̂�𝑐,𝑡𝑞𝑡 = 𝛽�̂�𝑐,𝑡+1 (
𝑉𝑡
𝑉𝑡−1

)

𝛼(𝛾(1−𝜎)−1)
1−𝛼
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�̂�𝑐,𝑡𝑞𝑡 = 𝛽�̂�𝑐,𝑡+1(𝑒
𝑔𝑡)

𝛼(𝛾(1−𝜎)−1)
1−𝛼  

FOC: Investment 

𝜇𝑡𝑉𝑡
(𝑍𝑡−1)𝛾

(1−𝜎)−1
=

𝜆𝑡
(𝑍𝑡−1)𝛾

(1−𝜎)−1
 

�̂�𝑡 = �̂�𝑡 

 

Summary of Equilibrium 

Production Function: 

⇒ �̂�𝑡 = 𝐴𝑡�̂�𝑡
𝛼
𝐿𝑡
1−𝛼  

Utility:  

⇒ �̂�𝑡 =
[𝑐�̂�
𝛾(1 − 𝐿𝑡)

1−𝛾]
1−𝜎

1 − 𝜎
 

Marginal utility of consumption:  

⇒ �̂�𝑐 =
𝛾(1 − 𝜎)

𝑐�̂�
�̂�𝑡  

Marginal disutility of labor:  

�̂�𝐿 = −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
�̂�𝑡  

FOC for Labor:  

�̂�𝐿 + (1 − 𝛼)�̂�𝑐
�̂�𝑡
𝐿𝑡
= 0 

FOC for Capital:  

⇒ �̂�𝑡((𝑒
−𝑔𝑡)

𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝜙 (

�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔) + 1]

= 𝛽 [𝛼�̂�𝑐,𝑡+1
�̂�𝑡+1

�̂�𝑡+1
+�̂�𝑡+1𝑒

−𝑔𝑡+1 {(1 − 𝛿) −
𝜙

2
(
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 (
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼}] 

Euler equation for bond:  

�̂�𝑐,𝑡𝑞𝑡 = 𝛽�̂�𝑐,𝑡+1(𝑒
𝑔𝑡)

𝛼(𝛾(1−𝜎)−1)
1−𝛼  

FOC for Investment:  
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�̂�𝑡 = �̂�𝑡 

Resource constraint:   

⇒ 𝑐�̂� + �̂�𝑡 = �̂�𝑡 + �̂�𝑡 − �̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼  

Law of motion for capital:  

�̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼 = �̂�𝑡 + (1 − 𝛿)�̂�𝑡𝑒

−𝑔𝑡 −
𝜙

2
(
�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔)

2

�̂�𝑡𝑒
−𝑔𝑡  

 

Price of Debt: 

1

𝑞𝑡
= 1 + 𝑟∗ +  [𝑒𝑥𝑝 (

𝐵𝑡+1
𝑍𝑡

− 𝑏) − 1] 

Shock Processes:  
𝑙𝑛𝑉𝑡 = 𝑙𝑛𝑉𝑡−1 + 𝑔𝑣,𝑡 

𝑔𝑣,𝑡 − 𝜇 = 𝜌(𝑔𝑣,𝑡−1 − 𝜇) + 휀𝑣,𝑡;          휀𝑡~𝑁(0, 𝜎)  

𝑙𝑛𝐴𝑡 = 𝜌𝑙𝑛𝐴𝑡−1 + 휀𝑎,𝑡  

 

Steady-State Model 

V = 1; 

b = bstar 

g = mu_g 

Euler equation for bond:  

�̂�𝑐,𝑡𝑞𝑡 = 𝛽�̂�𝑐,𝑡+1(𝑒
𝑔𝑡)

𝛼(𝛾(1−𝜎)−1)
1−𝛼  

⇒ �̂�𝑐𝑞 = 𝛽�̂�𝑐(𝑒
𝑔)
𝛼(𝛾(1−𝜎)−1)

1−𝛼  

⇒ 𝑞 = 𝛽(𝑒𝑔)
𝛼(𝛾(1−𝜎)−1)

1−𝛼  

FOC for Capital:  

⇒ �̂�𝑡((𝑒
−𝑔𝑡)

𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝜙 (

�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔) + 1]

= 𝛽 [𝛼�̂�𝑐,𝑡+1
�̂�𝑡+1

�̂�𝑡+1
+�̂�𝑡+1𝑒

−𝑔𝑡+1 {(1 − 𝛿) −
𝜙

2
(
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 (
�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼 − 𝜇𝑔)

�̂�𝑡+2

�̂�𝑡+1
(𝑒𝑔𝑡+1)

1
1−𝛼}] 
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⇒ �̂�((𝑒−𝑔)
𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝜙 ((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔) + 1]

= 𝛽 [𝛼�̂�𝑐
�̂�

�̂�

+ �̂�𝑒−𝑔 {(1 − 𝛿) −
𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+ 𝜙((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼}] 

Since �̂� = �̂�𝑐 = �̂� 

⇒ ((𝑒−𝑔)
𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝜙 ((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔) + 1]

= 𝛽 [𝛼
�̂�

�̂�

+ 𝑒−𝑔 {(1 − 𝛿) −
𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼}] 

⇒ 𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) + 1

= 𝛽((𝑒𝑔)
𝛼
1−𝛼⁄ )

𝛾(1−𝜎)−1
[𝛼
�̂�

�̂�

+ 𝑒−𝑔 {(1 − 𝛿) −
𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼}] 

⇒
𝜙 ((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔) + 1

𝑞

= 𝛼
�̂�

�̂�
+ 𝑒−𝑔 {(1 − 𝛿) −

𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼} 

⇒
�̂�

�̂�

=

𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) + 1

𝑞 − 𝑒−𝑔 {(1 − 𝛿) −
𝜙
2 (
(𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+ 𝜙((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼}

𝛼
 

Law of motion for capital:  

�̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼 = �̂�𝑡 + (1 − 𝛿)�̂�𝑡𝑒

−𝑔𝑡 −
𝜙

2
(
�̂�𝑡+1

�̂�𝑡
(𝑒𝑔𝑡)

1
1−𝛼 − 𝜇𝑔)

2

�̂�𝑡𝑒
−𝑔𝑡  

⇒ �̂�(𝑒𝑔)
𝛼
1−𝛼 = �̂� + (1 − 𝛿)�̂�𝑒−𝑔 −

𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

�̂�𝑒−𝑔 

⇒
𝑥

�̂�

̂
=
�̂�

�̂�
(𝑒𝑔)

𝛼
1−𝛼 − (1 − 𝛿)

�̂�

�̂�
𝑒−𝑔 +

𝜙

2
((𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2 �̂�

�̂�
𝑒−𝑔 
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⇒
𝑥

�̂�

̂
=
(𝑒𝑔)

𝛼
1−𝛼 − (1 − 𝛿)𝑒−𝑔 +

𝜙
2 (
(𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

𝑒−𝑔

�̂�

�̂�

 

Resource constraint:   

𝑐�̂� + �̂�𝑡 = �̂�𝑡 + �̂�𝑡 − �̂�𝑡+1(𝑒
𝑔𝑡)

𝛼
1−𝛼  

⇒
�̂�

�̂�
+
�̂�

�̂�
= 1 +

�̂�

�̂�
(1 − (𝑒𝑔)

𝛼
1−𝛼) 

⇒
𝑐̂

�̂�
= 1 + 𝑏_𝑠ℎ𝑎𝑟𝑒(1 − (𝑒𝑔)

𝛼
1−𝛼) −

�̂�

�̂�
 

FOC for Labor:  

�̂�𝐿 + (1 − 𝛼)�̂�𝑐
�̂�𝑡
𝐿𝑡
= 0 

⇒ −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿𝑡
�̂�𝑡 + (1 − 𝛼)

𝛾(1 − 𝜎)

𝑐�̂�
�̂�𝑡
�̂�𝑡
𝐿𝑡
= 0 

⇒
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿
�̂� = (1 − 𝛼)

𝛾(1 − 𝜎)

𝑐̂
�̂�
�̂�

𝐿
 

⇒
(1 − 𝛾)

1 − 𝐿
= (1 − 𝛼)

𝛾

𝑐̂

�̂�

𝐿
 

⇒
𝐿

1 − 𝐿
=
𝛾(1 − 𝛼)

(1 − 𝛾)

�̂�

𝑐̂
 

⇒
1 − 𝐿

𝐿
=
(1 − 𝛾)

𝛾(1 − 𝛼)

𝑐̂

�̂�
 

⇒
1

𝐿
− 1 =

(1 − 𝛾)

𝛾(1 − 𝛼)

𝑐̂

�̂�
 

⇒
1

𝐿
= 1 +

(1 − 𝛾)

𝛾(1 − 𝛼)

𝑐̂

�̂�
 

⇒
1

𝐿
=
𝛾(1 − 𝛼) + (1 − 𝛾)

𝑐̂
�̂�

𝛾(1 − 𝛼)
 

⇒ 𝐿 =
𝛾(1 − 𝛼)

𝛾(1 − 𝛼) + (1 − 𝛾)
𝑐̂
�̂�

 

Production Function: 

�̂�𝑡 = 𝐴𝑡�̂�𝑡
𝛼
𝐿𝑡
1−𝛼  
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⇒
�̂�

�̂�
= �̂�𝛼−1𝐿1−𝛼  

⇒ �̂� = (

�̂�

�̂�
𝐿1−𝛼

)

1
𝛼−1⁄

 

Output: �̂� = �̂�𝛼𝐿1−𝛼  

Consumption: �̂� =
𝑐̂

�̂�
�̂� 

Investment: �̂� =
𝑥

�̂�
�̂� 

Utility:  

⇒ �̂�𝑡 =
[𝑐�̂�
𝛾(1 − 𝐿𝑡)

1−𝛾]
1−𝜎

1 − 𝜎
 

Marginal utility of consumption:  

⇒ �̂�𝑐 =
𝛾(1 − 𝜎)

𝑐̂
�̂� 

Marginal disutility of labor:  

⇒ �̂�𝐿 = −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿
�̂� 

FOC for Investment:  

�̂� = �̂�𝑐  

 

Steady-state model summary 

b = bstar 

g = mu_g 

𝑞 = 𝛽(𝑒𝑔)
𝛼(𝛾(1−𝜎)−1)

1−𝛼  

�̂�

�̂�

=

𝜙 ((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) + 1

𝑞 − 𝑒−𝑔 {(1 − 𝛿) −
𝜙
2 (
(𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

+ 𝜙((𝑒𝑔)
1

1−𝛼 − 𝜇𝑔) (𝑒
𝑔)

1
1−𝛼}

𝛼
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𝑥

�̂�

̂
=
(𝑒𝑔)

𝛼
1−𝛼 − (1 − 𝛿)𝑒−𝑔 +

𝜙
2 (
(𝑒𝑔)

1
1−𝛼 − 𝜇𝑔)

2

𝑒−𝑔

�̂�

�̂�

 

𝑐̂

�̂�
= 1 + 𝑏_𝑠ℎ𝑎𝑟𝑒(1 − (𝑒𝑔)

𝛼
1−𝛼) −

�̂�

�̂�
 

𝐿 =
𝛾(1 − 𝛼)

𝛾(1 − 𝛼) + (1 − 𝛾)
𝑐̂
�̂�

 

⇒ �̂� = (

�̂�

�̂�
𝐿1−𝛼

)

1
𝛼−1⁄

 

�̂� = �̂�𝛼𝐿1−𝛼 

�̂� =
�̂�

�̂�
�̂� 

�̂� =
�̂�

�̂�
�̂� 

�̂�𝑡 =
[𝑐�̂�
𝛾(1 − 𝐿𝑡)

1−𝛾]
1−𝜎

1 − 𝜎
 

�̂�𝑐 =
𝛾(1 − 𝜎)

𝑐̂
�̂� 

�̂�𝐿 = −
(1 − 𝛾)(1 − 𝜎)

1 − 𝐿
�̂� 

𝜇 = �̂�𝑐  

 


