
Optimization Problem: 

max𝐸0 [∑𝛽𝑡(𝛱𝑡
𝑓
)

∞

𝑡=0

] 

s.t. 

𝛱𝑡
𝑓
= 𝛷𝑡𝑃𝑡𝑌𝑡 −𝛷𝑡(1 + 𝑖𝑙.𝑡)𝐷𝑡 

𝐷𝑡 = 𝑚𝑡−1𝐷𝑡−1 + 𝑃𝑡𝑆𝑡 − (1 − 𝛷𝑡−1)𝑃𝑡−1𝑌𝑡−1 

𝑌𝑡 = 𝑆𝑡−1
𝛼  

 

solving by the first method: 

max𝐸0∑𝛽𝑡
∞

𝑡=0
[
 
 
 

𝛷𝑡𝑃𝑡𝑆𝑡−1
𝛼 − 𝛷𝑡(1 + 𝑖𝑙.𝑡)𝐷𝑡⏟                

𝛱𝑡
𝑓

+ 𝜇𝑡[𝐷𝑡 −𝑚𝑡−1𝐷𝑡−1 − 𝑃𝑡𝑆𝑡 + (1 −𝛷𝑡−1)𝑃𝑡−1𝑌𝑡−1]

]
 
 
 

 

𝜕ℒ

𝜕𝑠𝑡(𝑛𝑜𝑡 𝑠𝑡−1)
= 𝛽𝑡+1𝛼𝛷𝑡+1𝑃𝑡+1𝑆𝑡

𝛼−1 − 𝛽𝑡𝜇𝑡𝑃𝑡 = 0 

 

solving by the second method: 

max𝐸0∑𝛽𝑡
∞

𝑡=0

[𝛷𝑡𝑃𝑡𝑆𝑡−1
𝛼 − 𝛷𝑡(1 + 𝑖𝑙.𝑡)𝐷𝑡 + 𝜇𝑡 [𝐷𝑡 −𝑚𝑡−1𝐷𝑡−1 − 𝑃𝑡𝑆𝑡 + (1 −𝛷𝑡−1)𝑃𝑡−1 𝑆𝑡−2

𝛼⏟
𝑌𝑡−1

]] 

𝜕ℒ

𝜕𝑆𝑡
= 𝛽𝑡+1𝛼𝛷𝑡+1𝑃𝑡+1𝑆𝑡

𝛼−1 − 𝛽𝑡𝜇𝑡𝑃𝑡 + 𝛽
𝑡+2𝜇𝑡+2𝛼(1 − 𝛷𝑡+1)𝑃𝑡+1𝑆𝑡

𝛼−1 = 0 

 

solving by the third method: 

max𝐸0∑𝛽𝑡
∞

𝑡=0

[𝛷𝑡𝑃𝑡𝑆𝑡−1
𝛼 − 𝛷𝑡(1 + 𝑖𝑙.𝑡)𝐷𝑡 +𝛷𝑡𝜇𝑡 [𝐷𝑡 −𝑚𝑡−1𝐷𝑡−1 − 𝑃𝑡𝑆𝑡 + (1 −𝛷𝑡−1)𝑃𝑡−1 𝑆𝑡−2

𝛼⏟
𝑌𝑡−1

]] 

𝜕ℒ

𝜕𝑆𝑡
= 𝛽𝑡+1𝛼𝛷𝑡+1𝑃𝑡+1𝑆𝑡

𝛼−1 −𝛷𝑡𝛽
𝑡𝜇𝑡𝑃𝑡 +𝛷𝑡+2𝛽

𝑡+2𝜇𝑡+2𝛼(1 −𝛷𝑡+1)𝑃𝑡+1𝑆𝑡
𝛼−1 = 0 

 


