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Preface

When one resolves to write a book, and hopes that it will be well ac-
cepted, one issue arises that should definitely be addressed: “What
makes this book different from those that have gone before?” This
preface seeks to answer this question.

Dynamic Stochastic General Equilibrium (DSGE) models have
become a point of reference in modern macroeconomics. What
currently makes this methodology so important is its ability to an-
swer any question regarding the behavior of a particular economic
phenomenon.

If, on the one hand, the theoretical development of DSGE mod-
els is not overly complex to understand, on the other, their practical
application is rather more difficult. The literature on this subject
presents important, yet obscure points, which are difficult to com-
prehend. Generally, articles begin with a presentation of the agents’
object functions and of the equations that solve the maximization
problem, while their resolution is not shown. In many cases, it is
difficult to identify both the exact theoretical model and its applica-
tion. Thus, the most important part of this type of exercise is over-
coming these barriers of obscurity.

Although this methodology has become so popular in the cur-
rent economic literature, there is no manual that reveals, step-by-
step, how this "black box" works. This deficiency poses an impor-
tant challenge, as many young researchers give up this line of re-
search on account of the initial difficulty.

Some books, although not manuals as such, aid in understand-
ing this methodology. Wickens’s "Macroeconomic Theory: A Dy-
namic General Equilibrium Approach” (2011) presents a view of mo-
dern macroeconomics that seeks to integrate macroeconomics and
microeconomics. It is firmly rooted in general equilibrium models
and demonstrates an understanding of the changes that macroeco-
nomic methods are facing. The following four books follow practi-
cally the same logic. They begin with a basic model and, as one pro-
gresses through the book, several types of friction are incorporated.
The books are: "Computational Macroeconomics for the Open Econ-
omy" by Lim and McNelis (2008); "The ABCs of RBCs" by McCand-
less (2008); "Monetary Policy, Inflation, and the Business Cycle" by
Gali (2008); and "Introduction to Dynamic Macroeconomic General



X Preface

Equilibrium Models" by Torres (2014). There are a further two books
that deal with the methodology’s "behind the scenes" aspects: "Struc-
tural Macroeconometrics" by Dejong and Dave (2007), and "Meth-
ods for Applied Macroeconomic Research" by Canova (2007).

In short, this work takes the best bits from each of the aforemen-
tioned books: Lim and McNelis (2008) — organization; McCandless
(2008) — presentation of log-linearization and solutions; and Torres
(2014) — educational methodology, in a quest for tools that are use-
ful for overcoming initial obstacles to the study of DSGE modeling
and persuading young researchers to work with this methodology.
In principle, this is not a macroeconomics book per se, but one that
presents the tools used in the development of these models. The
idea is that it acts as a complement to the books mentioned in the
previous paragraph while at the same time presenting the models
in greater detail, offering a step-by-step course. The target audi-
ences are advanced undergraduate students, graduate students and
experienced economists prepared to learn this methodology. The
book begins with a basic Real Business Cycle model and, gradually,
the frictions of a standard DSGE model are incorporated: imper-
fect competition, price and wage frictions, habit formation, non-
Ricardian agents, investment adjustment costs, capacity underuti-
lization costs, and lastly, government.



Chapter 1
Introduction

Why tell a story using models instead of telling a story using words?
According to Professor Fabio Kanczuk of Sao Paulo University:

"To the older generation of any era, Macroeconomics
means telling stories, believing they derive from an ac-
counting equality, without realizing that they are but
exactly that: identities. Confusing what is endogenous
with what is exogenous, equilibrium with
disequilibrium.... To the younger generation, it is im-
portant to think in terms of equilibrium and to iden-
tify the exogenous shocks, in order to then be able to
tell the story. Otherwise, it appears so dishonest that
even some consultants would be ashamed. In this case,
even with its harsh limitations, DSGE helps us to think.
There are people who are intelligent enough to do with-
out models and can perform the identification in their
heads. When I try to do that, I notice that I often get
confused. I also notice that other people get confused,
but don’t realize it". (Blog AC3L, 2013)

In short, amodel consists of mathematical expressions that have
unique, precise definitions. This does not occur when only words
are used. Thus, once a mathematical expression is defined, it is rep-
resented by a rigid set of rules that concern the relationships that
can be made, with no room for subtext or metaphors. This is why a
well-defined structure is needed, even when telling stories.

During the years that followed Kydland and Prescott’s (1982) sem-
inal article, RBC theory provided the main reference structure for
the analysis of economic fluctuations, becoming the center of macro-
economic theory. The impact of the RBC revolution lies in its method-
ology, which established the use of DSGE models as a central tool
for macroeconomic analysis. Behavioral equations describing ag-
gregate variables were replaced by first-order conditions of intertem-
poral problems faced by households and firms. Ad hoc assumptions
in the formation of expectations were replaced by rational expecta-
tions.
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However, this methodology was initially criticized for limiting
itself to the analysis of only one type of shock (productivity shocks)
and only one type of economic structure (perfect competition), be-
sides not recognizing any role for monetary policy. Therefore, from
the perspective of central banks, it was hard to see how these mod-
els could contribute to the monetary policy debate. Twenty years
later, this controversy has been completely dispelled. The main rea-
son for this is that the technological innovation overlying RBC mod-
els introduced frictions that allowed Keynesian principles and new
shocks to be incorporated. The success of these new models al-
lowed major economic institutions to develop their own DSGE mod-
els, as did the Brazilian Central Bank (SAMBA), the European Cen-
tral Bank (NAWM), the Bank of Canada (ToTEM), the Bank of Eng-
land (BEQM), the Bank of Japan (JEM), the Bank of Chile (MAS), and
the International Monetary Fund (GEM), among others.

The acceptance of this methodology is due to its coherent anal-
ysis structure. This coherence is a result of the acceptable behavior
that agents maximize when making decisions, and of rational ex-
pectations. Its dynamic mechanism is another attraction, as these
models are able, clearly and transparently, to represent the intertem-
poral movement of economic variables. Lastly, these models are not
subject to the Lucas critique (1976). For this reason, central banks
are striving to make DSGE more and more useful in the analysis of
economic policy. To this end, they are taking into account an in-
creasingly sophisticated financial sector (with financial vulnerabil-
ity and collateral restrictions) and are progressively perfecting the
understanding of forecasting.

According to Chari et al. (2009), in order for a model to con-
tribute to economic policy analysis, it needs to have two essential
characteristics. The first is that the estimated parameters should be
structural parameters of the economy, so that they are not affected
by policy changes, and the second is that the exogenous shocks used
in the model should have a coherent and relevant interpretation.
They also state that there are two main approaches for models that
meet these two requirements. The first seeks to keep the model
as simple as possible with respect to the number of parameters,
variables and dynamics. The other is aligned with Christiano et al.
(2005) and Smets and Wouters (2003), who seek a so called "adjust-
ment principle". In this sense, this second approach argues for the
inclusion of several estimation mechanisms with the aim of improv-
ing adherence to observed data, such as different types of rigidity
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and shocks. Thus, the models that are concerned with bringing the-
ory and reality closer together follow this second tradition. They
propose frictions and shocks to a degree that is sufficient and nec-
essary for better adjustment to the observed data.

Definition 1.0.1 (Adjustment principle). According to Kocher-
lakota (2007), by this principle, the better a model’s projected
data adheres to observed data, the more preferable it is for pol-
icy analysis.

The idea of Representative Agents and Li-
fespan

It is a fact that every consumer is different in relation to his/her
preferences for goods and services. The same holds true for firms
with regard to the technology used in the production process. In
other words, agents in an economy are heterogeneous. However,
considering these characteristics, a potential theoretical problem of
flexibility emerges, rendering the theoretical modelling of each eco-
nomic agent’s individual choices impossible. Furthermore, it would
be impossible to know each individual agent’s exact choices. The
factis that any economic model is a simplified description of a com-
plex phenomenon.

The solution found was to group economic agents into larger
categories, for example, in the case of a study regarding consumers,
forming groups with similar consumption characteristics (high, av-
erage and low-income consumers) would be recommended. This
procedure within DSGE modelling is called introducing a represen-
tative agent. In this approach, it is assumed that a large quantity of
identical economic agents exists. This is clearly a significant simpli-
fication of reality. However, by adopting such a procedure, macro-
economic modelling is a lot simpler, at least enough to fulfill the
purpose of macroeconomic studies, such as how household con-
sumption reacts to rising interest rates.
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Thus, the aim of DSGE modelling is to build relatively small the-
oretical models (using representative agents) that include house-
holds, firms, government, the financial sector and the foreign sec-
tor. Aggregating these types of agent enables one to see how they
interact, allowing for a detailed analysis of a certain macroecono-
mic policy effects.

Now that the issue of how economic agents are defined in DSGE
models has been described, it is necessary to consider each agent’s
lifespan, which, for the purpose of these models, means the tempo-
ral reference that agents use to make their decisions. It is assumed
that they have infinite time horizons. Obviously, firms and govern-
ments do not exist forever. However, when a government decides
upon its budget, it does not expect that it will cease to exist. Firms
act likewise; when deciding their budgets, they do not consider that
they will go bankrupt in the future. This assumption in relation to
consumers is simpler. Although it is assumed that each consumer
has a finite lifespan, when considering the family structure in which
members periodically are born and die, the "family" representative
agent becomes infinite.

Teaching DSGE models in undergraduate
and graduate courses

Macroeconomics is complex, and complex systems, as is common
knowledge, are difficult to analyze. However, is the macroeconomics
being taught in undergraduate courses consistent with reality? Are
models such as the IS-LM and Mundell-Fleming models, among
others, really able to represent how the macroeconomy works? Is
the macroeconomics taught in undergraduate courses different from
that taught in postgraduate courses?

At the beginning of the 1970s, macroeconomic theory received
a jolt. The neoclassical synthesis model, which was almost univer-
sally accepted as the basic paradigm up to the end of the sixties, is
today not considered scientifically respectable. The popularity of
this model began to wane because of to its inability to explain cer-
tain economic events, especially failing to appropriately deal with
factors such as inflation and supply shocks. The waning enthusi-
asm for these models is also a result of the theoretical and empirical
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progress of an alternative approach to the behavior of households
and firms, grounded in the concepts of optimization of agents’ be-
havior and market adjustments.

Although models based on the neoclassical synthesis have fallen
out of favor with economists over the last 25 years, they continue
to be the main tools used in undergraduate course textbooks. Al-
though it is true that some manuals now include material about
macroeconomics with microfoundations (Romer, 2012; Blanchard
and Fischer, 1989 and Bénassy, 2011 for graduate courses; and Barro,
1997; Williamson, 2008 and Barron et al., 2006 for undergraduate
courses, among others) it is still insufficient, even in postgraduate
courses. In summary, modern macroeconomics is not being taught
in an orderly manner owing to a lack of textbooks that direct the
study of this methodology systematically.

Generally speaking, mathematics cannot be accredited with be-
ing the reason for modern macroeconomics barely being taught in
undergraduate economics courses, as the basic tools in these mod-
els (derivatives, maximization, etc.,) are taught in the majority of
courses, even undergraduate courses. Textbooks such as "Funda-
mental Methods of Mathematical Economics" by Chiang and Wain-
wright (2005) or "Mathematics for Economists" by Simon and Blume
(1994), very popular in math classes and in economics courses, ful-
fill the necessary and sufficient conditions for a good understanding
of macroeconomic modelling.

Dynare

Dynare is a software platform for handling a wide range of eco-
nomic models, in particular DSGE models and overlapping genera-
tions (OLG) models. The models solved by Dynare include those re-
lying on the rational expectations hypothesis, wherein agents form
their expectations about the future in a way consistent with the mo-
del. But Dynare is also able to hand models where expectations are
formed differently: at one extreme, models where agents perfectly
anticipate the future; at the other, models where agents have lim-
ited rationality or imperfect knowledge of the state of the economy
and, hence, form their expectations through a process of learning.
This platform offers an easy way to describe these models, ca-
pable of performing simulations given the calibration of the mo-
del parameters or forecasting these parameters given a dataset. In
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practice, the user will write a text file containing the list of variables,
dynamic equations, computing tasks and the desired graphical or
numerical outputs.

Dynare is a free software, which means that it can be down-
loaded free of charge, that its source code is freely available, and
that it can be used for both non-profit and profitable purposes. It
is available for the Windows, Mac and Linux platforms and is fully
documented by way of a user guide and reference manual. Part of
Dynare is programmed in C++, while the rest is written using the
Matlab programming language. The latter implies that commer-
cially-available Matlab software is required in order to run Dynare.
However, as an alternative to Matlab, Dynare is also able to run on
top of Octave (basically a free clone of Matlab). The development of
Dynare is mainly done at Cepremap by a core team of researchers
who devote part of their time to software development.

In short, Dynare is a preprocessor and collection of routines that
operate on Matlab, which has advantages for reading and writing
DSGE models, almost as if one were writing an academic article.
Not only does this make the presentation of models easier, it also
easily allows for code sharing. Figure 1.1 is an overview of how Dy-
nare works. Basically, the models and its related attributes, such as
the shock structure, are written equation by equation in a text edi-
tor. The result is a file.mod . This file is loaded by Matlab, which
initiates Dynare’s preprocessor, translating the .mod file so it can be
used by Matlab’s routines to solve or estimate the model. Finally,
the results are shown by Matlab.

The structure of the book

As mentioned in the preface and in this introduction, the aim of
this book is that it should be a training course on DSGE, seeking

an applied format. The chosen presentation methodology includes

brief theoretical presentations of each chapter’s assumptions, and

the presentation and development of the underlying model. Then,

agents’ optimization problems are presented along with policy equa-
tions, after which the steady state is determined and the log-linea-

rized equations found. To complete the model, the shocks of the

proposed problem are discussed.

I An important guide on how to write files.mod is Griffoli (2011).
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MMatlab Environment
> D

E:> ¢>Q;>C>K

File mod Dynare Matlab Routines Qutcome
Preprocessor

Figure 1.1: The file.mod is read by Dynare’s preprocessor, which calls the Mat-
lab routines required to perform the desired operations and display the results.
Source: Modified from Griffoli (2011).

The idea is to try to eliminate the superfluous, an arduous task
since everything seems essential. There are often many ways to
present or solve a problem, for example: this book uses the La-
grange method for solving optimization problems; however, some
economists prefer to use dynamic programming. What is impor-
tant is that the results are the same. Aspects of this kind will be left
aside, with further reading being recommended for readers seeking
alternative techniques.

To facilitate didactic understanding, this book employs certain
features that reinforce the basic theory. These features are:

* Definition: the part of the text that introduces a new expres-
sion, specifying its meaning. Each time a theoretical element
is important to understanding a chapter’s methodology, it will
be shown as a definition.

¢ Theoretical result: the result of a problem that should be spec-
ified by the reader. For a better understanding of the dynamic
development of DSGE models, it is necessary to have a knowl-
edge of the main equations that form the model. To this end,
this feature seeks to reinforce the importance of some expres-
sions.
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¢ Assumption: the attribution of a certain characteristic to the
proposed model.

¢ Preposition: ajustified (and demonstrated) mathematical sta-
tement.

¢ File.mod: the chapter model written in Dynare’s simulation
format. To make the study of each model easier, at the end of
each chapter, they are presented in the .mod format.

» Presentation of problem solutions: in this book, we chose to
present the solution of problems step by step. This is due to
the lack of detail in textbooks that deal with this methodology.

Besides these features, the reader will find some important dif-
ferences between this book and other textbooks with regard to topic
approach and organization. This work is organized in seven chap-
ters, including this introduction. From chapters 2 to 7, the mo-
del’s structure is developed progressively, including new frictions
and other economic agents.

The first part of this book presents three basic models: the RBC
model, the NK model with price frictions, and the NK model price
and wage frictions. The idea is to begin with a simpler model and
then, as the chapters progress, new frictions are introduced. In this
section, the main focus is on the development of the tools and basic
ideas presented here.

The main aim of part II is to introduce frictions in households,
firms and the government sector so that the model approximates
reality or, in other words, so that the model meets the adjustment
principle. To this end, frictions in intertemporal consumption choi-
ces, in access to the "financial market", in investments and in in-
stalled capacity will be included. With regard to the first type of
friction, the concept of habit formation will be used. As for restric-
tions on the financial market, so-called non-Ricardian families will
be incorporated. The other two types of friction are related to in-
vestment adjustment costs and the underutilization of maximum
installed capacity.

This book was originally intended to be read from beginning to
end. However, researchers who already possess some knowledge of
DSGE models may go directly to the chapters of interest, keeping in
mind that every assumption or idea taken from a previous chapter
will have its source duly indicated.
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Chapter 2

Real Business Cycle (RBC) model

This chapter presents a simple Real Business Cycle (RBC) model, as-
suming perfect competition and fully flexible prices in all markets.

Real business cycle theory states that supply shocks (technolog-
ical shocks) are what generate economic fluctuations, and uses a
neoclassical growth model as a reference for the economy’s long-
term behavior. The model’s basic structure is relatively simple. It
describes the behavior of two types of agent: households and firms.
In practice, there is a very large number of households that are treat-
ed as if they were identical. Thus, one may use the term "represen-
tative household" or simply "household". As for firms, the same
logic applies: there is a large number of firms, however, they pos-
sess the same technology and can thus be typified as a representa-
tive firm. It is appropriate to mention that this type of model is not
limited to these two economic agents (households and firms). A
"complete" model would consist of five agents: households, firms,
fiscal and monetary authorities, the foreign sector and financial in-
stitutions.

Brief theoretical review: Real Business Cy-
cles

In order to present the basic ideas involved in this type of model,
this section demonstrates how households solve two problems of
choice: intratemporal consumption-leisure and intertemporal con-
sumption-savings. It also deals with how firms choose the inputs
used in the production process. Basically, in all cases, the marginal
rate of substitution is compared to relative price. For the first prob-
lem, a model with two goods (consumption and leisure), and how
optimal choice occurs within this trade-off, will be analyzed. The
second problem will be presented using a simple two-period in-
tertemporal model. Lastly, a firm’s profit maximization problem is
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demonstrated. The ideas presented in this section are simple, but
suffice to demonstrate how these choices are made within this mo-
del and in the rest of the book.

Model with two "goods": consumption and leisure

In this initial study of consumer theory, it will be assumed that there
are two large categories of consumer good, "good 1" and "good 2".
Because of to the interest in studying how consumers choose what
they consume, one must define how these agents earn their income.
The most obvious way is to think that consumers obtain income
from their labor. Thus, an individual may choose to work a certain
number of hours, receiving wage W per hour. Presumably, work is
a consumer "bad", that is, agents do not like to work because the
more they do, the less time they have for leisure. Thus, with the
aim of adapting the model to standard consumer theory, instead of
considering a "bad" (work), one must consider a "good" (leisure),
defined as the number of hours left after subtracting the time spent
working from the total number of available hours in a certain pe-
riod!.

Indifference curves (consumption-leisure)

The two factors that provide an individual with utility are consump-
tion (C) and leisure (H), u(C, H). Here, both consumption and lei-
sure will be treated as goods, even though leisure is somewhat in-
tangible?. Initially, it is useful to think of the general properties of
a utility function u(C, H) as the standard properties of consumer
theory. Thus, the utility function is assumed to have the following
properties:

I Leisure + Work = h, where h is total available time.

2Leisure can be analyzed as a good, being a function of the opportunity cost, avail-
ability and preferences. The question then arises, "what is the opportunity cost of
leisure?" The cost of spending hours watching television is basically the amount of
money that one would receive if one were working instead. Therefore, the opportu-
nity cost of one hour of leisure should be the same as the wage for one hour’s work.
Availability is directly related to the amount of household income and preference is
related to a household’s sensitivity to demand for leisure given changes in income or
wages (Ehrenberg and Smith, 2000).
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1. Strictly increasing, g—g >0 and % > 0; and

s e e 1. . *u u
2. Diminishing marginal returns, 5=3 <0 and 777 <0.

Definition 2.1.1 (Indifference curve). An indifference curve
shows a grouping of consumer bundles for which an individ-
ual is indifferent. In other words, all bundles provide the same
utility.

With these assumptions, it is possible to plot an indifference
curve map for consumption and leisure, as illustrated in Figure 2.1.
Each indifference curve possesses the standard properties of con-
sumer theory. Specifically, each curve has a negative slope, is con-
vex to the origin and may not cross another indifference curve.

\

consumption

\

\*.\\ \_\
\ \\\&

Y
\
I"\,
kY

AN

Figure 2.1: Indifference curve map for consumption and leisure.

leisure

Although these two goods (consumption and leisure) are not
on the goods market (one cannot really buy leisure), there is still
a well-defined idea of a "marginal rate of substitution” (MRS) be-
tween them. The MRS measures how many units of a good one is
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willing to give up in exchange for another good. On a graph, the
MRS is the slope of the indifference curve.

Definition 2.1.2 (Marginal Rate of Substitution). The negative
slope of an indifference curve of a bundle formed by two goods,
Xand, is referred to as the Marginal Rate of Substitution (MRS)
at that point. That is,

oY

MRSX’Y = _a_X

_ MUy
U=u, MUy

where MUy and MUYy represent the marginal utilities in rela-
tion to goods X and Y, respectively, and the |y-y,

notation indicates that the slope is calculated along the indiffer-
ence curve U;.

U=U;

In short, in the consumption-leisure model, the marginal rate of
substitution of leisure with consumption, represented by MRSy eisure,C>
is the rate at which a consumer is willing to give up leisure for con-
sumer goods.

Budget constraints

An indifference map is not sufficient to study a consumer’s optimal
choice. To this end, the individual’s budget constraint is required.
Here, the amount of income an individual has to spend on con-
sumption depends on how much he/she chooses to work. For the
purposes of this study on budget constraint, suppose an individual
has 60 hours available per week for work and leisure3.

Assuming that an individual can work the amount of hours he/she

likes (L), receiving an hourly wage W, total weekly income is:

Y=LW

30f the 168 hours (24 x 7) in a week, the weekends and hours intended for the
individual’s subsistence (bathing, meals, etc.) are being subtracted. So the number
of daily and weekly hours available for work-leisure are 12 hours and 60 hours (12 x
5) respectively.
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As previously mentioned, the number of work hours (L) plus the
number of leisure hours (H) per week, must be equal to 60 hours,
L=60- H. Thus, income can be written as a function of leisure:

Y=(060-H)W

Another simplifying assumption is that individuals spend all their
income on consumption, not saving anything. Each consumer good,
¢, can be bought on the market for the price P. Thus, an individual’s
consumption in each period is:

Pc=Y

Combining the two previous expressions, we arrive at the fol-
lowing budget constraint:

Pc=(60-H)W

In this expression, an individual takes the prices of consumer
goods (P) and hourly wages (W) as a given, choosing the level of
consumption and amount of leisure. Rearranging the previous bud-
get constraint,

destination of income

A

Pc + WH = 60W
~—~ ~—— ~——

consumer goods leisure total disposable income

~

it can be seen that the period’s total disposable income (60W) is
used to acquire consumer goods (Pc) and leisure (W H). As men-
tioned above, leisure is not directly bought or sold on the market.
However, wages are the opportunity cost of leisure; each hour spent
on leisure is an hour that could have been spent working. Thus,
from an economic point of view, in which opportunity costs are ex-
plicitly considered, wages are the price of leisure.

A budget constraint describes the set of choices available to a
consumer, but reveals nothing about the choice to be made within
this set. To plot the budget constraint on a graph, as in Figure 2.1,
the equation must be rearranged in the following way:

(GOW) (W)
c=|—|-|—=|H
p p
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The budget constraint is a line with a vertical intercept of (%)
and slope — (%). When ¢ = 0 the horizontal intercept is H = 60,

showing that if an individual does not want to consume any goods,
he/she will use all of his/her time for leisure.

consumption

GO
(+)

-— slope =-— (%)

60 )
leisure

Figure 2.2: Budget constraint line for the consumption-leisure model..

Individuals’ decisions regarding consumption and
work
To obtain optimal choice, the interaction of individuals’ preferences

(indifference curve maps) with their budget constraints must be con-
sidered. Formally, an individual’s problem is:

maxu(c, L)
c,L

subject to,
Pc=WL

Many optimization problems can be solved using the Lagrangian
method:
Z =ulc,L)-A(Pc-WL)



RBC model 17

With the following first-order conditions:

oL _ou_,,
dc  dc a
%—a—u+AW—O
0L AL B

Combining the two previous expressions:

Theoretical result 2.1.1 (Supply of Labor).

ouloL _K
ouldc P
—— ~—~—

MRS L-c  Relative price L-c

On a graph, at point E (figure 2.3), leisure-consumption’s mar-
ginal rate of substitution is equal to leisure-consumption’s relative
price*. On the other hand, at point D, leisure-consumption’s rela-
tive price (%) exceeds leisure-consumption’s marginal rate of sub-
stitution. If this occurs, an individual will be better off working more
(enjoying less leisure) and using the additional income to expand
consumption. Thus, with the increased acquisition of consumer
goods, leisure-consumption’s MRS increases. When this initial dif-
ference ceases to exist (point E), there is no more incentive for an
individual to increase his/her level of work. In other words, the
leisure-consumption bundle represented by point D belongs to in-
difference curve Ui, following the budget constraint line towards
point E. It should be noted that, of all the points on the budget con-
straint line, it is this point that is tangential to the highest indiffer-
ence curve (U»). Therefore, given his/her budget constraint, the in-
dividual will be in a better situation at point E than at point D.

4The reader must remember that, for graphical analysis, it is better to use the
consumption-leisure instead of the consumption-work locus, as the first pair rep-
resents two "goods", whereas the second pair represents a "good" and a "bad".
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Definition 2.1.3 (The problem of the household). To maximize
utility, given a fixed amount of income, an individual will buy
the amount of goods that depletes his/her total income equating
to the physical rate of tradeoff between any two goods (MRS) and
the rate at which a good can be exchanged for another on the
market (relative price).

Definition 2.1.4 (Optimal result of the problem of the house-
hold). The optimal consumption bundle is the point that rep-
resents the pair of goods that is on the highest indifference curve
and is within the individual’s budget constraint.

In summary, each individual chooses a combination of consump-
tion and leisure that maximizes his/her utility. Thus, an individual
chooses the pair (C*, Lazer™) (figure 2.3) for which the budget con-
straint is the tangent of an indifference curve.

consumption

601
7) |
Cptimal

choice

leisuze

Figure 2.3: Optimal choice of consumption and leisure.
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Labor supply function

When an individual optimally chooses to spend H hours of his/her
time on leisure then, at the same time, he/she is choosing to spend
L =60— H hours of his/her time working. Therefore, the individual
is supplying L hours of work to this market. Evidently, the choice of
the amount of labor in figure 2.3 depends on the level of wages (W).
Thus, the budget constraint is ¢ = 60w — wH, where w = % is the
real wage.

Initially, it will be assumed that real wages are at a very low level
(wy). At this starting point, the optimal choice will be point A (fig-
ure 2.4). This choice is associated with the amount of labor L;. Now
suppose that, prices remaining constant, nominal wages increase,
w» > wi. The new optimal choice is point B. At this point, the indi-
vidual enjoys less leisure compared to point A (Lp > L;).

consumption

ledsure

Figure 2.4: With a rise in real wages from w; to wy, the individual chooses
more consumption and less leisure.

Now suppose that the real wage increases to ws. The optimal
choice at this new real wage level is at point C (figure 2.5). Com-
paring point C to point B, the individual does not adjust his/her
amount of labor hours when real wages rise from w- to ws. Thus, at
this wage level, the individual works L3 hours, with L3 = L, > L;.

Consider yet another rise in real wages (w4 > w3). ). At this
point, real wages are high enough that the individual does not in-
crease his/her amount of work to keep the same level of consump-
tion. At this level of wages, it is reasonable to expect that the indi-
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w— consumption

(6[]11

601
+)

slope =-w,

i = lei 60 leisure
leisure 9= leisure 2

Figure 2.5: With a rise in real wages from w» to w3, the individual chooses
more consumption and the same amount of leisure.

vidual chooses to spend less time working and more time on leisure
(Ly < Lg). In figure 2.6, an increase in wages causes the optimal
choice to move from point C to point D. At this point, the individual
works fewer hours than at point C.

Substitution and income effects

The effects of changes in real wages on optimal leisure choice can
be separated into two components: a substitution effect and an in-
come effect. Both effects have a general significance within eco-
nomics and can indeed be applied to any optimal choice problem.

In the context of this consumption-leisure model, the substitu-
tion effect of higher real wages leads the individual to choose less
leisure (work more). In other words, because of to the higher level
of wages, the opportunity cost of leisure has risen. Thus, the indi-
vidual would tend to demand less leisure. Conversely, the income
effect of higher real wages causes the individual to choose more
leisure (less work). That is, because of to the higher income that
a higher level of real wages affords, the individual would choose
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slope =-wy

consumption

-D

GO
+)

slope =-w,

0 leisure

Figure 2.6: With a rise in real wages from w3 to wy, the individual chooses
more consumption and more leisure.

a higher level of consumption of all normal goods. Assuming that
leisure is a normal good, a rise in income would cause the individ-
ual to choose more leisure and thus spend less time working.

Both effects are ever present: either the substitution effect dom-
inates the income effect (because of being stronger) and the rise in
real wages causes the individual to choose more work (less leisure),
or the income effect is dominant and a rise in real wages causes the
individual to choose less work (more leisure), or they cancel each
other out.

With this notion of income and substitution effects, the effects
shown in Figures 2.4-2.6 must be reconsidered. A rise in real wages
from w, to w causes the individual to work more, as illustrated by
the optimal choice moving from point A to point B. This is the sec-
tion at which the substitution effect outweighs the income effect.
When real wages rise from w; to ws, the individual decides not to
adjust the amount of work, keeping the same level of leisure. The
section between points B and C corresponds to the region at which
the effects exactly cancel each other out. Lastly, when wages rise
from ws to wy, the individual decides to work less, as shown by the
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optimal choice moving from point C to point D. So, this is the sec-
tion at which the income effect outweighs the substitution effect
(figure 2.7).

8
o
& Fa
g B
8 /' Predominance of Income Effect
o

C

Effects cancel each other out
B Predominance of
Substitution Effect
-
A

Leizuce

Figure 2.7: Sections at which the income and substitution effects dominate.

Dynamic structure of consumption-savings

When an individual makes his/her choice between consumption
and leisure in the current period, he/she generally recognizes that
a similar choice will be made in the future. This is formalized by a
utility function u(cy, ¢z, ¢3,...). Economists almost always simplify
intertemporal problems assuming that preferences are additively
separable, u(ci, c2,c3,...) = ulcy) + Pulcy) + ﬁzu(c;;) +.... The B pa-
rameter is called an intertemporal discount factor. Its value is less
than 1 (f < 1) as it represents the fact that households are more con-
cerned with present consumption than future consumption®.

In this section, the aim is to assess individuals’ intertemporal
choices. For the sake of clarity, data regarding leisure will be ig-
nored. It will be assumed that individuals live in two periods, the
present (period 1) and the future (period 2). This division into two
periods is enough to illustrate the basic principles of macroecono-
mic events that occur intertemporally in a structure with an infinite
time horizon.

5p= ﬁ, where 6 > 0 is the subjective intertemporal preference rate. This pa-
rameter indicates the value of future utility in relation to present utility. The greater
the value of §, the more patient the household is with regard to consumption.
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In the intertemporal context, the two arguments that make up
the utility function are period 1 consumption and period 2 con-
sumption, which will be represented by c; and ¢, respectively. All
the usual properties of the utility function are assumed: utility is al-
ways strictly increasing in both arguments; marginal utility always
decreases in both arguments. The utility function will be written as
u(cl, c2), and can be represented by an indifference curve map.

In this model, individuals receive income twice during their lives
- once in period 1 and once in period 2. They start off in period 1
with a certain amount of wealth, Ayg. They choose consumption in
period 1 (c;) paying a price of Py, and also decide how much wealth®
they will carry forward to period 2, A;. Thus, an individual’s budget
constraint in period 1 can be written as:

Pici+ A1 =RAy+ 1

where R is the gross nominal interest rate’ that represents the re-
turns on each monetary unit held as a financial asset from one pe-
riod to another.
The same logic can be repeated for an individual’s budget con-
straint in period 2:
Pyco +Ayp=RA1+ Y5

in which, owing to individuals living only for two periods, final wealth
must be zero (A2 = 0). The intertemporal representation of these
events is shown as a timeline in figure 2.8.

end of the
Y. choice of choice of economy

i I

{ period 1 W period 2

Figure 2.8: Intertemporal representation of the events of a two-period con-
sumption structure.

6Note that Ay and A; may take on negative values, indicating that an individual
would be a borrower in these periods.
7A gross rate is defined as: R = 1+ r, where r is the net return for the period.
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To continue the model, it is necessary to define a period’s sav-
ings as the difference between total income and the total spent within
said period:

S1=(R-1)Ap+Y1—Pi

Rearranging the period 1 budget constraint:
Al—Ag=(R-1)Ay+ Y, —Pic;

Comparing the last two expressions, one can see that S; = A; —
Ap. Thus, an individual’s savings in period 1 is equal to the varia-
tion in his/her wealth within the period. Similarly, an individual’s
savings in period 2is S = (R—1)A; + Y2 — Pacy or So = A — A;.

An approximation to general economic behavior is to suppose
that individuals are rational during their life spans, in the sense that
they save and/or borrow appropriately during their lives. Given this
structure and taking the assumption of rationality into account, anal-
ysis of the model may begin. Thus, by combining the budget con-
straints of periods 1 and 2, we arrive at an individual’s intertemporal
budget constraint. Solving period 1’s budget constraint for A;:

A1 =RAy+Y1-Picy
substituting this result in period 2’s budget constraint,
Pycy=R[RAy+Y1—-Pici]+ Y
dividing both sides of the previous expression by R:

Prcp Y,
Piag+—=Y1+ =+ RA

R R
The right-hand side of this last expression represents the dis-
counted intertemporal resource, which considers the initial wealth
and an individual’s lifetime income (two periods in this model). The
left-hand side represents discounted intertemporal consumption,
which considers the consumption in all periods. The intertemporal
budget constraint that an individual rationally uses to make his/her
choices in time will be drawn in a locus ¢; — ¢;. For the sake of sim-

plicity, it will be assumed that initial wealth is zero (A = 0).
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Solving the previous expression for c;:

(7)1 %
- Y1+_
P, P,

PR

Cy =
P,

a1

Thus, the vertical intercept is [(Pﬁ) Yi + % and the slope is [%—R .
2 2 2
The graph representing an individual’s intertemporal budget con-

straint is shown in figure 2.9.

lope = 1R
-«— slope=— 2

Figure 2.9: An individual’s intertemporal budget constraint.

Optimal intertemporal choice

An individual’s optimal intertemporal choice is an interaction be-
tween his/her indifference curve map and intertemporal budget con-
straints. In this model, an individual lives for two periods. In this
case, his/her preferences can be reduced to:

u(cy, c2) = u(er) + Bulco)

Given that the individual will not consume in period 3, it can
be assumed that keeping assets in the form of savings in period 2
would not be optimal (A, = 0). Thus, an individual’s budget con-
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straints in both periods are:

Pici+ A =RAy+ 1

Pyco=RA1+ Y5

The problem for the individual is to choose the levels of con-
sumption for both periods, c; and ¢, and the level of wealth A; that
maximizes his/her utility function, which is subject to budget con-
straints in both periods. The values of P and R are given. Thus, the
problem of the individual can be written as:

max u(cy) + fulc)
1,62,A1

subject to,
Pici+ A1 =RAy+ 1
Pyco=RA+Y,
The Lagrangian for this problem is:
Z =u(c)) +pulc) = A1 [Prcy + Ay — RAg = Y11 = A2 [P2c2 — RA; — Y2

The problem’s first-order conditions are:

0Z _0u 4 p o
061_661 e
0.7 ou
—=f——-12P,=0
0cy 'Bac 22
0%
—=-11+12R=0
oA, 1+ A2

Rewriting the first two first-order conditions, A; = %‘fcl and

Ay = %, substituting these values in the third first-order con-

dition and defining 7, = g—f:
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Theoretical result 2.1.2 (Euler Equation).

oul/oc; R
Bouldc, b2
[ —— ~—~—
MRS c1-¢; Relative price cy -c»

This is called a Euler Equation. It relates the marginal utility of
consumption for both periods (MRS c; -¢,) with the relative price of
intertemporal consumption (the slopes of the indifference curves
and budget constraint are equal). It is worth remembering that the
indifference curve’s slope measures the extra consumption that
would be necessary in the following period to offset the loss of a unit
of consumption in the current period. In contrast, the budget con-
straint’s slope determines the premium, R, for saving more (Barro,
1997). It can be seen that high values for  (patient individuals) lead
to indifference curves having low slopes.

A rise in R reduces the next period’s cost of consumption, rela-
tive to current consumption, because of to households having the
possibility of obtaining more future units of consumption for each
previous unit of current consumption. It is this change in relative
price that motivates households to increase future consumption in
relation to present consumption. Economists call this mechanism
the intertemporal substitution effect (Barro, 1997).

Figure 2.10 shows a graphical example, in which an individual’s
optimal choice is ¢; in period 1 and c; in period 2 (point E). It also
shows an individual’s income in both periods. What is actually shown
is both periods’ real income (P% e %) in which consumption lev-
els are equal to income levels for the two periods (point D). An-
alyzing figure 2.10, optimal consumption in period (c}) is greater
than real income in the same period (;—1), indicating that the indi-
vidual is less patient in relation to current consumption. This in-
dividual is spending more than he/she earns, meaning that part of
his/her wealth must be used to cover the period’s excess consump-
tion. Mathematically, rearranging period 1 budget constraint,
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it can be seen that if ¢; > 4 real wealth in period 1 will be negative,

Py
—2—;, indicating that this individual is a borrower. To see the con-

sequences of this, period 2 budget constraint will be altered in the
following way:

Y, RA

Cyo—— =
2 P, P

as A; is negative (the individual is a borrower), the left-hand side
of the previous expression should also be negative, ¢, < g—i, indicat-
ing that consumption in period 2 should be lower than real income
in this period. The reason for this occurrence lies in the fact that
the individual has to pay off the loan arranged in period 1. Thus,
consumption higher than real income in period 1 must be balanced

with real income higher than consumption in period 2.

-

n
P, 1

Figure 2.10: Interaction between the intertemporal budget constraint and an
individual’s preference to determine optimal intertemporal consumption.
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Input markets

Firms represent the agents that acquire inputs, while households
are those that supply them. Adjustments in input markets deter-
mine the amount of inputs and the aggregate product of an econ-
omy. In this section, we will explore how each input’s price level is
determined.

Definition of input markets

Generally speaking, it is assumed that inputs are physically equal.
Households sell labor on the labor market and rent capital on the
capital market. These markets establish unique price and wage (W)
levels, and a unique return on capital (R) level, for the labor and cap-
ital markets, respectively. Thus, firms hire labor and capital paying
W and R monetary units per hour, respectively. At the same time,
the suppliers of inputs receive W and R monetary units for each
hour of service supplied. It is assumed that firms and households
take input price levels as a given.

Thus, L’ and L% are the number of working hours households
supply and the number of working hours firms demand in the labor
market in each period. K* and K¢ are, respectively, the number of
hours of rent of capital that households supply and that firms de-
mand in the capital market in each period. All firms use inputs to
produce goods using a production function:

Y = f(K4, LY

This production function can be represented on a graph by an
isoquant curve, a contour line showing the combinations of capi-
tal and labor that generate the same level of production. Plotting
isoquant curves on a graph results in an isoquant map (figure 2.11).

Provided that the goods produced are being sold at price P, a
firm’s profit can be defined by:

Profit= PY - WL% — RK*
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RKL)=fK.L),

fK 1) =K L),

fK L) =K L),

-
>

Figure 2.11: Isoquant map.

Demand for inputs

Firms define their demand for inputs aiming to maximize profits in
each period.

max PY - WL? - RK?
Kd,L4

subject to the following technology:
Y = f(K%, LY

The first-order conditions are:

oY
P—-W=0
oL
oYy
P— —R=0
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Definition 2.1.5 (Problem of the firm). A profit-maximizing
firm chooses input and production levels with the sole objective
of maximizing economic profit. That is, firms wish to obtain the
largest possible difference between total revenue and total costs.

The first-order conditions of the problem of the firm may be
written in the following manner:

Theoretical result 2.1.3 (Demand for Inputs).

oY
oL4
~——
Marginal Productivity of Labor (MPL)

w

p
—

Real Marginal Cost of Labor (real MCL)

oYy
oK“
~——
Marginal Productivity of Capital (MPK)
R

P
—

Real Marginal Cost of Capital (real MCK)

The theoretical result 2.1.3 states that firms choose input lev-
els so that the marginal product of these inputs equals their real
marginal costs. At this point, the last unit of an input contributes
to the product enough to cover the extra cost of this unit of input in
units of goods.

Combining the last two expressions:
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Theoretical result 2.1.4 (Relative Demand for Inputs).

oy
_oL?
oy

oK
N——
Marginal Rate of Technical Substitution (MRTS)

Economic Rate of Substitution (ERS)

Definition 2.1.6 (Marginal Rate of Technical Substitution).
The negative slope of an isoquant curve consisting of two
inputs, capital (K) and labor (L) is called the Marginal Rate of
Technical Substitution (MRTS) at that point. That is,
mrrs=- 9K __ PMsL
OLlfw,n=fx,0,  PMEK|pxn=ru.m);

where | ¢, 1)=f(k,1); indicates the slope is calculated along the
isoquant f (K, L);.

Intuitively, the marginal rate of technical substitution indicates

how many additional units of capital should be employed to offset
one less unit of labor.

Summarizing the results obtained in this section, theoretical re-

sults 2.1.1, 2.1.2, and 2.1.4 show the same features. Agents, when
deciding upon their choices, use marginal rates of substitution be-
tween goods and their relative prices. First, households must face
the consumption-leisure tradeoff analyzing the relative price be-
tween these goods (real wages). When the choice is intertemporal,
the tradeoff is between consumption today and future consump-
tion, and the relative price is the nominal interest rate. Firms must
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make the same type of decision when deciding the combination of
units of labor and capital to be used, analyzing the relative prices of
these inputs (W/R).

The model

In this section, the structural model of the economy proposed in
this chapter is presented and solved, step by step. This begins with
the presentation of the agents (households and firms), following
which the equilibrium conditions are shown. Then, the steady state
is found and the equations that make up the model’s equilibrium
are log-linearized.

Assumption 2.2.1. The economy is closed, with no government or
financial sector.

Assumption 2.2.2. This economy does not have a currency. That is,
it is a barter economy.

Assumption 2.2.3. Adjustment costs do not exist.

Households

Assumption 2.2.4. The economy in this model is formed by a uni-
tary set of households indexed by j € 0, 1] whose problem is to maxi-
mize a particular intertemporal welfare function. To this end, a util-
ity function is used, additively separable into consumption (C) and
labor (L).

Itis to be expected that a rise in consumption brings utility (hap-
piness) to households, while a rise in labor hours brings disutility. At
this point in the book, this is not surprising, seeing as in the theoret-
ical section, it was mentioned that leisure provides individuals with
happiness and that the more time they spend working, the less time
they will have for leisure.

Assumption 2.2.5. Consumption is intertemporally additively sep-
arable (no habit formation).

Assumption 2.2.6. Population growth is ignored.

Assumption 2.2.7. The labor market structure is one of perfect com-
petition (no wage rigidity).
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The representative household optimizes the following welfare
function:

w [clo [}
max E[Zﬁt bt it 2.1)
Cj’[,Lj'[,ijt+1 =0 1-0 1+(p

where E; is the expectations operator, f is the intertemporal dis-
count factor, C is the consumption of goods, L is the number of
hours worked, o is the relative risk aversion coefficient, and ¢ is the
marginal disutility in respect of labor supply.

As mentioned in the theoretical section, the utility function® must
have certain characteristics: Uz > 0 and U; < 0, this means that
consumption and labor have positive and negative effects, respec-
tively, on the utility of households. On the other hand, Ucc < 0 and
Uz < 0 indicate that the utility function is concave®. This repre-
sents the fact that, as consumption increases, so does utility, albeit
at increasingly lower rates.

Households maximize their welfare function, which is subject
to their intertemporal budget constraints, which indicates which
resources are available and how they are allocated. Thus, it is as-
sumed that households are the owners of the economy’s factors of
production (capital and labor). Households, providing labor and
capital to firms, receive wages and returns on capital, respectively.
They also own the firms, and therefore receive dividends. Thus, a
household’s intertemporal budget constraint can be written in the
following way:

PI(Cj,t+Ij,l‘):W[Lj,t+R[Kj,t+HI (22)

where P is the general price level, I is level of investment, W is the
level of wages, K is the capital stock, R is the return on capital, and
I1is the firms’ profit (dividends).

8The most common utility function used to represent Household choices is the
utility function with a constant relative risk aversion (CRRA) (Gali, 2008; Lim and
McNelis, 2008; Clarida et al., 2002; Gali and Monacelli, 2005; Christoffel and Kuester,
2008; Christoffel et al., 2009; Ravenna and Walsh, 2006, among others). In the litera-
ture, other functions that represent utility do exist, for example: a logarithmic utility
function, U(Cy, Ly) =InCy + %Aln(l — Lp) (Hansen, 1985); a utility function that is

1+x

a combination of a logarithmic function and CRRA, U(Cy, Ly) = In(Cy) — 12 L,

T+x
(Gertler and Karadi, 2011, among others).
9U¢ and Uy are the first-order derivatives of the utility function in relation to con-
sumption and labor, respectively, while, Ucc and Uy, are the second-order deriva-
tives.
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An additional equation that shows capital accumulation over
time is required.
Kj1=0-8)K;+1j,; (2.3)

where 6 is the depreciation rate of physical capital.
The problem of the household is solved using the following La-
grangian formed by equations (2.1), (2.2) and (2.3):

l1-o L+¢
_ t It It
SR LA | P e
=0 @

=}t [PiCj ¢+ PiKj 41— P(1 - 8)Kj = Wi Lj; — R Kj  —T1;]}
2.9
where A is the Lagrange multiplier.
Solving the previous problem, we arrive at the following first-
order conditions:

0% _
aC = Cj,?—/lj,tpl‘:() (25)
.t
0L
o= LitALWe=0 (2.6)
.t
0.Z
Ko ==Aj Pt +BEAj 11111 =0)EtPri1 + ErRyy11 =0  (2.7)
oo+

Solving for A; equations (2.5) and (2.6), we arrive at the house-
hold’s labor supply equation.

W,
o7 _ 'L
Cj,tLj,t_ P, (2.8)
or,

W,
_c° 1? - _t
Cj,tLj,t = P,
——

Consumption-leisure MRS Consumption-leisure relative price

The labor supply equation states that the consumption-leisure
relative price (real wage) must be equal to the leisure-consumption
marginal rate of substitution (Theoretical Result 2.1.1). Thus, a rise
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in consumption, ceteris paribus, is only possible with a rise in the
amount of labor hours (less leisure). In other words, there is a trade-
off between working less (enjoying less leisure) and consuming more.

On the other hand, higher real wages allow consumption to increase

without there being a need to give up leisure'®.

e c;9
Knowing that from equation (2.5) A, = Pj_f edjp1 = ﬁ, and
using these results in equation (2.7), the Euler equation is found:

-0
-C},‘Z+ﬁEt{ "‘“)[(1—5)Pt+1+Rt+11}=0
t+1
E.C; g R
(ﬂ) =,B[(1—6)+Et ”“) 2.9)
Cj,t t+1

The previous equation determines the household’s savings deci-
sion (in this model, savings is the acquisition of investment goods).
Thus, when households decide their level of savings, they compare
the utility rendered by consuming an additional amount today with
the utility that would be rendered by consuming more in the future.
Thus, if interest rate expectations rise, consuming "today" (at t) is
more expensive and, ceteris paribus, future consumption (t+1) will
rise.

One final remark concerning the Euler equation is worth being
made. To simplify it, assume that =1and 0 =1,

1 C i, t+1 g Tes1
-E; b = -E
w1\ Cr Tr+1
~ —
TMS C;-Cyri1 Preco relativo C;-Cr41
where E;rsy1 = E; (gi:i ) is the real rate of return on capital.

Thus, this last expression (Theoretical Result 2.1.2) states that
the marginal rate of substitution of current consumption for future
consumption is equal to the relative price of current consumption
in terms of future consumption.

10with higher real wages, the consumption of goods will certainly be higher. On
the other hand, the same cannot be said for leisure. If the income effect exceeds the
substitution effect, leisure will increase, however, in the opposite case, leisure will
decrease.
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In short, the problem of the household boils down to two choices.
The first is an intratemporal choice between acquiring consump-
tion and leisure goods. The other is an intertemporal choice, in
which the household must choose between present and future con-
sumption.

Firms

The representative firm is the agent that produces the goods
and services that will be either consumed or saved (and then trans-
formed into capital) by households.

Assumption 2.2.8. There is a continuum of firms indexed by j that
maximize profit observing a structure of perfect competition, this means
that their profits will be zero (I1; = 0, for every t).

To this end a Cobb-Douglas!! production function is used:

Yie= AKF LS (2.10)

where A; represents productivity, a variable that can be interpreted
as the level of general knowledge about the "arts" of production
available in an economy, Y; is the product, and « is the elastic-
ity of the level of production with respect to capital; a can also be
thought of as the level of participation of capital in the productive
process, whereas (1 — @) would be the level of participation of la-
bor. Similarly to the household’s utility function, the production
function must have certain properties: it must be strictly increas-
ing (Fx > 0 and Fy > 0), strictly concave (Fxx <0 e Frr < 0), and
twice differentiable. It is also assumed that the production function
has constant returns to scale, F(zK;, zL;) = zY;. This function must
also satisfy the Inada conditions: limg_o Fx = oo; limg_.o Fx = 0;
limL_,o FL =00, and limL_,oo FL =0.

1 Although many DSGE models use Cobb-Douglas technology, there are alterna-
tives. Another very popular function in the literature is the CES (Constant Elasticity
of Substitution) function,

1
F(K¢, L) = |aKf +(1-a)Lf | P

where p € (—o0,1) is a parameter that determines the elasticity of substitution be-
tween two inputs.
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The problem of the firm is solved by maximizing the Profit func-
tion, choosing the amounts of each input (L, K;):

max I, = AK}, ;7" Pje = WeLje = RiKj s (2.11)
Lj,thj,t ’ ’

Solving the previous problem, we arrive at the following first-
order conditions:

OIT;
bt _ a-lrl-ap, _ _
3K, =aAK; L “Pj—R =0 (2.12)
oIl ;
bt a 7r—a
—— =0-a)AK; L\ Pj—W;=0 (2.13)
aLj’t ]’Z ]'t J
From equations (2.12) and (2.13):
R Y;
: =a£ (2.14)
PJ t Kj,t

Wt Y],t
—t - (2.15)
Pjt Lj:
~—~— —_———
Real MCL MPL

Equations (2.14) and (2.15) represent the demand for capital and
labor, respectively (Theoretical Result 2.1.3), in which marginal costs
are equal to the marginal products'?.

Note that in equation (2.15) a reduction in real wages means
higher demand for labor as, when the real cost of hiring workers
reduces, firms increase their demand for labor until the marginal
product of labor reduces to the same level as the fall in real wages'3
(Barro, 1997).

It is assumed that productivity shocks follow a first-order au-
toregressive process, such that:

logA;=(1-pa)logAss+palogAi_1 +e; (2.16)

12Real MCK is the real marginal cost of capital; MCL is the marginal cost of labor;
MPC is the marginal product of capital; and MPL is the marginal product of labor.
13The same logic applies to capital (equation 2.14).
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where Ag; is the value of productivity at the steady state, p 4 is the
autoregressive parameter of productivity, whose absolute value must
beless than one (|p A| < 1) to ensure the stationary nature of the pro-
cessand €; ~ N(0,0 4).

Assumption 2.2.9. Productivity growth is ignored in this model.

As the model follows the RBC approach, the price level must
be equal to marginal cost. Thus, to obtain the marginal cost, the
input demand equations must first be combined (equations (2.14)
and (2.15)):

Wy (1 _a)Kj,l‘

R[ (XL], t
—~—~
ERS MRTS

Reminding the reader that this expression represents Theoret-
ical Result 2.1.4. Its right-hand side is the marginal rate of tech-
nical substitution, which measures the rate at which labor can be
replaced by capital while maintaining a constant level of produc-
tion. The left-hand side is the economic rate of substitution, which
measures the rate at which labor can be replaced by capital while
maintaining the same cost.

Rearranging the previous expression,

L; —(I_Q)R”K- 2.17)
P w0 :

and substituting equation (2.17) in the production function (equa-
tion (2.10)),

l-a Rt 1-a
— | =K
a Wt

sl R

Substituting equation (2.18) in (2.17),

Mok

Li,= - -
It A[ a W[

_ a
Yj,[ = AtKj,t

g (2.18)

)

l1-a Rt
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(1—_“)&_ (L)%]‘l

a Wt - l-a Rt
A w;1™¢

ji= ot [(L)—t] (2.19)
Yj,t l-a Rt

total cost (TC) is represented by:

TCj‘t = WtLj,t""RtKj,t

substituting equations (2.18) and (2.19) in the total cost function:

Y: a w.1-¢ Y; a W, l1-a
TC, = W, L (_)_t] + R, (_)_”
At l-«a Rt At 1-a Rt
with a little algebraic massaging, we arrive at:
Y‘ W 1-a R a
-2 (2
A \1-«a a
and the marginal cost is derived from the total cost!'*:
1 Wt 1-a Rt a
MCj,=— il (2.20)
Ar\l—-a o

As the marginal cost depends solely on productivity and the prices
of the factors of production, it will be the same for all firms (MC; ; =
MC}). Knowing that P, = M C;, we arrive at the general price level,

1 Wl’ 1-a Rt a
Pi=— = 2.21)
Ar\l—-«a o

The model’s equilibrium conditions

Now that each agent’s behavior has been described, the interac-
tion between them must be studied in order to determine macro-
economic equilibrium. Households decide how much to consume
(C), how much to invest (I) and how much labor to supply (L), with
the aim of maximizing utility, taking prices as given. On the other
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hand, firms decide how much to produce (Y) using available tech-
nology and choosing the factors of production (capital and labor),
taking these prices as given.

Therefore, the model’s equilibrium consists of the following blocks:

1. aprice system, Wy, R; and Py;

2. an endowment of values for goods and inputs Y;, Cy, I;, Ly
and K;; and

3. a production-possibility frontier described by the following
equilibrium condition of the goods market (aggregate supply
= aggregate demand).

Yt = C[ + I[ (222)

Competitive equilibrium consists in finding a sequence of en-
dogenous variables in the model such that the conditions that de-
fine equilibrium are satisfied. In short, this economy’s model con-
sists of the following equations from Table 2.1'.

Steady state

After defining the economy’s equilibrium, the steady state values
must be defined. Indeed, the model presented is steady in the sense
that there exists a value for the variables that is maintained over
time: an endogenous variable x; is at the steady state in each t, if
E¢ X1 =X = X1 = Xgs.

Some endogenous variables have their steady state values pre-
viously determined (exogenously). This is the case of productivity,
which is the source of standard RBC models’ shocks - at the steady
state E(e;) = 0. Thus, with equation (2.16) it is not possible to know
the value of productivity at the steady state, the literature generally
assigning Ags = 1. The next step is to remove the variables’ time in-
dicators. Therefore, the structural model is:

15Because of the symmetry in the preferences of households and in the technology
of firms, these two kinds of agents will be represented by representative agents (this
eliminates the j subscript).
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Table 2.1: Structure of the model.

Equation (Definition)
C?L‘tp = Ig_: (Labor supply)
. g
(%) =ﬁ[(1—5)+Et(%)] (Euler equation)
Kir1=1-8)K+1; (Law of motion of capital)
Yy = A¢KY L%_“ (Production function)
K; = a% (Demand for capital)
Pt
Li=(1-a) % (Demand for labor)
Pr
1—
P, = A%[IVE_&) a(%)a (Price level)
Yi=Ci+ Iy (Equilibrium condition)
logAr=(1-pa)logAss+palogAs_1+e€t (Productivity shock)
Households W
CoLY = P“ (2.23)
SS
R
1=,6(1—6+ ﬁ) (2.24)
PSS
I;s = 0K, (2.25)
Firms
YSS
Kis=a Ree (2.26)
Py
Y,
Ls=(1—a) W“ (2.27)
Py
Yes = KELL® (2.28)

l1-a a
55 = ( Was ) (ﬁ) (2.29)
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Equilibrium Condition
Y5 = Css + Is (2.30)

The system of equations formed by equations (2.23) to (2.30) will
be used to determine the value of eight endogenous variables at the
steady state (Yys, Css, Iss, Kss, Lss) Wys, Rss and Pgy).

The first values that must be determined are the prices (Wgs, Rss
and Py;). To this end, Walras’ law must be taken into consideration.

Proposition 2.2.1 (Walras’ Law). For any price vector p, has pz(p) =
0, i.e., the demand excess value is identically zero.

Proof. In simple terms, the definition of excess demand is written
and multiplied by p:

n n n
pzP)=p |} xi(p.pw,) -} wi| =) [pPX;(p.pw;)-pw;|=0
i=1 i=1 i=1
since Xx;(p, p w;) satisfies the budget constraint px; = pw; for
each individual i=1,...,n. O

In other words, Walras’ law states that if each individual satis-
fies his/her budget constraint, the value of his/her excess demand
is zero, therefore the sum of excess demand must also be zero. It
is important to note that Walras’ law states that the value of excess
demand is identical to zero - the value of excess demand is zero for
all prices (Varian, 1992).

Walras’ Law implies the existence of k-1 independent equations
in equilibrium with k goods. Thus, if demand is equal to supply in k-
1 markets, they will also be equal in the k' market. Consequently,
if there are k markets, only k-1 relative prices are required to deter-
mine equilibrium.

Provided that the excess aggregate demand function is homo-
geneous of degree zero, prices can be normalized and demands ex-
pressed in terms of relative price: p; = ka iﬁj. As a consequence,

j=1
the sum of the normalized prices p; must]always be 1. Thus, atten-
tion can be directed to the price vector belonging to the unit sim-
plex of dimension k-1: $¥"1 = {pe Rk : ¥ | p; = 1}. In short, taking
Walras’ Law into account, the economy’s general price level can be
normalized, Pss = 1.
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To find Ry, equation (2.24) is used,

1
Rss:Pss[(_)—(1—5) (2.31)

B

Note that equation (2.31) shows Ry as a function of only the

normalized general price level parameters'®, therefore its value is

determined. It simply remains to find the steady state of the wage
level (Ws). Thus, from equation (2.29),

a \@
Wsls_a = Ps(1- a)l—a' (R_)
ss

1 ([« %
Wis = (1 - a)Py© (R—) (2.32)
SS

The next step is to satisfy the equilibrium condition. To this end,
the variables that make up aggregate demand (Css and I;5) must
be determined. The idea underlying the equilibrium condition is
formed by the following proposition.

Proposition 2.2.2 (Market adjustment). Given k markets, if demand
is equal to supply in k-1 markets and py > 0, then demand must
equal supply in the k' market.

Proof. If not, Walras’ Law is violated. O

Therefore, to meet the equilibrium condition, the input market
conditions must be met. To this end, it is necessary to find the meet-
ing point between the supplies (provided by households) and the
demands (provided by firms) of the production inputs (labor and
capital) (Figure 2.12).

First, equation (2.27) must be replaced in equation (2.23), solv-
ing for Cgg,

¢
Y, W,
cglo-ayr| =2
P_ss S

1611 the Dynare simulation, there is no need to substitute Rgs in the other equa-
tions. It should just be shown before the other steady states.
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Labor market X Capital market
- o - 1
| . | |
I .
| Cort = | L= 0K
P, | Households |
| Labor supply | Capital supply |
;
‘ - i -
v . Y.
L= (1 - o)z s | Ka=ogs |
| P.. | | I
| Labor demand | Capital demand |
L 1 — — ——1
\d \j
;_ Y s = l'-"Ys.r + T g _“
| Aggregate supply = Agpregate demand 1
- -

Goods market

Figure 2.12: Steady state market adjustment structure. The dashed lines rep-
resent the labor, capital goods and consumer goods markets.

1 Wss
e
p Py
Yss SS
With the value Css known, I, still needs to be found. Conse-
quently, equation (2.26) needs to be replaced in equation (2.25),

Css = (2.33)

1
Wes P10
Py
l-a

da
Iss - (_) Yss (234)

Finally, Y;s must be found. Substituting equations (2.33) and
(2.34) in equation (2.30),

1w [ B’ v 1)
a
Yes=— ss( Pas ) +(—) Yss

21 P \1-a
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PSS

(2.35)

Rss )w Wis

1
Wss \?] o+e
Rys—da Py )

Yo =
s ( l—a

The previous procedures are summarized in the presentation of

the steady state below:
Ag=1

Pss=1

W ¥ gt
( Ry )‘”"’ Wss | P,
Y55 =
RSS 6a PSS 1—a
ba
ss = R_ss Ys

Y$

Ys
Kis=a——

S§S &

PSS
Yss

Li=(01-a
ss=(1-a) 7
PSS

Using the previous sequence and the calibrated data shown in
Table 2.2, we arrive at the steady state values for the variables (Table

2.3).
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Table 2.2: Values of the structural model’s parameters.
Parameter | Parameter meaning Calibrated value

o Relative risk aversion coeffi- 2
cient
1) Marginal disutility with regard 1.5
to supply of labor
a Elasticity of level of production 0.35
in relation to capital
B Discount factor 0.985
o Depreciation rate 0.025
PA Autoregressive parameter - 0.95
productivity
oA Standard deviation of produc- 0.01

tivity

Table 2.3: Values of variables at the steady state.

Variable | Steady state

1
0.040
2.084
2.338
0.508
1.829
0.729

20.338

A O =<K E o>
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Log-linearization (Uhlig’s method)

Handling and solving non-linear models is generally very arduous.
When the model is very simple, it is possible to find an approxima-
tion of the policy function by recursively solving the value function.
On the other hand, linear models are often easier to solve. The prob-
lem is converting a non-linear model to a sufficiently adequate lin-
ear approximation such that its solution helps in the understand-
ing of the underlying non-linear system’s behavior. Thus, a stan-
dard procedure is to log-linearize the model around its steady state
(some methods use this approach in their solution procedures: Blan-
chard and Kahn, 1980; Uhlig, 1999; Sims, 2001; and Klein, 2000)'718,

Uhlig (1999) recommends a simple method of log-linearization
of functions that does not require differentiation: simply replacing
a variable X, with X;seX:, where X; = log X —log X, represents the
log of the variable’s deviation in relation to its steady state. Uhlig
further proposes the following solution tools:

Xl £ 14 X, + a¥; (2.36)
X:Y;=0 (2.37)
E;|ae® | = a+ b, (%] (2.38)
Labor supply
Beginning with the labor supply function,
C7LY = 2/—;

X, = XseXt is replaced in each variable of the previous equation.

CgsL(fse(Uét“Pzt) — Wss e(Wt*ﬁt)
Py

7For further information, see DeJong and Dave (2007) and Canova (2007).
18]t is important to point out that the models can be solved directly using Dynare
without the need of linearization
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Then, the equation’s Uhlig rule is used (2.36),

~ ~ 1472 — -
oL (1+0Ci+ L) = P” 1+ W, -Py)

SS

given that at the steady state, C% LY, =

oCi+¢L; = Wt—ﬁt (2.39)

Euler equation for consumption
The same procedure will be used for the Euler equation.

(Ct+1 Rt+1)

—E
! Ct t+1

B

) —(1—5)+Et(

X, = XseXt is replaced in each variable of the previous equation.

g ~
l(c_f;)e(UEtCHl—Ucz) (1-8)+ =2 Ry [E[(R,H Pt+l)]
B\ C p

Then, the equation’s Uhlig rule is used (2.36),

SSs

1 . - Rgs . -
= [1 +0(E¢Cry1— Ct)] =1-0+ P_ [1 + Et(Re+1 —Pt+1)]
given that at the steady state, ﬂ R” +(1-6), we arrive at:

o~ = Rss L
E(EtCHI -C)= P_Et(Rt+1 = Pti1) (2.40)

SS

Return on capita

Rewriting demand for capital,

substituting X; = X ssext in each variable of the previous equation.

Rss &Py _ oy Yss 0K

PSS KSS
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Now, the equation’s Uhlig rule is used (2.36),
R ~ o~ Y. ~ o~
BA+R-Pp=a=01+Y,-Kp)
PSS KSS

knowing that at the steady state, g—jz = a}é—’;, we arrive at:

R,-P,=Y,-K, (2.41)
Wage levels
Demand for labor is:
W, Y;
—=l-a)=
P, L;

Substituting X; = X,seX in each variable of the previous equa-
tion:

PSS LSS
Now, the equation’s Uhlig rule is used (2.36),

Wis e(Wt—f’t) =(l-a &e(f@—zz)

WSS

P Yoo . ~ ~
(1+Wt—P[) :(l_a)L_(1+Yt_Lt)

SS SS

Knowing that at the steady state, 2’55 =(1-a) Z—zz, we get:

W,-P,=Y,—L; (2.42)

Production function

Using the same procedure as before for the production function:

Y, = AKSLI®

Y _ a r1-a (A+aK+(1-a)L;)
Ysse't = Ags KoLy " e o t

Yes(1+Y)) = A KEL %1+ A +aKp + (1— )Ly

§§SS
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Knowing that at the steady state, Yys = AssK&LLS®:

?t=3t+alzt+(1—a)zt (2.43)

Law of motion of capital

The law of motion of capital is:

Kini=(1-0)K;+1;
KyseKet = (1 6)KygeXt + I el

Kos(1+ Kre1) = (1= 0)Kos(1+ Kp) + Is (L + 1)
Dividing both sides of the previous equation by K,

_ 1 Ios ~
Q1+K)=0-80)+0-0)K+=+2T7,
KSS SS
Knowing that at the steady state, I5s = 6 K;:
Ki1=(0-80)K, +61; (2.44)

Equilibrium condition

It simply remains to find the equilibrium condition’s log-linear equa-
tion.
Y[ = Ct + II

YsseY‘ = Cssecf + IsseI‘

Yos(1+Y) = Cs(1+C) + I (1+ 1))
Knowing that at the steady state, Yss = Cgs + Igs:

Yo Vi = CssCy + I I (2.45)
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Technological shock

The process of motion of productivity is:
logA;=(1-pa)logAss+palogAi_1 +e€;
Using a little algebra, we arrive at:
Ar=paA;+e; (2.46)

Table 2.4 summarizes the log-linear model.

Table 2.4: Structure of the log-linear model.

Equation (Definition)
oCi+¢@L; = i, (Labor supply)
%(Et6t+1 -Cp= %Er(ﬁf“ -P.) (Euler equation)
K1 =Q-0K; +61; (Law of motion capital)
Y} = Zt + af(} +(1- a)zt (Production function)
K=Y -7 (Demand for capital)
L,=Y, -, (Demand for labor)
Yss Vi = CysCr + IssI; (Equilibrium condition)
A= pAﬁt_l +e; (Productivity shock)

Here, we have w; = W[ - P; and 7; = R; — P;, which represent
wages and the real interest rate, respectively.

Productivity shock

In this section, the results of a productivity shock on the RBC econ-
omy in this chapter, will be analyzed. Firstly, the result of the pro-
ductivity shock on the variables will be checked, following which we
will seek to identify the theoretical standards presented at the start
of the chapter in the simulation.
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Figure 2.13 shows the effects of a positive disruption on the total
productivity of the factors of production. The first evidence of this
shock is the rise in the marginal productivities of labor and capi-
tal (equations (2.41) and (2.42)). Firms thus increase their demand
for these inputs. This then affects the prices of the factors of pro-
duction — wages (W) and return on capital (R) — increasing house-
hold income. With higher income, this agent responds by acquiring
more consumer and investment goods (equation 2.45)). With re-
gard to inputs, initially both labor and capital increase, but as wages
decrease with time, households seek more leisure (labor supply re-
duces). On the other hand, with the rise in investments, the stock of
capital shows a growing tendency until period 20 (equation 2.44)),
forming a bell curve. In short, positive productivity shocks increase
the consumption variables (C and I), demand for inputs (L and K)
and the prices of these factors of production (W and R).

¥ w10t C

0.1 \ 0.02
0

] 0
10 20 30 40 10 20 30 40 10 20 30 40
R WY
0.01

0.0z 0.01 .
0.005 \

0 a
10 20 30 40 10 20 30 40 10 20 30 40
.3 L
¥ 10

A
0 0.01 \

]
10 20 30 40 10 20 30 40

] 0.005

w X

Figure 2.13: Effects of a productivity shock. Results of a Dynare simulation
(impulse-response functions).

The aim of the group of figures in 2.14 to 2.17 is to understand
how households “manage” their welfare given a positive productiv-
ity shock. Figure 2.14 shows the results of this shock on the leisure-
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wages locus. It can be seen that the inflection point for the wage
level is 57% higher than its steady state level. Thus, increases that
are lower than this value cause households to seek more leisure (in-
come effect). On the other hand, wage increases higher than the
inflection point cause the substitution effect to dominate — leisure
becomes more expensive. Figure 2.15 seeks to present a relation-
ship with figure 2.7, its theoretical approach. We find that when
leisure is at relatively low levels (bottom left corner of Figure 2.15),
the preference of households is to increase leisure. This occurs until
the variable is 23% higher than the steady state (inflection point I).
From this point onwards, the substitution effect is dominant.

% 100
W
st

a0F Period of Substitution

Effect predominance

70F

ED |

e Period of Income
Effect predominance

40 I I I I L I I I I
S0 40 30 20 0 1} 10 20 30 40 o,

leisure

o

Figure 2.14: Leisure-wage locus. The x and y axes measure deviation in rela-
tion to the variable’s steady state in percentage terms. Point I is the inflection
point between where the substitution effect and income effect dominate.

When the concern is the intertemporal tradeoff, figures 2.16 and
2.17 are used. In this first figure (present consumption versus fu-
ture consumption), the inflection point is practically at the steady
state level of returns on capital. When the shock raises the value of
this variable, today’s consumption becomes more expensive in re-
lation to future consumption. Households thus reduce their acqui-
sition of consumption goods in the current period (substitution ef-
fect). If, on the other hand, the return on capital reduces in relation
to its steady state, households are relatively poorer, causing them
to reduce present consumption (income effect). When the tradeoff
is intertemporal leisure (Figure 2.17), only the substitution effect is
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Figure 2.15: Leisure-consumption locus. The x and y axes measure deviations
in relation to the variable’s steady state in percentage terms. Point I is the in-
flection point between where the substitution effect and income effect domi-
nate.

present. When R increases, future leisure becomes cheaper in rela-
tion to the current period. Therefore, a rise in the return on capital
motivates households to work more today and less in the future.

9,
% 120 T T T T T T T T
income
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consumption

%

Figure 2.16: Consumption-income locus. The unit on the x and y axes mea-
sures percentage deviations in relation to the variable’s steady state. Point I is
the inflection point between which the substitution effect and income effect
dominate.
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Figure 2.17: Leisure-income locus. The unit on the x and y axes measure, in
percentage terms, deviations in relation to the variable’s steady state. Point I
is the inflection point between which the substitution effect and income effect
dominate.
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BOX 2.1 - Basic log-linear RBC model on Dynare

//RBC model - Chapter 2 (UNDERSTANDING DSGE MODELS)
//note: W and R are real in the simulation

var YI CRKWULA ;
varexo e;
parameters sigma phi alpha beta delta rhoa;

sigma = 2;
phi = 1.5;
alpha = 0.35;

beta = 0.985;
delta = 0.025;
rhoa = 0.95;

model (linear);

#Pss = 1;

#Rss = Pss*((1/beta)-(1-delta));

#Wss = (1-alpha)*(Pss~(1/(1-alpha)))*((alpha/Rss)"(alpha/(1-alpha)));
#Yss = ((Rss/(Rss-deltaxalpha))~(sigma/(sigma+phi)))
*(((1-alpha)~(-phi))*((Wss/Pss) "~ (1+phi)))~(1/(sigma+phi));
#Kss = alpha*(Yss/Rss/Pss);

#Iss = deltaxKss;

#Css Yss - Iss;

#Lss = (1-alpha)*(Yss/Wss/Pss);

//1-Labor supply

sigma*C + phixL = W;

//2-Euler equation

(sigma/beta)* (C(+1)-C)=Rss*R(+1);

//3-Law of motion of capital

K = (1-delta)*K(-1)+deltaxI;

//4-Production function

Y = A + alpha*K(-1) + (1-alpha)*L;

//5-Demand for capital

R=Y - K(-1);

//6-Demand for labor

W=Y-1L;

//7-Equilibrium condition

Yss*Y = Css*C + Iss*I;

//8-Productivity shock

A = rhoa*A(-1) + e;

end;

steady;

check;
model_diagnostics;
model_info;

shocks;

var e;
stderr 0.01;
end;

stoch_simul;
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Basic New-Keynesian (NK)
model

Modern macroeconomics is basically divided into two schools of
economic thought. The first is Real Business Cycle (RBC) theory,
that follows the classical tradition. The other, based on Keynesian
principles, is New-Keynesian theory. The main difference between
these two schools of thought is that RBC theory states that periodic
expansions and recessions are natural and efficient responses to the
technological state of an economy. Thus, arecession is not a terrible
event for an economy, but rather a natural slowdown which is pre-
ceded by growth which will be followed by future expansion. Thus,
RBC theory claims that the aggregate economy is in perfect compe-
tition on both the demand and supply sides. An important impli-
cation of RBC theory is that governments do not have an active role
in the macroeconomy. In other words, neither fiscal nor monetary
policy can be used to affect macroeconomic conditions. In contrast,
New-Keynesian economics embraces the idea that economies are
prone to market failures, which generate fluctuations. An impor-
tant implication of this viewpoint is that governments can have a
role in improving macroeconomic conditions.

The model developed in the previous chapter is based on the
assumption of perfect competition in goods and inputs markets. It
is this structure that sustains the classical convictions mentioned
above. In the present chapter, the previous assumption is made
more flexible with the introduction of imperfect competition, the
"heart" of New-Keynesian models. This kind of model was initially
developed by Rotemberg (1982), Blanchard and Kiyotaki (1987), Ro-
temberg and Woodford (1997), among others.

There will be no change to the structure of household behav-
ior, but there will be significant alterations to the structure of the
production sector. Now, the problem of the firm becomes more
complex, requiring the inclusion of another two sectors: firms that
produce final goods (retailers) and firms that produce intermediate
goods (wholesalers). Imperfect competition occurs in the wholesale
sector, which produces differentiated goods that are then sold and
aggregated by retailers in an environment of perfect competition.
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Brief theoretical review: New-Keynesians

This section seeks to present ideas regarding the structure of imper-
fect competition and price rigidity. It begins with a brief discussion
on differentiated products and ways to aggregate them into one sin-
gle good. Then, there is a brief commentary on the nature of price
rigidity.

Differentiated Products and the Consumption Aggre-
gator

In this study of representative consumers, which assumes the exis-
tence of only one product that consumers buy in order to gain util-
ity, the use of a single consumption good is obviously a theoretical
simplification. In reality, consumers buy a large number of goods
and services that produce "utility". These products are actually in-
terchangeable. Take, for example, the decision between going out
for dinner and going to the cinema. Both options are forms of en-
tertainment, but it is clear that they are not perfect substitutes for
one another. Even if a consumer decides to go to the cinema, he/she
will have to choose between the most recent comedy and an action
movie clearly, these two movie genres are also imperfect substitutes.
If it is believed that there is a large number of consumption options,
each one being at least slightly different from another available op-
tion. One way to reconcile the use of a single consumption good
is to assume that everything is made up of these many differenti-
ated products. Specifically, it is assumed that the habitual notion of
consumption is a function,

c=c(c1,62,€3,...,CN)

where cj is a type 1 consumer good (for example, a movie), ¢, is a
type 2 consumer good (for example, dinner), etc. If there are N dif-
ferent products, the consumption of all things is a function of N dif-
ferent types of consumer good, formally known as a consumption
aggregator function. In New-Keynesian models, the consumption
function must generally satisfy the two following properties:
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dc() -0
acj'

and,

0%c()

<0
2
ac;j

These two conditions mean, respectively, that total consump-
tion is an increasing consumption function of a j type good, and that
it increases at diminishing rates. These general properties apply to
the representative consumer’s utility function but not to the con-
sumption aggregator function. The aggregate consumption func-
tion most commonly used in New-Keynesian models is':

v
w-l y-1 w1 v-1 | y-1
v +(c3) vV +...+(cn) ¥

c(clrcz»c3)-”)CN) = (Cl) v o+ (CZ)
where v is the elasticity of substitution between these differentiated
goods, possessing great economic significance in New-Keynesian
models. It determines to what degree, from a consumer’s point of
view, products differ from one another (figure 3.1). At one extreme
is the value w7 — 0o?, which, when is substituted in the above ex-
pression, results in the simple linear sum c¢; + ¢2 +¢3 +...+cn. Thus,
each consumer good is as good as any other, from the viewpoint of
the representative consumer, that is, the goods are perfect substi-
tutes. With % > 1, however, the goods are only imperfect substi-
tutes, which means that they are differentiated to some degree, de-
pending on the exact value of w. Generally, New-Keynesian models
assume % > 1.

1This function is a CES (Constant Elasticity of Substitution), and assuming only

v
y-1 y-l1y-1
two goods, we get the following formula: c(c1,c2) = |(c1) ¥ +(c2) ¥

AT v _
limy —co F-1= 1.
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MRS,
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Figure 3.1: Graph describing the elasticity of substitution between two goods.
Moving from point A to point B along the indifference curve (U = Uyp), both the
ratio (c1/c2) and the MRS will change. Elasticity of substitution vy is defined as
the ratio between these proportional changes. This parameter measures the
curvature of an indifference curve.

Definition 3.1.1 (Elasticity of substitution between two goods).
14
y-1 y-1 | y-1
For an aggregate function c(c1,¢2) = |(c1) ¥ +(c2) ¥ , the

elasticity of substitution ¥ measures the proportional change
in c1/c, in relation to the proportional change in the Marginal
Rate of Substitution (MRS) along an indifference curve. That is,

_ %A(c1/cy)  d(ci/c)) MRS dln(ci/co)
" %AMRS = OMRS (ci/c;) O0ln MRS

Firms in monopolistic competition

The fundamental idea of New-Keynesian models does not lie in the
representative consumer, but in firms, each of the N differentiated
products presumed to be produced by a distinct monopolistically
competitive firm. In basic microeconomics, a fundamental char-
acteristic of monopolistic competition is that goods are similar to
each other, but not identical. Thus, a firm that produces a differen-
tiated good has some degree of market power. This market power is
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demonstrated by the fact that firms are faced with negatively sloped
demand curves and, therefore, marginal revenue curves strictly be-
low their demand curves. This, in turn, implies that the character-
istics of a firm’s profit maximization choice will result in a price that
is higher than marginal cost - algebraically, P; > MCj, where P;
and MC; represent the nominal price and nominal marginal cost,
respectively, in the profit maximization function of a firm that pro-
duces good j. These characteristics are summed up in Figure 3.2.

Definition 3.1.2 (Monopolistic competition). A market is in
monopolistic competition when it has many firms that produce
very similar, but not identical products, and when new firms can
freely enter the market. The causes of differentiation between
products can be many and varied: products’ intrinsic qualities,
location of firms, additional services provided by firms etc.

MC

Demand for
good j
MR

Figure 3.2: A firm in monopolistic competition faces a negatively sloped de-
mand curve for its product. The marginal revenue (MR) curve is below the de-
mand curve, and a profit-maximizing firm’s choice of production occurs when
MR=MC. At this point, price exceeds marginal cost (MC).
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Recall the previous consumption aggregator expression where
¥ — oo implies that goods are perfect substitutes. This means that
firms have no market power (and thus face a perfectly elastic de-
mand curve). Therefore, defining 1 — oo is a way of "turning oft"
the elements that New-Keynesian models use to include monopo-
listic competition.

In perfect competition, it does not make sense for firms to have
the power to decide the prices of their goods. Furthermore, because
of to the perfect substitutability among all products, all firms are
price-takers. Therefore, the idea of a price-taking firm is incompat-
ible with what will be presented in the following section: firms often
define the prices of their goods.

The concept of monopolistic competition provides an interme-
diate theoretical basis between pure monopoly and perfect compe-
tition. Modern New-Keynesian models are based on the viewpoint
of monopolistic competition, in the goods market, in contrast with
the RBC structure of perfect competition. The basic economic idea
that underlies the monopolistic competition view is that all goods
are, to some degree, imperfect substitutes for one another.

Price stickiness

Perhaps the main task of New-Keynesian theoreticians is demon-
strating that wage and price stickiness can derive from the behavior
of the optimizing agents. One feature of this school of thought is its
diversity of approach; however, the following elements are common
to all of them:

¢ In New-Keynesian models, there is imperfect competition in
the market for products. The previous Keynesian models as-
sumed perfect competition.

¢ While previous Keynesian models consider nominal stickiness
in monetary wages, New-Keynesian models also focus on the
stickiness of the prices of products.

¢ Besides the factors that cause stickiness in nominal variables,
New-Keynesian models introduce real stickiness.
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Definition 3.1.3 (Price stickiness). This refers to a situation
in which the price of a good does not change immediately to a
new equilibrium price when demand and/or supply curves are
altered. Therefore, it is a failure of buyers and sellers to adapt to
new market conditions and arrive at an equilibrium price.

Generally, the stylized facts about alterations in prices and wages
are:

¢ Prices and wages are temporarily rigid.

* Prices and wages are readjusted on average two or three times
ayear.

* Prices and wages being adjusted frequently are the main fac-
tor responsible for high inflation.

* Prices and wages are not readjusted simultaneously.

¢ Changes in prices of tradable goods are more frequent than
with non-tradable goods.

One of the tasks of this school of thought is to seek evidence (ex-
planations) for price stickiness, considering that the main structure
of any modern theory of price stickiness assumes that firms, when
changing the prices of their goods, would be faced with some form
of cost. The classic example of a cost of this kind is the cost faced by
a restaurant that needs to reprint its menu to update the prices of
its options. This is why the cost of changing prices is called a "menu
cost". If we wish to find a concrete example, suppose that demand
conditions indicate that a restaurant could increase the price of its
dinner with a rise in revenue of $1,000. However, to implement this
change, the restaurant would need to print new menus. Suppos-
ing that this reprinting cost is $2,000, it is evident that changing the
price of dinner is not an advantage for the restaurant, thus the price
of dinner remains the same.
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The model

This chapter develops the model addressed in the previous chapter,
introducing price stickiness and monopolistic competition, which
are at the core of New-Keynesian models. The RBC model’s general
assumptions (2.2.1-2.2.3) remain valid.

Households

As households follow the same optimizing behavior as the RBC mo-
del (assumptions 2.2.4-2.2.7 remain valid), there is no need to re-
peat the problem in this chapter. Thus, the equations that maximize
utility will be taken from the previous chapter:

Equation (2.3),

Kj,t+1=(1_5)Kj,t+Ij,t (3.1)
Equation (2.8),
1%
ogrp _ 't
Cj'tLj,t— P, (3.2)

And equation (2.9),

E.C; o R
( t ],t+1) zﬁ[(1—5)+Et( t+1)
Cijs Pt

(3.3)

Firms

As for the problem of the firm, assumption 2.2.9 remains valid. As-
sumption 2.2.8, on the other hand, ceases to be so in this model.
Thus,

Assumption 3.2.1. It is assumed that the market structure is one of
monopolistic competition.

The economy’s producing sector is thus divided into two parts:
an intermediate goods sector (wholesale firms) and a final goods
sector (retail firms). The intermediate goods sector consists of a
large number of companies, each one producing differentiable goods.
These companies must decide the quantity of factors of production
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to be used and the prices of their goods using a production func-
tion. In the final goods sector, there is a single firm that, using a
specific, pertinent technology, aggregates intermediate goods into
one single good that will be consumed by economic agents.

Firms that produce final goods (retail firms)

From an aggregate perspective, monopolistic competition, among
other factors, compels us to recognize the fact that consumers buy a
large variety of goods, there being a need, therefore, for models that
assume that consumers buy only one kind of good (an aggregate
bundle with all goods), as in the previous chapter’s RBC model.

Assumption 3.2.2. This aggregate good (bundle of goods) is sold by
a retail firm within a structure of perfect competition. That is, it is
assumed that a given retail firm is completely identical to any other.

The theoretical implication of assumption 3.2.2 is that a repre-
sentative retail firm exists. Because of to this assumption that re-
tailers sell their products in a market that is in perfect competition,
there is nothing here that is very different from the idea presented
in the RBC model.

With the aim of producing an aggregate good, a retailer must
buy a large quantity of goods from the wholesale sector. That is,
these are the inputs used in a retail firm’s production process. Thus,
aretailer buys a large variety of wholesale goods (clothes, electronic
products, etc.,) and transforms them into an aggregate good (a bun-
dle of goods) that will be sold to the final agent.

How much is a "large variety of goods"? If on the one hand con-
sumers do not face a literally infinite number of consumption pos-
sibilities, on the other, they may buy a large variety of goods that
vary in size, color, style etc. For this reason and for mathematical
convenience, in this kind of model, "many" is treated as "infinite".
It is assumed that there is a continuum of wholesale goods and that
each good is indexed within the unit interval [0,1]. Thus, a continu-
ous number of wholesale goods is taken into account rather than a
discrete number.

In order to make things clearer, it is assumed that it is possi-
ble to represent a particular wholesale good at any point within the
unit interval [0,1]. Each of these goods is imperceptible infinitesi-
mally small when compared to the total amount of available goods.
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Therefore, it is assumed that each good belonging to the unit in-
terval is produced by a single wholesaler and is imperfectly sub-
stitutable by any other good. Thus, these goods are differentiated
products, which allows for the possibility of some degree of mono-
poly power.

To represent the problem that a retail firm faces, its production
technology and maximization problem must be described. Since
the incorporation of the idea of monopolistic competition in main-
stream macroeconomics in the eighties and nineties, the most widely
applied functional form for aggregation technology is the Dixit-Sti-
glitz aggregator (Dixit and Stiglitz, 1977):

v
1 vyt w1
Y; = UO le;” dj) (3.4

where Y; is the product of retailers in period t, and Y; ; for j € [0,1] is
wholesale good j, and ¥ > 1 is the elasticity of substitution between
wholesale goods®.

With P; as the nominal price of a retail product and Pj,; as the
nominal price of wholesale good j, the price of each wholesale good
is taken as a given by retail firms. Therefore, the problem of the
representative retail firm is maximizing its profit function:

1
maXPth—f Pj,tlfj,tdj (3.9)
Yt 0

Substituting the aggregator technology in the last expression (Equa-
tion (3.4) in equation (3.5)), we get:

1w 7 1
rrl}j%th (fo Y].'t d]) _Pj’tfo Yj . dj (3.6)
Taking the first-order condition for the above problem,
L4
1 vl W_l -1 v-1_4
w Pt(f Ywd]) w_Yw —P][:()
y—=1 o ! y ‘

3Smets and Wouters (2007) assume that the elasticity of substitution between in-
termediate goods is stochastic: ¢ =y +v¢, with vy ~ N(0,0).
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or,
1 vl g oo
v : v -
Pt(j(; Yj,t d]) Yj,l —P]'t—O
Remember that the aggregator (equation 3.4) may also be writ-
ten as,

1 1 vl wl—l
v o_ Vg
! _(fo Y d])

t

The right-hand side of this last equation is the term that should
be eliminated from the first-order condition, thus:
1 -1
vy _
Py, YN -P;j;=0
Raising the previous expression to the power of —y and with
some algebraic manipulation, we get:

et
ot t P

(3.7

This expression is the demand function for wholesale good j,
which is directly proportional to aggregate demand (Y;) and inversely

. . . . 1
proportional to its relative price level (W) .
P,

t
Substituting equation (3.7) in equation (3.4),
P [
=i [l |
0 Pj:
v
[ 1 \¥ L vt
Yt = YIP[ (_) d]
0 it
v
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1
v

(3.8)

1
_ 1~y ;.
P[—[fo P, dj

Equation (3.8) is the mark-up rule for final (retail) goods.

Firms that produce intermediate goods (whole-
sale firms)

As already described, wholesale firms sell their differentiated prod-
ucts to retail firms.

Assumption 3.2.3. Owing to the differentiated nature of wholesale
goods, wholesale firms have some degree of market power and are
thus price setters (market structure of monopolistic competition).

Assumption 3.2.4. It is assumed that fixed production costs do not
exist. This means that average variable cost is equal to average total
COSt.

Assumption 3.2.5. It is assumed that the per unit production cost
of a wholesale product is always the same regardless of the scale of
production. This means that it is being assumed that wholesale firms
have constant returns to scale, resulting in a marginal production
cost, regardless of the quantity produced.

These two assumptions lead to an opportune mathematical con-
sequence where the marginal cost function coincides with the av-
erage total cost function. This, in turn, means that total cost may
be expressed simply by multiplying the quantity produced and the
marginal cost.

The retail firm solves its problem in two stages. First, the firm
takes the prices of the factors of production (return on capital and
wages) and determines the amount of capital and labor that it will
use to minimize its total production cost:

min WtLj,l‘ +RtK]',t (3.9
Lj0Kj
subject to the following technology,

Yie= AKF LS (3.10)
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with the law of motion of productivity,

logA;=(1—-pa)logAss+palogA;_y +¢; (3.11)

where Ag; is the value of productivity at the steady state, p4 is the
autoregressive parameter of productivity, whose absolute value must
and

~ N(0,0 4).

Using the Lagrangian to solve the problem of the wholesale firm,

L= Wt ]t+R Kjt'i‘/.l.]t( AK tL}ta) (312)
The first-order conditions for the previous problem are:
6$ 1 A K LY 3.13
OLJ ; ( - a)ll] t41t ot ] t ( . )
ag a-lrl-a
6K] ; Of/l] l‘AtK',t Lj,t =0 (3.14)

With u;, = MCj, (MC - Marginal Cost), equations (3.13) and
(3.14), become:

_ Vi
Lj,t—(l_a)MCj,tWt (3.15)
Yi:
Kjt=aMCj—— (3.16)
Ry

These two equations represent the demand of a wholesale firm
j for labor and capital, respectively.

Since production technology is the same as in the previous chap-
ter’s model, there is no need to work out again the total and marginal
cost functions. To this end, it is sufficient to use equation (2.20):

MC;, = — ( Wi )l_a(&)a (3.17)
M= A, \1-a a :

Note that equation (3.17) meets the result of assumptions 3.2.4

and 3.2.5 that MC;j ; = CYTJI’
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Calvo pricing

The second stage of the problem of the wholesale firm is defining
the price of its goods. This firm decides how much to produce in
each period according to the Calvo rule (Calvo, 1983).

Thus, the wholesale firm has a 0 probability of keeping the price
of its good fixed in the next period and a 1 — @ probability of op-
timally defining its price. For this second type of firm, having de-
fined the price of its good in t, there is a 6 probability that this price
remains fixed in t+1, a 62 probability that it remains fixed in t+2,
and so on. Consequently, the firm must consider these probabili-
ties when defining the price of its good in t.

Definition 3.2.1 (Calvo’s rule). Establishes that in each period
t, a fraction 0 < 0 < 1 of firms is randomly selected and allowed
to define the prices of its goods for the period. The rest of the
firms (the 0 fraction) keeps the prices of its goods defined by a
stickiness rule which, in the literature, may follow one of the
three possibilities below:

1. Maintain the previous period’s price
P ht= P Jrt=1
2. Update the price using the steady state gross inflation rate
(rss)
Pj=mssPj -1
3. Update the price using the previous period’s gross infla-

tion rate (wy—1)
Pj=mt1Pj

Assumption 3.2.6. In this book, the first rule will be used to deter-
mine price stickiness, Pj ;= Pj 1.
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Therefore, the problem of the wholesale firm that is capable of
readjusting the price of its good is:

n};axEtZ(ﬁe) (P} Yjei = CTjyr4i) (3.18)

it i=0

Substituting equation (3.7) in equation (3.18),

o .\ .\
i t
maxE; Y (B0) | PI, Yisi| ot | = Yiui | ==L | MCjvi| (3.19)
p* = b P? p?
it i Jit Ji.t
Taking the previous problem’s first-order condition,
& i ]t+l
0=E;) (BO) |(1- WYjeri +Y = MG
i=0 ],t
Pt =Y E S B0y MC) s 3.20
= | B 2 (B0) MCjps (3.20)
v-1 5%

Note that all wholesale firms that fix their prices have the same
markup on the same marginal cost. Thus, in all periods, P;.‘ ; is the

same price for all the 1 -6 firms that set their prices. Combining
equation (3.8)’s markup rule and the fact that firms within their re-
spective groups firms that define their prices and firms subject to
stickiness use the same prices (as they are subject to the same level
of technology), the aggregate price level is obtained thus:

1-y¢ 0 1-y ! 1

_ v, el .

P, =f0 P, d]+f9 PVdj
1-y _ . 1—1//0 s 1- 1
Py _[]PH o+[]P; w]e
P,V =or, ) +(1-0)P;V

[epl Via-o)prt "’]1 v 3.21)
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It is important to remember that there is a continuum of firms,
and the group that can alter its price (and the group that cannot)
is chosen randomly, regardless of when each firm last altered its
price. This means that the distribution of prices among firms does
not change between periods.

The model’s equilibrium condition

It is still necessary to establish an equilibrium condition in the goods
market.
=Ci+1; (3.22)

In short, this economy’s model consists of the following equa-
tions in Table 3.1.

Table 3.1: Model structure.

Equation (Definition)
c? L‘"J Igf (Labor supply)
(E”g”l ) =p [(1 0)+E; ( )] (Euler Equation)
Kip1=1-8)K+1; (Law of motion of capital)
Yy = A:K ;"L%_“ (Production function)
Ki=aMC; R% (Demand for capital)
Li=(1- a)MCt% (Demand for labor)
MC; = AL (ﬂ] (%)a (Marginal cost)
P; = (%)Et % (,Be)iMCH,- (Optimal price level)
Py = [9 i Y/ +(1- H)P*1 U/] v "’ (General price level)
Ty = Pf_l (Gross inflation rate)

=Ci+1; (Equilibrium condition)

logAr=(1-pa)logAss+palogAs_1+er (Productivity shock)
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Steady state

As in the previous chapter, armed with the model’s solution, the
next step is finding the steady state, the point of origin of the sim-
ulations that will be performed and the point of reference for log-
linearization. The idea that an endogenous variable x; is at the
steady state in each period t, if E;x;41 = Xy = X;—1 = Xg5, remains
valid. The first step is to write the model’s steady state.

Households
W,
CoLY = P“ (3.23)
SS
R
1=,6(1—6+ i) (3.24)
PSS
O0Ks = Igs (3.25)
Firms
YSS
Lss = (1 - @)MCgy (3.26)
SS
YSS
Kys = aMCs = (3.27)
SS
Yes = KELL® (3.28)
W 1-a R a
MCqs = (1 _5;) (f) 3.29)
¥ 1
Pss = m m MCSS (330)
where: ¥32,(80) = =55 *.

4The sum of the infinite terms of a geometric progression is called a geometric
series, and the sum is:

al
I-q

o)
Soo = Z arq" =
n=0



76 Chapter 3

Equilibrium condition

Yss = Css + Iss (3.31)

Initially, the values of prices P, Rgs, Wss and MCgs must be de-
termined. For the same reasons as described in the previous chap-
ter, the general price level will be normalized (Pgs = 1), The values
of R;; and M Cs; are thus also known,

so, from equation (3.24),

1
Rgs = Py [E‘(l—(s)] (3.32)
and from equation (3.30),
-1
MCys = (”’7) (1- BO)Pys (3.33)

With Rgs and MCs,, known, the value of W is also known, and
from equation (3.29),

a a
WL = MCg(1 - a)'™* (R—)
S§S

1 T-a
Wis = (1-@)MCE*® (i) 1 (3.34)
RSS
Having determined the values of the prices, the next step is to
determine equilibrium in the inputs markets with the aim of ob-
taining the variables that make up aggregate demand (Css and Iy).
Thus, substituting equation (3.27) in equation (3.25),

0aMCgy
ss = Yss (3.35)
RSS
and substituting equation (3.26) in equation (3.23),
Y, W,
Ch|0-a)MCys—=| = —=
ss | 1= M Cos 0 Py
1
1 WSS [ WSS ¢ } a
Css = — _ 3.36
N % { Pgs |(1—a)MCg; ( )

YSS
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the expressions for investment and consumption are obtained. Lastly,
in order to determine the steady-state output (Ys;), it is necessary
to meet the equilibrium condition of the goods market (equation
(3.31)) with equations (3.35) and (3.36),

w};

w}é
w}é
?) 7

} (3.37)

The previous procedures are summed up in the presentation of
the steady state below:

0aMCsy

SS

1 (W,
Yss:( { ss

Wi
Y$S+_¢p o A i~
Yo Pss | (1—a)MCg;
ss

6“MC55 1 Wss WSS
1-—| Y = 7 _P >
yo ss | (1—a)MCss
ss

YH% _ ( Rss ){ Wi [ Wis
s Rss—6aMCs) | Pss | (1 —a)MCys
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Pss=1
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1

o

L { Wss [ Wes
1-a)MCg

Lgs=(1-a)MCg Yss
W,

SS

Kss=aMC &
) SSR

S

Table 3.2 shows the calibrated values that will be used in the NK
model’s simulation. Table 3.3 shows the steady state numerically.

Table 3.2: Values of the structural model’s parameters.

Parameter | Meaning of the parameter | Calibrated
o Relative risk aversion 2
coefficient
) Marginal disutility with 1.5
respect to labor supply
a Elasticity of output with 0.35
respect to capital
B Discount factor 0.985
o Depreciation rate 0.025
PA Autoregressive parameter of 0.95
productivity
oa Standard deviation of 0.01
productivity
0 Price stickiness parameter 0.75
/4 Elasticity of substitution 8
between intermediate goods
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Table 3.3: Values of variables at the steady state.

Variable | Steady state
A 1
R 0.040
MC 0.2286
w 0.2152
Y 0.778
I 0.039
C 0.739
L 0.537
K 1.547

Log-linearization (Uhlig’s method)

In this section, the "trick" developed by Uhlig (1999) will continue to

be used in the log-linearization procedure. Some of the NK model’s

equations have already been log-linearized in the previous chap-

ter. To avoid unnecessary superposition, these equations will sim-

ply be reproduced. Efforts will be focused on obtaining the "New-

Keynesian Phillips Equation", which will be developed step by step.
Thus, using the previous chapter’s equations:

oCi+¢@L; =W, - P, (3.38)
o~ ~ Ry ~ _
—(ECry1—Cp) = —E(Rt+1 — Pr+1) (3.39)
ﬁ PSS
R, =MC,;+Y;-K; (3.40)
Wtzmt+i;t—zt (341)
YVi=Ar+aK;+(1-a)L; (3.42)
Kis1=(1-80K,+61; (3.43)

Yss 17t = Cssét + IssE (3.44)
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Ar=paAr+e; (3.45)

Marginal cost

The marginal cost equation is a new element in this chapter, but
its log-linearization is similar to that demonstrated in the previous
chapter:

From equation (3.17),

l1-a a
T Wis Rgs - =7 =1
MCss(1+ MCy) = g o [I-A;+ (A —-a)W:+aRy]

with,

MCss:( Wss )I(R_)
l-a a

therefore,

]%[Z(l—a)‘wt'Faﬁt—At (346)

Determining the New-Keynesian Phillips curve
Beginning with the log-linearization of the equation that defines the

optimal price level, equation (3.20),

~ 1- 60
P(1+P)) = (WL) (1 ﬁe)MCssEtZ(ﬁQ) (1+Mct+z)

with,

e[

we arrive at,

1+ P} =1+(1-POVE; Y (B6) MCy4;
i=0

P; =(1-POVE, Y. (B0) MC,.; (3.47)
i=0
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The next step is log-linearizing the final goods’ markup rule. From
equation (3.21),

Py Y 1+(1-w) Pyl = 0P Y [1+(1~y) P11+ (1-0) Py ¥ [1+(1-y) Py ]
1+P,=0+60P,_1+1-0+(1-0)P;

P;=0P, 1 +(1-0)P; (3.48)
Equation (3.47) must then be substituted in equation (3.48),

Py=0P,_1+(1-0)1-BOE Y (80) MCyy; (3.49)
i=0
The second element of the right-hand side of equation (3.49)
possesses an infinite sum of the future nominal marginal cost. There-
fore, it is necessary to find a way to remove this term. To this end, a
technique known as "quasi-differencing" can be used. Both sides of
equation (3.49) must be multiplied by the lag operator (1 - SOL™!).
This lag operator, applied to a variable Xt, will result in L~'X, =
Xtt1.

Therefore, multiplying equation (3.49) by (1 - BOL™):
(e

Py~ BOE P11 =0P,_1 +(1-0)(1 - POIE, Z (BO) MC,.; — BOOP,
i=0

~pO1-0)1 - BOIE; Y (50) MC 11+
i=0
As quasi-differencing is applied in order to cancel out the t+1
terms, the previous equation results in:
P, —BOEP 1 =0P,_ 1 —pOOP, + (1—-0)(1 - BO)MC,

Then, P; must be deducted from the nominal marginal cost,
Py—BOEPyiy = 0Py —POOP+(1-0)(1-B0) P+ (1-6)(1- ) (MC,—Py)
P,—BOE,Py =60P,_,—POOP,+ P, — POP, —OP, + fOOP,
+(1-0)(1-BO)(MC, - Py)
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0(P;— P;_1) = BO(E;Prs1 — Pp) + (1 -0)(1 - fO)(MC; — Py)

Lastly, both sides of the previous equation must be divided by
6, With the gross inflation rates in t and t+1 being : 77, = P,—P,_y;
and E;741 = E;P;41 — P;, we arrive at the New-Keynesian Phillips
equation:

Tt =PEtT 1+ [M](mz—ﬁﬂ (3.50)
Table 3.4 sums up the log-linear model.
Table 3.4: Structure of the log-linear model.
Equation (Definition)
oCr+¢L;=W;— P, (Labor supply)
%(Eté[+1 -Cp = ﬁ—ijt(ﬁm - D) (Euler Equation)
Kip1=(1-8Ks+61; (Law of motion of capital)
17[ = At + alzt +(1- a)f,,; (Production function)
I?t = 1\71“ct + Y} - ﬁt (Demand for labor)
Li=MC;+Y:—W; (Demanda por trabalho)
MC;=[(1-a)W;+aR; — A;] (Marginal cost)
Tt =PETss1 + [w] (MCy;—-Py) (Phillips equation)
F¢=Dy— Py (Gross inflation rate)
YisY; = CysCy + Iss Iy (Equilibrium condition)

Ar=paA;q+er (Productivity shock)
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Productivity shock

In this section, the results of a positive productivity shock on the
model’s variables will be discussed. First, the NK model’s impulse-
response functions will be analyzed (figure 3.3), following which the
differences between the two models’ results (RBC vs NK) will be dis-
cussed (figures 3.4 and 3.5).

The productivity shock in question caused the values of the mar-
ginal products of labor and capital to rise. Consequently, firms in-
creased their demand for inputs (labor and capital). The prices of
these inputs thus responded positively to this greater level of de-
mand. Bearing in mind that higher wages increase the income of
households, if, on the one hand, this higher level of income increases
the acquisition of goods (I and C), on the other, it increases the de-
mand for another "good", leisure (income effect). This fall in la-
bor supply explains the higher resistance of wages returning to the
steady state, while returns on capital fell below even their initial
level (steady state) in period 10. With the growth in aggregate sup-
ply, the elements that make up aggregate demand increase, most
notably investments, whose result is 10 times greater than that of
consumption goods. This higher capital supply (strong growth in
investments) explains the returns on capital’s swifter return to the
steady state.

In short, higher productivity increased the spending variables
(consumption and investment) and input prices, with wages show-
ing greater persistence when returning to the steady state. With re-
gard to the factors of production, capital widened, exhibiting a bell-
shaped curve with an inflection point in period 20. However, labor
supply decreased because of to a strong predominance of the in-
come effect.

After the NK model is analyzed individually, it becomes impor-
tant to understand the effects of price stickiness on macroeconomic
variables. Figure 3.4 shows the results of the IRFs for the RBC and
NK models. It can be said that the effects on product, investments,
capital stock and real prices of inputs (W/P, R/P) were not signifi-
cantly different. On the other hand, the effects on the acquisition
of consumer goods (an element of demand) and on labor supply
(an element of supply) were essentially different. In the NK model,
the productivity shock led to a significant rise in consumption com-
pared to the results of the RBC model. In the latter, the effects on la-
bor supply were greater compared to the former. In short, the pro-
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ductivity shock affected product via aggregate demand in the NK
model, while in the RBC model product was affected via aggregate
supply.

This difference in the behavior of households regarding the ac-
quisition of "goods" is explained in figure 3.5. Greater price sticki-
ness causes real wages, at the inflection point between the periods
in which the income and substitution effects dominate, to prac-
tically double in value. In the RBC model, this point indicated a
value of 57% in relation to the steady state, while in the NK model
it reached 98%. Thus, with price stickiness (price levels adjusting
more slowly to the equilibrium level), productivity had less effect
on the components of household income (W /B R/P).

ki C
0.01 0.1 0.01

0.008 \ 0.05 ooos[ T

] 0
10 20 30 40 10 20 30 40 10 20 30 40
R WY

K
0 0.0 /x 001 ]

0 0

10 20 30 40 10 20 30 40 10 20 30 40
x10° L

0

A
-2 \___f 0.0 \
-4

0
10 20 30 40 10 20 30 40

Figure 3.3: Effects of a productivity shock. Dynare simulation results
(Impulse-response functions).
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Figure 3.5: Leisure-wages locus. The x and y axes measure the variable’s devia-
tion in relation to the steady state in percentage terms. Point I is the inflection
point between which the substitution effect and income effect dominate.
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BOX 3.1 - Basic log-linear NK model on Dynare.

//NK model - Chapter 3 (UNDERSTANDING DSGE MODELS)
var YI CRK WL MCP PI A;

varexo e;

parameters sigma phi alpha beta delta rhoa psi theta;

sigma = 2;
phi = 1.5;
alpha = 0.35;

beta = 0.985;
delta = 0.025;

rhoa = 0.95;
psi = 8;
theta = 0.75;

model (linear) ;

#Pss = 1;

#Rss = Pss*((1/beta)-(1-delta));

#MCss = ((psi-1)/psi)*(1-beta*theta)*Pss;

#Wss = (1-alpha)*(MCss~(1/(1-alpha)))*((alpha/Rss)"(alpha/(1-alpha)));
#Yss = ((Rss/(Rss-delta*alpha*MCss))~(sigma/(sigma+phi)))
*((Wss/Pss)*(Wss/((1-alpha)*MCss)) “phi) ~(1/(sigma+phi));
#Kss = alpha*MCss*(Yss/Rss);

#Iss = delta*Kss;

#Css = Yss - Iss;

#Lss = (1-alpha)*MCss*(Yss/Wss);

//1-Labor supply

sigma*C + phi*L = W - P;

//2-Euler equation

(sigma/beta)*(C(+1)-C)=(Rss/Pss)* (R(+1)-P(+1));

//3-Law of motion of capital

K = (1-delta)*K(-1) + deltaxI;

//4-Production function

Y = A + alpha*K(-1) + (1-alpha)*L;

//5-Demand for capital

K(-1) =Y - R;

//6-Demand for labor

L=Y-W,

//7-Marginal cost

MC = (1-alpha)*W + alpha*R - A;

//8-Phillips equation

PI = beta*PI(+1)+((1-theta)*(1-betaxtheta)/theta)*(MC-P);
//9-Gross inflation rate

PI = P - P(-1);

//10-Goods market equilibrium condition

Yss*Y = Css*C + IssxI;

//11-Productivity shock

A = rhoa*A(-1) + e;

end;

steady;
check(qz_zero_threshold=1e-20) ;

shocks;
var e;
stderr 0.01;
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end;

stoch_simul (nograph,qz_zero_threshold=1e-20) Y I C R K W L PI A;
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New-Keynesian model with wage
stickiness

An irrefutable criticism leveled at Keynesians by classical theorists
in the seventies was that the former simply assumed that wages
were rigid, without presenting a good economic explanation for the
cause of this phenomenon. New-Keynesian researchers thus made
efforts to develop an explanation of wage stickiness in terms con-
sistent with economic rationality.

Following the Keynesian tradition, in this chapter a model with
wage stickiness will be analyzed the same way as with price stick-
iness in the previous chapter. Here, households provide differen-
tiated labor and independent firms in perfect competition aggre-
gate this labor into a single kind of labor that will be used by firms
that produce intermediate goods. This method of aggregating labor
means that workers possess some degree of monopoly power and
define their wages, when allowed to do so, based on a consumption-
leisure marginal rate of substitution. Thus, as in the markup model,
there is a Calvo-like rule to define wages, and in each period,1 — Oy
workers are chosen randomly to define their wages.

Brief theoretical review: wage stickiness

Keynesians argue that, in the short term, nominal wages (W) are
imperfectly flexible. The idea is that there exists institutional sticki-
ness in respect of the way in which wages are defined. For example,
it is costly for workers and firms to negotiate contracts, so wages
are generally fixed to remain in effect for one year or more. Some
contracts possess an indexation clause. Indexing in relation to the
inflation rate is relatively simple, because there is an observed infla-
tion measurement that is known to both workers and firms, such as
the consumer price index, which can be used for this purpose. Al-
though the idea is simple and low cost, it is seldom used, as it is diffi-
cult to include other contingencies in labor contracts. Suppose that
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a firm wishes to pay workers according to their respective levels of
productivity; more productive workers would receive higher wages,
and less productive workers would receive lower wages. However,
it may be difficult for workers and firms to measure individual pro-
ductivity in the firm’s product.

If workers and firms negotiate contracts in nominal terms, it is
possible to think of this variable as fixed, at least in the short term.
Although nominal wages do not respond to the factors that affect
the labor market, in the long term they are flexible. Thus, given
that nominal wages are fixed in the short term, a situation such as
that described in Figure 4.1 may arise, where the market equilib-
rium wage (% e) is below the contractual wage (WT*). Consider the
following situation: at moment in time 1, labor market conditions
(labor supply and demand) define wages WT*. In the short term, it
is possible for demand conditions to change, causing the curve to
shift to the left. At this point, workers wish to work L’, but firms
will only hire L. In the long term, these contracts will be negoti-
ated and nominal wages will be equal to market equilibrium wages
(WT* = V—;’ e). Therefore, in models with wage stickiness, the amount
oflabor is always determined by the amount that the representative
firm wishes to hire, or in other words, by the labor demand curve.

Definition 4.1.1 (Wage stickiness). The general difficulty that
a firm faces when trying to reduce wages, owing to either labor
agreements or fear of a fall in the productivity of employees, or
another reason that conveys the same idea.

Why would wages be rigid in the short term?

Some reasons why a company may pay higher real wages than what
it “needs” to, are: it would discourage absence from work (since the
cost of leisure is higher); it would reduce employee turnover (reduc-
ing hiring and training costs); and it would increase worker produc-
tivity, as workers would be “happier”. Following this idea, Henry
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w
3]

o= 'n|§

Figure 4.1: An example of contractual wages being higher than market equi-
librium wages.

Ford, at the beginning of the 20" century, established wages for his
employees that were above market value. Efficiency wage models
follow this premise!.

The main idea of this approach can be formalized by defining
a worker productivity index, which would be a positive function of

real wages:

%)
e=¢€|—
p

Thus, a production function that considers this level of produc-

tivity can be conceived:

Y = f(K,eL)

Assuming that capital is fixed, product increases when the a-
mount of labor increases (L 1) or when worker productivity improves
(e 1). In this context, a firm must establish real wages so that the cost
of one unit of labor productivity is minimized, or in other words, it
must maximize the number of units of labor productivity that can
be bought with each monetary unit spent on the payroll. This is

1 For further information on efficiency-wages, see: Raff and Summers (1987); Ak-
erlof and Yellen (1990).
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done by increasing real wages to the point at which the elasticity of

the index of efficiency [e (%)] in relation to real wages, equals one’.

In other words, if the productivity index’s elasticity is greater
than one, a rise in real wages will show results superior to the ad-
ditional cost of this rise. Thus, wages should be increased to the
point at which the return of efficiency equals the additional cost to
the payroll.

Efficiency-wages are not the only explanation for wage sticki-
ness. The high and persistent levels of unemployment in Europe
are related to hysteresis®. While it is known that a series of explana-
tions for this phenomenon exists, to present the idea, the insider-
outsider model shall be described.

In this model, both the product market and labor market are
considered to be in imperfect competition. The basic idea is that
members of a union (the insiders) have the power to negotiate with
employees, as it is expensive to replace them with non-union work-
ers (the outsiders). The cost of replacing an insider with an outsider
involves the latter’s recruitment and training. It is also considered
that insiders use their bargaining power to keep real wages higher
than market equilibrium wages, resulting in a group of unemployed
outsiders. Hysteresis arises in moments of recession, when some
insider workers become outsiders — figure 4.1 helps in this under-
standing. The recession causes the labor demand curve to shift to
the left, causing unemployment, represented by the distance be-
tween L’ and L. For the study of this chapter, more important than
the idea of hysteresis is the power of unions to determine a real wage
level higher than the market equilibrium level.

(7) o _,
° o(%)

3A variable demonstrates hysteresis if, after moving away from its initial point be-
cause of to a shock, it does not show any tendency of returning to this initial point.
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The model

This model is similar to the NK model presented in the previous
chapter, with the exception of the labor supply equation, which was
defined by the optimization of the utility function in relation to the
amount of work hours. This equation stated that real wages should
be equal to the consumption-leisure marginal rate of substitution.
In the model with Calvo wage stickiness, the optimal wage equation
of those households capable of defining their own wages, states that
this wage will be a markup (a function of the elasticity of substitu-
tion of differentiated labor) on the future discounted consumption-
leisure marginal rate of substitution multiplied by the general price
level.

The overall assumptions of the model in chapter 2 (2.2.1-2.2.3)
remain valid in this chapter.

Households

The preferences of households are the same as in the RBC and basic
NK models (assumptions 2.2.4-2.2.6 remain valid). Therefore, the
equations that define the law of motion of capital and intertempo-
ral consumption (Euler equation) will be taken from chapter 2.

Equation (2.3),

Ki1=(1-80)K; + Iy (4.1
And equation (2.9),
EiCi1 )U [ (Rt+l)
—| =p|0-80)+E (4.2)
( Ct ﬁ ! P[+l

Definition of wages

Assumption 2.2.7 — the structure in which households define wages
- is no longer valid in this chapter.
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Assumption 4.2.1. Households defining wages involves the assump-
tion that they supply differentiated labor in a market structure of mo-
nopolistic competition. This service is sold to a representative firm
that aggregates these different types of labor (L;) into a single labor
input (L).

To satisfy the aim of assumption 4.2.1, the labor-aggregating firm
uses the following technology:

Yw
1 yw-l yw-1
Ltz( fo Ly dj) 4.3)

where @y is the elasticity of substitution between differentiated jobs
and L; ; is the amount of differentiated labor supplied by household
j- Each type of labor j is paid for with a wage W; ;.

The problem of the labor-aggregating firm is maximizing its profit:

1
maXWtLt—f Wj,tLj,l’dj (44)
0

Lj,

Substituting equation (4.3) in equation (4.4),

1 ¥yw-! Y1 1
r?ixwt (fo LY dj) —Wj,tfo Li.dj 4.5)
The first-order condition for the previous problem is:
vw 1 yw-l #_1 yy—1) Wi
Wt(WW—l)(fo Lj’u;W dj) ( Yw )Lj'tw Wi =0

or,

1 yw-! yw-1 __1
[ . 7 _
Wy (fo Lj,tw d]) Lj'tw -W;:=0
Given that equation (4.3) can be written in the following way:

1 1 vyw-l m
L =(f0 L dj)
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Note that the previous expression is part of the first-order con-
dition, and must thus be replaced in that equation,

-1

1
WIL;"WL]Z -W;;:=0

With a little algebraic manipulation, we arrive at the demand
equation for differentiated labor j:

(4.6)

yw-l le
1 w \vwy e |
Ltz f Ll(_) d]
0 Wit
vy-1 rw
1 1 \¥w 7 Yw
Lt:LtWtu/W f[( ) aj
o I\W;j:
vw
yw-l

Yw _
Wt =

1
[ w0 aj

It is easy to see that the aggregate wage level is:

1
W, = U wi v ) v “.7)

In each period, 1-60 households, chosen independently and at
random, optimally define their wages. The remaining households,
0w, follow a wage stickiness rule (the Calvo rule, Definition 3.2.1).
In the literature, one of the following three possibilities is often used
as a wage stickiness rule:

1. Keeping the same wage level as the previous period
Wj,t = Wj,t—l
2. Updating wages using the steady state gross inflation rate (7 )

Wi =mssWij 1
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3. Updating wages using the previous period’s gross inflation rate
(r-1)
Wie=mi1Wj 1

Assumption 4.2.2. This study will assume the first rule of wage stick-
iness, Wj = Wj 1.

The 1-0y fraction of households that can choose wage levels in
period t knows that, even choosing optimal wage W ;* for the pe-
riod, it faces a Oy, probability of these wages remaining fixed for N
future periods. When household j chooses wage W; ;*, it must seek
to solve the following problem*:

1+¢
2 ; j t+i
maxE; Y (BOw)' { ——L — Apyi | =W}, Ljei (4.8)
Wj*,t i=0 1+(P ot
Substituting equation (4.6) in equation (4.8),
yw 1+
- j 1 Wisi
maxE; ) (f0w)' { ——— Lt+i(_*
Wi %o I+¢ W,
vw
W .
+ i W;tLt+i(%) ] (4.9)
.t

resulting in the following first-order condition:

Yw v
P LT I R LT
t+i w t+i w

* * *

0=Etz(ﬁ6w)"{ww

i=0 it ot it
vw
W .
+(1_U/W)At+iLt+i(#) }
Wj,t

or,

o0 - 1
0=FE; Z (BOwW)* {'WWL(P —+1- 'WW);LHL‘}

S+ *
i=0 1 Wj,t

40nly the parts related to the utility function’s choice of labor and budget con-
straints of households are used in the wage definition problem.
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With some manipulation, and knowing that A1;,; = 1;:,1 (Equa-
tion (2.5) from chapter 2), we arrive at the optimal wage equation
defined by the households chosen for this purpose:

ij[:(wWW )Etz(ﬁgw) ¢ il P (4.10)

As 1-0yy fraction of households chooses the same nominal wages,

W] . = W/, and the remaining households (6w) remain with the

same wages as the previous period, the aggregate nominal wage re-
sults in:

Ow 1
WtIﬂIJW =f th:lwwdj+f Wt*l_wwdj
0 ow

Wt1*WW _ [thl:lww]jW n [th*l—U/w ;

1

WY =gy W Y+ (1 -Gy

Lastly, we arrive at the aggregate nominal wage rule:

1
Wy = (0w W, Y + (1 -0y Wy v | T 4.11)

Firms

The assumptions of the firms group (assumptions 3.2.2-3.2.6)
remain the same in this chapter. Thus, the equations resulting from
this agent’s optimization problems will be used here:

Equation (3.10),

Yie= AKF LS (4.12)
logA;=(1—-pa)logAss+palogA,_1 +¢; (4.13)

Equation (3.15),

L= (-aMC;, 20t (4.14)
It — Jit Wt .
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Equation (3.16),

Yj,l’
Kj=aMCj,—— (4.15)
R
Equation (3.22),
1 Wt l1-a Rt a
MCji=—|+— — (4.16)
YA \l-a a
Equation (3.25),
4 S ;
P, = (—)Et Y (BO) CMj 1+ 4.17)
P lw-1) 5
Equation (3.26),
=0 +(-0)P; W]l v (4.18)

The model’s equilibrium condition
The equilibrium condition in the goods market is the same as in
previous chapters:
Yt: Ct+It (419)

The equilibrium structure of this economy’s model comprises
the equations in Table 4.1.

Steady state

This section maintains the procedure adopted in previous chap-
ters for solving the steady state. To this end, the system of equations
that form the economy at the steady state must first be written:

Households

(4.20)

where: Zooo(ﬂHW)l = ﬁﬂw
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R
1zﬁ(1—6+ ﬁ) (4.21)
PSS
O0Kss = Is (4.22)

Table 4.1: Structure of the model.

Equation

(Definition)

Wfk =

(Definition of optimal wages)

(U/W I)EIZ?OO(ﬁHW) jot+i ]t+zpt+l

Wt =

1
[ew WY (-0 W; 1‘4’W] ow

Tw,s = Wl Wy

(B&=) =pla-or+(55)]
Kit1=1-0)K;+1;

Y; = AKYLI@

K;= aMQ
hzﬂ—aMﬂ}%
=] (4

1-a
P; = (—)Etz;’io(ﬁe)"CMm

P[_[ep +1-0)Pr1 ‘/’]llw
=P/ Pry
Y =Cr+1;
logA; = (1 - pa)logAss +

palog Ay +e;

(Level of aggregate wages)

(Gross wage inflation rate)
(Euler equation)
(Law of motion of capital)
(Production function)
(Demand for capital)
(Demand for labor)
(Marginal cost)

(Optimal price level)

(General price level)
(Gross inflation rate)
(Equilibrium condition)

(Productivity shock)
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Firms
Les=01- a)MC‘;s& (4.23)
Wis
YSS
Kss=aMCgs— (4.24)
RSS
Yes = K&ELLTY (4.25)
w. 1-a R o
MCg = ( — ) (i) (4.26)
l-a a
P —( v )( ! )CM (4.27)
S§§ — 1// _ 1 1 _ ﬁ@ SS .
Equilibrium condition
Y55 = Css + Iss (4.28)

Initially, the values of prices (Pgs, Rgs, Wss and MCgs) must be
determined. As "standard" procedure, the general price level is nor-
malized (Pss = 1). The values of R;; and C M, are thus also known.

so, from equation (4.21),

1
Rss = Pss [E -1 —5)] (4.29)
and equation (4.27),
-1
MCss = (WT) (1-B0)Pg (4.30)

With R and M C,s known, the value of W is also known, and
from equation (4.26),

a a
WL = MCg(1 - )t~ (R—)
)

a

a \1T-a

— (4.31)
RSS

1
Wis=(1—-a)MCL* (
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0aMCgy
Igs=|————| Yss (4.32)
RSS

and substituting equation (4.23) in equation (4.20),

¢
Yw Py _
(Ww—l)(l—ﬁgw)_wss
Wes (WW‘1

)(1-;39 )[L]w
Py vw w (1-a)MCg;

Y,
CY, [(1—a)Mc”W—S;

o v _
CssYss =

1 =1\ Wi Wis
L i L

o) 7
} (4.33)
Yo Yw Pss MCss
sS

the expressions for investment and consumption are obtained. Lastly,
in order to determine the steady state output (Yj;), it is necessary to
meet the equilibrium condition with equations (4.32) and (4.33) in
equation (4.28),

¢ }37

Yssz(éa’MCss)Yss_{_ 1 {(1_‘60W)(WW_1)W33[ Ws
1l-a)
saMC 1 1\ W, W, 017
(1_ a Ss)Yss:_(p{(l_,BHW)(w:;_ \J ss[ ss ] }

T
Yss

RSS - w Pss Mcss
Rgs ye w Pgs | (1-a)MCs
ss

1+£ Rss Yw— 1) Wis [ Ws
Yo, “=|——————|{(1-p660
5 (Rss_(saMCss){( p W)( Yw Pss | (1—-a)MCgs

w}}

thus, the steady state output is:

a

Ry oty
Yos=|\5——F 7+
Ry —6aMCs;

WW_I)WSS[ Wss
1- 0 —
{( P W)( ww ) Pss |- a)MCy

?) 745
} (4.34)
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The previous procedures are summarized in the presentation of
the steady state below:

Ass=1

Ps=1

1
Rgs = Pgs [E‘(l—ﬁ)]

-1
MCss = (WT) (1- ﬂe)PSS

a

1 a \1T-a
Wes=(1—-a)MC" (R_)
ss

Rys 7
Ys=|—F—+
Rys—6aMCgg

1[/W_l) Wss [ Wss
Pgs |(1-a)MCgs

1
<P}m

{(1—ﬁ9w)(

w

L =(0—-a)MC Yss
SS SSW

SS

K¢s=aMC &
ss s

SS

IssaKss

¢ }3
Tables 4.2 and 4.3 show the calibrated values that will be used in
the simulation and the steady state values, respectively.

1
Css = _¢{(1_IBOW)(

Yw— 1) Wss [ Wss
Vg -

Yw Pss Mcss
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Table 4.2: Values of the structural model’s parameters.

Parameter Meaning of the parameter Calibrated value
o Relative risk aversion 2
coefficient
10 Marginal disutility with regard 1.5
to labor supply
a Elasticity of output with regard 0.35
to capital
B Discount factor 0.985
1) Depreciation rate 0,025
pA Autoregressive parameter of 0.95
productivity
oA Standard deviation 0.01
of productivity
0 Price stickiness parameter 0.75
v Elasticity of substitution between 8
intermediate goods
Ow Wage stickiness parameter 0.75
yw Elasticity of substitution between 21
differentiated labors

Table 4.3: Values of variables at the steady state.

Variable | Steady state
A 1
R 0.040
MC 0.2286
w 0.2152
Y 0.523
I 0.026
C 0.4968
L 0.361
K 1.040
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Log-linearization (Uhlig’s method)

Chapter 4

The tool developed by Uhlig continues to be used for the mo-
del’s log-linearization. Results from previous chapters that coincide
with those of the present model will be used. The new fact here is
the log-linearization of the optimal wage and the aggregate wage

level rules: Thus, using equations:

g ~ ~ R ~ ~
= (EtCri1 — Cp) = ——Er(Rps1 — Pra1)
,3 Py
Kir1=(1-8)K,+01;
?t = At + aI?t +(1- a)zt
f(:t = ]\//E} + ?t - ﬁ[
Z[ = ]\%t + ?t - Wt
MC;=[(1-a)W;+aR,— A;]

_ _ 1-61-p6)] — ~
m=ﬁamﬂ+[———§—ﬁ—(MQ—P»
Tt Zﬁr—ﬁt—l
Yss 17t = Cssét + IssE

A= pAgt—l +€;

Log-linearization of the wage rule
First, equation (4.10) must be log-linearized,

g | e

Wis(1+ W/) =(

)C&L&PUEI

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)
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00 . _ - ~
Z(ﬁew)l [1+0Csyi+@Lpy+ Prijl

i=0
. | ww \([CELYPss
Recalling that Wy, = (m) ( 1=p0w ),

W =(1-BOw)E: Y (BOW) (0Crsi +@Lesi+Pryi)  (4.45)
i=0

Next, equation (4.11),
I-yw 71— I-yw o7
Wee ""1+A=yw)Wil =0wWs "7 1+ 1 —yw)W;1]

+(L=O0p)Wes "W 1+ —yy) W/

1+(1-yw) Wil = O +0w (1—yw) Wi_1 + 10y +(1-0w) 1—ypw) W,

W; = 0w W;_1 + (1 -0y W/ (4.46)
Substituting (4.45) in (4.46),

(2] . ~ ~ ~
Wy =0w W1+ —0w)(A—BOW)E; D (BOW) (0Crai+9Lisi+Prii)
i=0

To use the quasi-differencing technique® it is necessary to mul-
tiply both sides of the previous equation by (1—L™!80y),

W, — BOWEWps1 = 0w W;_1 + (1 - 0y) (1 - BOw)
o0 . o~ o~ o~
E; Z (BOW) (0Crsi+@Lpri+ Prii)

i=0
or,

= BOwOW W, — (1-0w)(1 - fOw) fOw
E; Z(ﬁew)i(UéHHi +@Lp14i+ Prirs)
i=0

Then,

Wi — BOWE Wiy = 0w W1 + (1 —0w) (1 — BOw) (0 C; + 9L, + Py)

SPresented in the previous chapter when log-linearizing price levels.
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—BOWOW W,
Adding and subtracting Wt = (1-0w)( - BOw) on the right-
hand side of the previous equation,
W, = B0wEWis1 = 0w W;_y +(1—0w)(1—BOw) (@ C,+ L, + P, — W)
—BOWOW W, + W, — BOw Wy — Ow Wy + BOwOw W,

Dividing the previous equation by 6y, and assuming the gross
wage inflation rate in the log-linear form, ww ; = Wy—W;_1 e Ty 41 =
Wii1 — Wy, the Phillips equation for wages is:

1-0w)1 - BOw)

(0Ci+@L;—(W;—P;)] (4.47)
Ow

Tw:=PAW 1+

As a consequence, note that the gross wage inflation rate is de-
termined by agents’ expectations (87w ;41), by the preferences of
households (MRS 14zer-c = oCs+¢L,) and by labor supply and de-
mand conditions (that define real wages: W, -P).

Table 4.4 summarizes the log-linear model.

Productivity shock

In this section, the results of a productivity shock on the NKWR mo-
del will be presented. First, the effects of the shock on the model
in isolation will be discussed (figure 4.2), following which the dif-
ferences in relation to the other two models (RBC and NK) will be
analyzed (figures 4.3 and 4.4).

Qualitatively, the results of the productivity shock on this model
are not very different from the previous chapters. With the shock,
the marginal productivities of capital and labor rise, allowing firms
to increase demand for these inputs. Differently from the other
models, the wage level is slower to adjust to this higher demand for
labor, which limits the increase in household income and increases
the supply of labor (initially, the income effect is less sensitive). The
aggregate demand variables respond positively to the shock, with a
significant rise in investments.

Comparing the three models (figure 4.3), one can generally see
that, as frictions are incorporated, the variables become more per-
sistent, especially output, capital stock and consumption. Differ-
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Table 4.4: Structure of the log-linear model.

Equation (Definition)

Twe = Brw:1 + (Phillips equation for wages)
(I—GW()g(V{/—ﬁGW) [Uét + (pzt _

(Wy =Pyl

Tw:= W, - Wt—l (Gross wage inflation rate)

(ECri1 = C) = F2Er(Resn - (Euler Equation)

Pii1)

IZ}+1 =(1- 6)1@ + 67} (Law of motion of capital)

Yt = ﬁt + aI?t +(1- a)ft (Production function)

K,=CM,;+Y,-R,; (Demand for capital)

L;=CM,+Y,-W, (Demand for labor)

(’:M =[(1- Q)Wt +aR;— A/ (Marginal cost)

iy = BE:71  + (Phillips equation)

[(1—9);1—,69)_] (CM,-P,)

7;=P,—P,; (Gross inflation rate)
Yy Yy = CssCp + I T, (Equilibrium condition)
A= pAAt_l +€; (Productivity shock)

ently from the other models, wages show "adjustment stickiness",
causing labor supply to initially increase more than in the other
models.

Figure 4.4 shows the leisure-wage locus for the three models.
Note that with wage stickiness, the inflection point between the pe-
riods in which the income and substitution effects are predomi-
nant, increases from 57% and 98% respectively, for the RBC and NK
models, to 127% in the NKWR model.

It can be seen that the pattern of income and substitution ef-
fects changes when frictions are included. In the RBC model, when
the inflection point was reached, the substitution effect began to
dominate. In the other two models (mainly the NKWR model), it is
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Figure 4.2: Effects of a productivity shock. Dynare simulation results
(Impulse-response functions).

more important to analyze whether leisure increased or decreased
in relation to its steady state after a productivity shock. If real wages
increase, then leisure increases (income effect), this behavior per-
sisting until the curve’s inflection point is reached. Thus, the shape
of the leisure-wage locus is no longer an inverted C (RBC model) but
an inverted V (NK and NKWR models).

Is there an interpretation problem related to the as-
sumption of the presence or absence of frictions in the
model’s prices and wages?

Putting another question to further clarify the intention of this sub-
section: "What would be the outcome if an analyst, studying the
possibility of a fall in productivity in a certain economy, uses an RBC
model, when the more appropriate model would really be an NKWR
model"?
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Figure 4.3: Comparison between the RBC, NK and NKWR’s impulse-response
functions.
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To answer this question, it is necessary to analyze figure 4.5,
which represents a negative productivity shock. The tendency would
be for the analyst in question to underestimate the effects of a fall in
productivity and thus indicate a countercyclical policy that is weaker
than is needed for economic stability®. This can be seen in the graphs
in figure 4.5: the expected fall in output in relation to the steady
state for the RBC model is 0.012, while in the NKWR it is 0.016". The
opposite situation (choosing an NKWR model when an RBC model
would be more appropriate) would also be problematic, as it would
call for an economic policy stronger than needed, to stabilize the
economy.

In short, choosing the appropriate DSGE model is relevant to
the analysis of any economic phenomenon. This has been shown by
the joint analysis of the three models studied in the first part of this
book (figures 4.3-4.5). The next two chapters develop other frictions
for households and firms, always seeking to better adjust projected
data to real data.

%W 130
P

120

110

100

-850 60 -0 -20 a 20 40 B0
% leisure

Figure 4.4: Leisure-wage locus. The x and y axes measure the variable’s devia-
tion in relation to the steady state in percentage terms. Point I is the inflection
point between the periods in which the substitution effect and income effect
are predominant.

8For the purposes of this exercise, the fact that this analyst, having chosen an RBC
model, may not believe in countercyclical policy, is not being considered.

7Given that the steady states are 2.338 and 0.523 for the RBC and NKWR models,
respectively. The falls, in percentage terms, would be:

+ for the RBC model: 391 = —0.51%

+ for the NKWR model: J:21¢ = —3.06%
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Figure 4.5: Negative productivity shock. The gray area represents the differ-
ence between the NKWR and RBC models’ results.
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BOX 4.1 - Log-linear NK model with wage stickiness on Dynare.

//NK model with wage stickiness -

//Chapter 4 (UNDERSTANDING DSGE MODELS)

var YI CRK W L PIW P PI A CM;

varexo e;

parameters sigma phi alpha beta delta rhoa psi theta thetaW psiW;

sigma = 2;
phi = 1.5;
alpha = 0.35;

beta = 0.985;
delta = 0.025;
rhoa = 0.95;
psi = 8;
theta = 0.75;
thetaW = 0.75;
psiW = 21;

model (linear) ;

#Pss = 1;

#Rss = Pss*((1/beta)-(1-delta));

#CMss = ((psi-1)/psi)*(1-beta*theta)*Pss;

#Wss = (1-alpha)*(CMss~(1/(1-alpha)))*((alpha/Rss)"(alpha/(1-alpha)));
#Yss = ((Rss/(Rss-delta*alpha*CMss))~(sigma/(sigma+phi)))*((1-beta*xthetaW)
*((psiW-1) /psiW) * (Wss/Pss) *(Wss/ ((1-alpha)*CMss)) “phi) ~(1/(sigma+phi)) ;
#Kss = alpha*CMss*(Yss/Rss);

#Iss = delta*Kss;

#Css = Yss - Iss;

#Lss = (1-alpha)*CMss*(Yss/Wss);

//1-Phillips equation for wages

PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*thetaW)/thetaW)*(sigma*C+phi*L-(W-P));
//2-Gross wage inflation rate

PIW = W - W(-1);

//3-Euler equation

(sigma/beta) * (C(+1)-C)=(Rss/Pss)*(R(+1)-P(+1));

//4-Law of motion of capital

K = (1-delta)*K(-1) + deltaxI;

//5-Production function

Y = A + alpha*K(-1) + (1-alpha)*L;

//6-Demand for capital

K(-1) =Y - R;

//7-Demand for labor

L=Y-W;

//8-Marginal cost

CM = ((1-alpha)#*W + alpha*R - A);

//9-Phillips equation

PI = beta*PI(+1)+((1-theta)*(1-beta*theta)/theta)*(CM-P);

//10-Gross inflation rate

PI = P - P(-1);

//11-Equilibrium condition

Yss*Y = Css*C + IssxI;

//12-Productivity shock

A = rhoa*A(-1) + e;

end;
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model_diagnostics;
steady;
check (qz_zero_threshold=1e-20);

shocks;

var e;
stderr 0.01;
end;

stoch_simul (qz_zero_threshold=1e-20) Y I C R K W L PI A;
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Chapter 5

New-Keynesian model with habit
formation and non-Ricardian
agents

Up to this point, the only frictions included have involved trans-
forming an RBC model into an NK model (price and wage frictions).
The utility of households in t depended only on current consump-
tion and not on previous consumption. Moreover, it was assumed
that households were made up of Ricardian agents only. In other
words, the models were simple and their results were not completely
in tune with real data.

To address this, we begin conferring flexibility to the assumption
that the utility function is intertemporally separable, an assumption
useful for the mathematical treatability of the problem of the con-
sumer. However, empirical evidence shows that it would be most
appropriate to consider the utility function as intertemporally non-
separable. This assumption is related to the idea that the behavior
of households follows a regular pattern. Thus, if a household is used
to a certain level of consumption and suddenly a shock alters its in-
come, it does not immediately change its pattern of consumption,
but uses its savings to mitigate this alteration. This friction, in the
literature, is known as habit formation or consumption habits.

Another simplification is that households are rational optimiz-
ers and choose their "optimal" path of intertemporal consumption
to maximize their utility. This is the idea behind the life-cycle hy-
pothesis, in which consumption in a given period does not depend
on total income, but on what is called permanent income. This de-
scription involves the assumption that these agents have access to
the financial market, and can "transport” income between periods.
Empirical evidence shows that there are deviations to the perma-
nent income hypothesis. In this sense, there are many explana-
tions that demonstrate these deviations, one of the being an imper-
fect capital market and liquidity restrictions. This means that some
households do not have access to credit, which would be a barrier
for intertemporal optimization. This idea is applied to DSGE mod-
els, considering that some households possess liquidity restrictions
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and do not have access to credit. This type of household in the liter-
ature is called a non-Ricardian agent. Considering this type of agent
has important consequences when studying shocks, mainly fiscal
policy issues.

Brief theoretical review: household rigid-
ity

This section presents the two frictions that involve households: ha-
bit-formation and non-Ricardian agents. The former is presented
demonstrating why it needs to be applied and the way the litera-
ture uses it in modelling. Next, the idea of non-Ricardian agents is
presented. In both cases, the aim is to meet the adjustment prin-
ciple (Definition 1.0.1) and how consumption distances itself from
the ideas of permanent income and life-cycles.

Habit formation

The basic models in this book assumed that a period’s utility de-
pends only on the consumption in that period, not being affected
by the consumption in other periods. This means that the utility
function would be intertemporally additively separable. However,
an empirical characteristic found in household consumption pat-
terns is what the literature calls habit formation (or consumption
habits).

Definition 5.1.1 (Habit formation). This is the consumption
adjustment cost when a shock occurs that alters a household’s
income. These adjustment costs are measured in terms of utility.
Thus, if habit formation is particularly significant in relation to
a certain shock, consumption will adjust very slowly over time.

The existence of habit formation is a factor that can explain con-
sumption’s overly mild response in relation to changes in output
levels, as in this case preferences are not separable in time. More-
over, as shown by Boldrin, Christiano and Fischer (2001), it can also
explain the deviation from the permanent income hypothesis, which
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is the excess of sensitivity in consumption in relation to changes in
income levels.

Definition 5.1.2 (Permanent income hypothesis). Friedman
(1957) suggested that income Y is made up of two components:
permanent income Y' and transitory income YT. In other
words, Y = YP + YT. Permanent income is the fraction of in-
come that households expect will persist in the future, while
transitory income is the fraction of income that households ex-
pect will not persist. The former can be thought of as an average
and the latter as transient deviations.

Friedman maintains that consumption should depend mainly
on permanent income, because households use savings and
loans to stabilize consumption in relation to transitory changes
in income, thatis, C = a YY, where a is a constant that measures
the fraction of permanent income consumed.

Habit formation was introduced into DSGE models with the aim
of explaining the main dynamics observed in economics and of ad-
dressing the adjustment principle. With that said, data indicate that
the response of consumption to a positive shock in income has a
bell shaped curve. In particular, habit formation implies the in-
tertemporal non-separability of consumption. Considering this as-
sumption, a rise/fall in current consumption decreases/increases
the marginal utility of current consumption, but increases/decreases
marginal utility in subsequent periods. Thus, the problem of the
household to be solved is technically more complex, because of to
the fact that consumption decisions in the current period are not
only determined directly by the period’s utility, but also by future
utility.

The literature works with two possibilities of habit formation:
one external and the other internal. Assuming that consumption
habits are external to the household means that habits do not de-
pend on these agents’ past decisions with regard to individual con-
sumption, but on the economy’s aggregate consumption, an assump-
tion known in the literature as "catching up with the Joneses". This
is the specification used by Duesenberry (1949), Pollak (1970) and
Abel (1990). Another possibility is considering internal habit for-
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mation, which refers to a specification in which individuals’ habits
are determined in terms of their past consumption. This is the spec-
ification used by Constantinides (1990). Fortunately, as pointed out
by Schmitt-Grohé and Uribe (2012), the dynamics of both the as-
sumptions’ models are similar, especially if it is considered that the
representative agent’s preference coincides with the aggregate per
capita preference’.

In the literature, we find a large variety of specifications when
introducing habit formation. The most common functional form is
introducing a quasi-difference in consumption into the utility func-
tion, that is, a current consumption function minus a proportion of
the previous period’s consumption, U (Ct —¢; Ct_l), where ¢, > 01is
the persistence coefficient of habit formation, which represents the
degree to which preferences are non-separable over time. Thus, a
household’s utility in a certain period does not depend on the pe-
riod’s level of consumption, but on the quasi-difference.

Another common way of introducing this kind of friction is to
consider the utility function as a quasi-ratio of consumption. This
kind of utility function is a function of all past levels of consump-
tion, U (C¢ — ¢pcX¢-1), where X;—1 = X (C¢—1,Cr—,...), with X;_; rep-
resenting the stock of consumption habits in period t. In general
terms, it is assumed that the stock of consumption habits follows a
process, X; = (1-0,) X1 +6.C;, where §y is the depreciation rate
of the stock of habits and 0, measures the sensitivity of this stock in
relation to current consumption.

In the literature, habit formation has special relevance when ex-
plaining the so-called "equity premium puzzle", fundamentally be-
cause of to the rising discrepancy between the representative agent’s
relative risk aversion and consumption’s intertemporal elasticity of
substitution (Constantinides, 1990). Carroll, Overland and Weil
(2000) use habit formation to explain the existence of a positive rela-
tion between savings and growth. In this sense, the study shows that
high growth causes high savings, which contradicts standard mod-
els of economic growth, in which "forward-looking agents" would
save less in an economy with high growth owing to knowing that
they will be richer in the future. Thus, the authors show that, with

I External habit formation is U (C it —¢cC t—l)y whereas internal habit formation

is U(Cj,, —<,1>ch,,_1), If the idea of a representative household is being used, pref-

erences will be equal among households. Therefore, both habit formation assump-
tions will be similar.
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habit formation, results are consistent with empirical evidence. Mo-
reover, Boldrin, Christiano and Fischer (2001) show that, when habit
formation is considered, a large variety of empirical characteristics
are explained, such as the excess of sensitivity of consumption in
relation to income alterations, output persistence and negative cor-
relation between interest rates and future consumption.

Non-Ricardian agents

Basic models use agents that the literature calls Ricardian, because
ofto a behavior that seeks to satisfy the principle of Ricardian equiv-
alence. These basic assumptions imply that agents are optimiz-
ers and use savings to maximize their levels of utility throughout
their lives. Thus, savings is considered a variable that agents use to
separate the temporal profile of their consumption from the tem-
poral profile of their income, with the aim of maximizing utility.
This causes consumption, at a certain moment, not to depend on
the current period’s income, but on the level of income throughout
agents’ life-cycles.

The main assumption regarding the basis of the aforementioned
behavior stems from the fact that savings is merely an instrument
used for choosing optimal consumption at each moment in time
and that agents can move income between periods. Thus, agents
have free access to the financial market, for carrying forward present
income to the future and for bringing future income to the present.
While the first case is always true (any individual can save), the sec-
ond may not be. Thus, it is possible to find an individual who wishes
to have a higher level of consumption today, but this can only oc-
cur if the individual has access to credit, otherwise consumption is
restricted to current income. When this occurs, it is said that the
financial market is imperfect, and that liquidity constraints exist.

In practice, many agents face liquidity constraints, that is, they
would be willing to go into debt to increase their present consump-
tion levels, but do not have access to credit. This implies that these
agents cannot maximize their intertemporal utility. Such agents are
called non-Ricardian or rule-of-thumb agents. Many empirical stud-
ies, in both macro- and microeconomics, show that a significant
proportion of the population is subject to liquidity constraints?.

2For further information, see: Campbell and Mankiw, 1989; Deaton, 1992; Wolff,
1998; Souleles, 1999; and Johnson, Paarker and Souleles, 2006.
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Definition 5.1.3 (Principle of Ricardian equivalence). House-
holds are forward looking and therefore base their spending not
only on current income, but also on expected future income.
Thus, if the fiscal authority implements a tax cut without plans
to reduce spending, it will have to finance this cut with a bud-
get deficit (an increase in public debt). At some moment in the
future, the government will have to increase taxes to pay off the
debt and the accumulated interest. Thus, this fiscal policy actu-
ally represents a tax cut today that will be followed by a rise in
taxes in the future. Tax relaxation therefore provides only tran-
sitory income to households that will eventually be taken back.
Thus, households would not be in a better situation and con-
sumption would remain unchanged.

Definition 5.1.4 (Life-cycle hypothesis). According to this hy-
pothesis, income varies systematically throughout peoples’ lives,
and savings (or credit) allows households to transfer income
from periods of highs to periods of lows. Thus, if an individ-
ual expects to live T years, has wealth W (or access to credit)
and expects to receive income Y until retirement, which will
happen in X years, the individual’s resources throughout his/her
life correspond to the initial wealth W and the income XY ob-
tained throughout productive life (to simplify matters, income
obtained from interest is not being considered). Thus, the in-
dividual can divide his/her resources throughout life to main-

tain a stable level of consumption, C = WY or C = aW + pY,

T
where a = % and ff = % Therefore, it can be seen that consump-
tion depends on income and wealth.

In the basic model, a positive shock in government spending has
a negative effect on wealth, causing agents to decrease their levels
of consumption and increase labor supply. This result is, in prin-
ciple, at odds with empirical literature, which establishes the effect
on consumption as positive, or at least not significant. If the exis-
tence of non-Ricardian agents is not considered, the negative effect
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on agents’ wealth is forward looking, so their levels of consump-
tion depend on permanent income as it satisfies the principle of Ri-
cardian equivalence. The inclusion of non-Ricardian agents causes
the level of aggregate consumption to rise in response to a shock in
public spending, as shown by Mankiw (2000).

Gali et al. (2007) developed a model with Ricardian and non-
Ricardian agents. In this context, the effect of a public spending
shock on private consumption will be positive if the proportion of
non-Ricardian agents in the economy is greater than 60% in the
case of a competitive market structure. This proportion drops to
25% in the case of a competitive labor market only.

The model

In this section, the structural model of the economy proposed in
this chapter is presented and solved, step by step. The alterations
in this chapter are related to the structure of the household agent,
which now considers habit formation and is divided into two groups:
Ricardian and non-Ricardian agents. With regard to firms, there are
no alterations in relation to the previous chapter. Of the general
assumptions, 2.2.1 and 2.2.2 remain valid, while assumption 2.2.3
does not, as adjustment costs on consumption (habit formation)
are now being considered.

Households

In this model, households will be altered, with the inclusion of habit
formation and non-Ricardian agents. There is a continuum of house-
holdsindexed by j € [0, 1]. A fraction wp of this continuum of house-
holds, indexed by R € [0, wr) has access to the financial market and
acts as Ricardian-agents, that is, this type of household maximizes
its utility intertemporally. The remaining households, indexed by
NR € [wg, 1] do not have access to the financial market and simply
consume current available income, thus acting as non-Ricardian
agents. For households, assumptions 2.2.4 and 2.2.6 remain valid,
while assumption 2.2.5 ceases to be so owing to the aforementioned
alterations. Assumptions 4.2.1 and 4.2.2 also remain valid.
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Assumption 5.2.1. The utility function is intertemporally non-se-
parable and depends on the quasi-difference of consumption, Cj ; —
¢:Cj,t-1 (internal habit formation), where ¢ > 0 is the parameter
for the persistence of consumption habits.

Determining consumption and savings in Ricar-
dian households
Itis assumed that each Ricardian household maximizes its intertem-

poral utility function in terms of consumption (Cg, ;) and leisure
(with labor, Lg ;). The problem of this agent is defined as:

1-o I+¢
o) Cri—¢.Cr L

max E Y pl (Crt—$cCri-1) _ TR 5.1)

CreKie1 =0 l1-o 1+¢

subject to,
Py(Crt + 1) = WiLg s + Ri Ky (5.2)
with the law of motion of capital,

Kpt+1=Q1-0)K;+ I, (5.3)

Using the Lagrangian to solve the problem of the Ricardian house-
hold,

1-o I+¢

o (Cr,t = ¢pcCr,1-1) Ly,
ngIZﬁt{ 16—0 1+

t=0 ¢

— ARt [PiCr¢+PiKis1—Pr(1-8)Kit—WiLp;— RiKg:| (5.4)

This agent’s first-order conditions are:

0.7 _( 1 )0[(CRJ_¢CCR,[—1)1_U]

0Cr,; “1-0 0Cp,;

=0

! )ﬁa[(ErcR,m—</JCCR,t)1“’]

—ARtPr+
RSt (1—0' OCR,I
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With,

a[(CR,t_chCR,tfl)l_o]
0Cp,¢

= (1 — 0') (CR,t - (PCCR,L‘—I)_U
and,

1-0

0[(ECri ~cCr)' ™

O0CR ¢

Thus, the previous result is:

=—=¢.(1-0) (EtCR,t+1 —(l)cCR,t)ﬂT

(Cr: - (PcCR,t—l)_U — AR, tPr— e (ECryrs1 — (PcCR,t)_U =0 (5.5

0.7
0K 11

=—AR, Pt + BEiAR 1+1 (1 =O0)EsPry1 + E;Rr11]1 =0 (5.6)

From equation (5.5),
(Crt—¢cCri-1)"° (E:Crt+1—¢cCryi)"°

—ocp (5.7
Py Py

The relevance of the assumption of habit formation can be seen
by looking at the periods involved in household consumption deci-
sion-making. If, in the basic model, households look at t and t+1
to make decisions, with habit formation, the periods involved in
intertemporal choice are t-1, t, t+1 and t+2, which attenuates con-
sumption alterations between periods.

From equation (5.6), the Euler equation is derived,

ARt =

AR,iPt = PEiAR 1+1[(1 —0)E;Pry1 + EtRpy1] (5.8)

Determining the consumption of non-Ricardian
households

The behavior of non-Ricardian households is simpler owing to liq-
uidity restrictions that do not allow intertemporal maximization.
Thus, the consumption of non-Ricardian agents must equal income
in each in period. Actually, even without access to credit, these
agents can take present income to the future (via savings). To make
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the model more treatable, it is also assumed that these agents do
not save. The problem faced by these agents is:

1-o I+
& C —¢cCNR ;- L
maxE, Y pl (Cnr,t—PcCNR 1-1) _ “NRt (5.9)
CNR,t =0 1-0 1+
subject to the following budget constraint:
PtCnR,t = WiLNR,t (5.10)
Using the Lagrangian to solve this problem,
1- I+¢
2 || (Cvri—¢cCnri-1) °  Lng,
2 =E Z B -
=0 1-0 1+¢
—ANR,t [PtCNR,t — WiLng,(] (5.11)
The first-order conditions for the previous problem are:
07 -
=(C —¢cCNR -
3Cnrs (CNrt—$cCNR-1)
—ANR,tPt = pcB(ECNR+1 — PcCNR) * =0 (5.12)

So, from equation (5.12),

(Cnr:—PcCNR-1) " i ﬁ(EtCNR,t+l_¢cCNR,t)7U
Pt ¢ Pt

ANRt =
(5.13)

Determining wages for Ricardian and non-Ricar-
dian agents
As far as the problem of determining wages is concerned, there is

no difference between the types of household involved. Thus, x =
{R, NR}, and the problem is the same as in the previous chapter:

1+¢
oo [ ) ',t i *
max E; Y (BOW)! {_%(;‘ +Arei wj,th,j,m] } (5.14)

gt i=0
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subject to,
W, Yw
va].vt:Lx,t(let*) (515)
Thus, the maximization problem is:
1+¢
Wit
maxEtZ(ﬁHW)l{—— [ xt+l( )
Wj t i=0 W] t
. Wir: \¥W
+ x| W] Lrvi (W]%) (5.16)
The first-order condition for the problem of determining wages
is:
Wi vw Wiyi w1
0= 300w {uw | Lue 124 P LD
tlz;,) X, t+1 W],t* X, t+1 Wth* ]/Vj,t*
W, vw
+A =YW Ay rviLly i (W]Ht—i )
or,
o) . Wi yw1?® 1
OZEIZ(,BHW)Z{WW [Lx,m( Hi) -
i=0 Wit Wit
(L —Yw) A+
Therefore, the optimal wage is obtained thus:
(p . .
ij[* :( Yw )EtZ(ﬁe ) x] t+i (5.17)
Yw— Ax+i
or,
y Ly
X t+
Wi, :( W )EtZ(ﬁGW) BRI s} (5.18)
Yw— AR, t+i

)54
Wj,t* _ ( Yw )Etz(ﬁgw) (M) (5.19)
Yw - ANR,t+i
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and the wage level,

1
Wi = [Ow W, " + =0y wy v | T (5.20)

Aggregating Consumption and Labor

The aggregate value for consumption and labor is given by the fol-
lowing aggregation form:

WR

1

X = | XR,j,tdj+f XNR,j,tdj = wrXRr+ (1 —wRr) XNR ¢
R

Therefore, aggregate consumption and labor is:

C:=wrCp:+(1—-wpr)CNR ¢ (5.21)

Ly =wgrLp,+ (1 —wRr)LNR,: (5.22)

Firms

The assumptions of the firms groups 3.2.1-3.2.6 remain valid. Con-
sequently, the results from chapter 3 will be used:

Equation (3.10),

1
Yj=AKG, L " (5.23)
Equation (3.11),
logA;=(1—-pa)logAss+palogA;_y +¢; (5.24)
Equation (3.15),
_ Yt
Lj=(Q1 —a)MC,-,tWt (5.25)
Equation (3.16),
Y
Kj;=aMCj— (5.26)

R;
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Equation (3.22),

1 Wl’ l1-a
MC;, = T

1 —
Equation (3.25),

129

a
f) (5.27)

Pj, = (%)EtZ(ﬁ@ﬂMCﬁHi (5.28)
v-1) iS5

Equation (3.26),

[epl Via-0p;- ‘”]1 v (5.29)

The model’s equilibrium conditions

The model reaches its conclusion with the following equilibrium

condition for the goods market:

Yt = C[ + I[ (530)
This economy’s model is composed of the equations from Table
5.1.
Table 5.1: Structure of the model.
Equation (Definition)
ARt = (Ricardian
(Cri=¢cCr1-1)"" bep (E:Cr,t+1=0cCr1) ™7 household
Pt ¢ Pt Lagrangian)
q)
Wi * _( _I)Etzl o(BOW)! ( fR];') .Deﬁnition of
optimal wages of
Ricardian
household)
W = (Level of aggregate
1

[oww, 7 + -y o] o wages)
Tw, = Wr/ Wi (Gross wage
inflation rate)
AR Pt = BEi{AR 141 [(1 = 8) Py + R 1} (Euler equation)

Kit1=1-0)K;+1;

(Law of motion of
capital)
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ANR: =

(CNRt=hcCNR-1) "7

Py
—¢cCnr,t) 7

b (ECNR,1+1
c

Py

Wje* = (725 ) B 22, (B0w) (

PtCNR,t = WtLNR,t

Ci=wrCp¢+ (1 -wRr)CNR,¢
Li=wprLp:+(1—wRr)LNR,:
Y= AKOLI@

Kt = OCMC[RLE

Li=(0-a)MCiat

1 w, l1-a R %
e, = ()" (2
Py = (75 EeE2,(BO MCy
Pt—[HP +(1-0)Pr" ‘/’]“”
ﬂt—Pt/Pt 1
Yt:Ct"rlt

logA;=(1-pa)logAss+palogAi_i +e€;

_NR,jt+i
ANR,t+i

Chapter 5

(Non-Ricardian
household
Lagrangian)

(Budget constraint
of non-Ricardian
agent)

(Restricao
orcamentaria para o
agente nao
ricardiano)
(Aggregate
consumption)
(Aggregate Labor)
(Production
function)
(Demand for
capital)

(Demand for labor)

(Marginal Cost)

(Optimal price
level)

(General price level)

(Gross inflation
rate)

(Equilibrium
condition)
(Productivity shock)

Steady state

This section keeps to the same procedure adopted in other chapters
for solving the steady state.

Households

=ﬁ(1—6+—

RSS
PSS

O K5 = Is

|

(56.31)

(5.32)
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T ¢
CR ssLR ssPss

(1=6O0w)A =) (1= pcp)

a (P
CNR $s'NR, ssP

| _Yw
o= ()

| _Yw
o)

where: Z"oo(ﬁﬂw)’

(1=POw)(1 =)~ (1 —pcp)

1
1-pOw

Css = wRCR,ss +(1- wR)CNR,ss

Lgs=wRrLR ss+ (1 —wWR)LNR,ss

Firms

MCys = (1wss )1“ (R_)

SS

where: ZOOO(,BH)‘

Yss
Lis=(1-a)MCss——

SS

Yis
Ky =aMCss—
Rgs
Yos = KGLS"

—-a a

(5 e

ﬁ

Equilibrium condition

Y55 = Css + Iss
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(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

Next, the values of the prices (Pss, Rss, W5 and MCg) must be
determined. The general price level is normalized (Pss = 1), thus,

from equation (5.31),
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Rgs = Pgs -(1-9) (5.43)
B

the value of R;; is found, while the value of MCs; is derived from
equation (5.41):

v

MCqs = (;1) (1- BO) Py (5.44)

With the values of Rs; and M C, known, the value of W is also
known, and from equation (5.40),

a \@
Wsls_a =MCss(1- a)l—a (R_)
ss

1 ([« &
Wss=(1—-a)MC" (R_) (5.45)
ss

Having determined the prices, the next step is to obtain the vari-
ables that compose aggregate demand (Cg; e I;). Substituting equa-
tion (5.38) in equation (5.32),

B (6aCMSS) v
SS RSS SS

At the steady state, Css = Cr,ss = CNR,ss € Lss = LRss = LNR,ss»
substituting equation (5.37) in equation (5.33),

( - H cg [0 -aMCe gz ]” Py }
ss =

(5.46)

yw—1)| A=pOw)1-dp) Q- p:p)
P o B WW—I Wss[ @
CiYss = (1=¢p0) 7 (1= B0 ﬁﬁw)( v ) 1- a)MCss
1
Cos = —5 {(1= ) 71— ) (1 - fOw)
Yss
B AN
{(I[IW 1) Wrs [ } (5.47)
yw (1 a)MCSs
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Substituting (5.46) and (5.47) in (5.42),
1
{1-¢p0) 71— pcf)(1 - OW)}

Yss = 9
o
Y5

w}é

) Wis [ Wis
Pgs | (1-a)MCgs

(506MC33)
+ Y
Rgs

(&

0aMCgg
1- | /2| Yy = —
s Vg

yw—1

{(1 -1 - ﬁew)( =

5!
PSS

the product at the steady state is:
R

Yss — ( SS

Rss—0aMCg

g
) g+

Wes

PSS

-1
{(1 — ) (- peP) (1 - fOw) (”’W )
vw
WSS

») 715
{ (1-a)MCs, }
The previous procedures are summed up in the presentation of

(5.48)

the steady state below:

Ag=1
P =1
Rgs = Py [l—(l—&]
B
‘”—”)(1 — BO)Py,

MCss = (
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1 [ a \T-a
Wss=(1—-a)MCL“ (—)
Rgs
~ Rss 7o
Yss_(Rss_aaMCss)
- 'WW_l Wss
L= o) " (1 - pef) (1 O ( )_}
{( ¢c) (1= P) (1~ pOw) wvw ) Pu
e
(1-a)MCg;
Yss

Lgs=(1-a)MCgs

SS

Remembering that,
Lgs = LR,ss = LNR,ss

Kss=aMC &
§S SSR

SS

Iss = 0K

1
Css=— {(1—¢pa)' 71— BOw)}

Y3
1
{(V/W_l) Wes [ Wis (p}(,
Yw Pgs |(1—a)MCg

Also remembering that,

Css = CR,ss = CNR,ss

Table 5.2 shows the calibrated values that will be used in the
simulation, while table 5.3 shows the model’s steady state values.
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Table 5.2: Values of the structural model’s parameters.
Parameter | Meaning of the parameter Calibrated value
o Relative risk aversion coeffi- 2
cient
17 Marginal disutility with respect 1.5
to labor supply
a Elasticity of output with respect 0.35
to capital
B Discount factor 0.985
6 Depreciation rate 0.025
[ Autoregressive parameter of 0.95
productivity
oA Standard deviation of produc- 0.01
tivity
0 Price stickiness parameter 0.75
v Elasticity of substitution be- 8
tween intermediate goods
Ow Wage stickiness parameter 0.75
Yw Elasticity of substitution be- 21
tween differentiated labor
0P Habit persistence 0.8
WR Participation of Ricardian 0.5

agents in consumption and
labor

Table 5.3: Values of variables at the steady state.

Variable | Steady state

A 1

R 0.040

MC 0.229

w 0.215

Y 0.842

I 0.042

C 0.800

L 0.581

K 1.674
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Log-linearization (Uhlig’s method)

Uhlig’s method continues to be used as a tool for log-linearizing the
model. The law of motion of capital is the same as in the other chap-
ters,

Kii1=(1-80)K, +61; (5.49)

The Lagrangian of Ricardian and non-Ricardian
households

Habit formation and the introduction of non-Ricardian agents are
new elements in this chapter. Thus, more attention is necessary
when log-linearizing the equations that involve them.

From equation (5.7),

AR,tP: = (Cr:— <PcCR,t—1)_U — e (Criee1 — (PcCR,z)_U

whose steady state is:

;LR,ssPss = C§z5(1 - (PC)_U(l _(bcﬁ)

To log-linearize the Lagrangian equation of the non-Ricardian
agents, two auxiliary variables will be used,

CCr,t=Cgrt—¢:Cpr 11

and,

CCgrt+1=Cprt+1 = PcCrt
with the following steady state,

CCR,ss = CR,ss(l —$c)

and log-linearization:

CCh,ss(1+CCRr,¢) = Cryss(1+ Cr 1) = pcCrss(1+ Cr r-1)
with CCpss = Cp ss(1 — @), the log-linearization of CCpg s, is:

— 1 ~ ~
CCp = ( 1 ) (Cr,t —¢cCr -1) (5.50)

c
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Similarly,

— 1
CCR,t+1 = (1

) (Crt+1— PcCr1) (5.51)
—_ (pc

Rewriting the Lagrangian equation of the Ricardian agents using
the auxiliary variables,

ARtP; = CCR% = pePECCRY,,

ARssPss(1+/1Rt+Pt)—CCRss(l 0CCr)~¢cBCCR%(1~0E,CCpr11)

Cil A=) (L= pcP) (A, + Py)
= C}?fis(l - ‘/’c)_go'((l)cﬁEtéfR,Hl - /CER,Z’)

IR,t"‘ﬁt= ,BErE:ER,Hl —66}?,0

L] @
A-¢ep)] ¢

Substituting the auxiliary variables in the previous expression,

Ar¢+Pr= [M( )(EtC'R,m—qbcéR,t)

[ﬁ] 1=

)(GR,t—%CR,E_I)]

- ( 1 —1¢>c

ARt =

i)
1=¢pc)A =P
[¢cﬁ(Ez6R,t+1 —¢cCr1)— (Cpy— chéR,r—l)] - P, (5.52)

Similarly for non-Ricardian households,

ANR: =

i)
1=¢pc)A =P
[pcBECNR 1+1 —PcCNR ) — (Chr it —PcCNR-1)] =P (5.53)
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As for the Phillips equation for wages, from equation (5.18),

) (o) ()
Yw— 1 1- ,BHW /1R,ss

Wss(1+W;‘)=(

Ee Y (BOW) (1 +Lp gsi— Ar,e+i)
i=0

Remembering that at the steady state, W = ( Yw )(l—ﬁ+ﬂw)

yw—1
(LR,ss)
AR,ss ’

W, =1~ BOw)E: Y (BOW) (L i+i — Ari+i) (5.54)
i=0

Using equation (4.46),
W, = 0w W1+ (1 —0py) W/ (5.55)
Substituting (5.54) in (5.55),
P P 0 o~ o~
Wy =0w W1+ 1= 0w) (1= BOW)E; Y (BOW) (L t+i — AR 1+i)
i=0

Using the quasi-differencing procedure. Thus, multiplying the
previous expression by (1 — L™ 0y):

Wi—BOw E-Wes1 = 0w W1 +(1-0w) 1= BOW)E, Y (BOW) (LR, r+i— AR r+1)
i=0

—BOWOWW, — (1 —0w)(1 - BOW)E; Y (BOW) (LR, 141 — AR t+1+1)
i=0

Wi—BOw E;Wri1 = 0w Wiy —BOwOw Wi+ (1-0w) (1-0w) (Lr,c—Ar,)

Adding and subtracting W;(1-0y) (1—B60w) = W;(1— 0w —Ow +
BOwOw) in the previous expression,

W;—BOwE Wy = 0w W;_1—BOwOw W +(1-0w) (1—BOw) (Lr, —Ar, o)
+Wt - ﬁHWWt - HWWt + ﬁHWQWWt
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Ow (W= W,_1) = Ow B(E Wy — W) +(1-0w) A—BOw) (Lr, — A, 1— W)

Dividing both sides of the previous expression by 6y, assum-
ing my, = Py — Py—1 and Ty ;41 = P41 — Py, we arrive at the Phillips
equation for Ricardian households’ wages:

(1-6w)(1 - pOw)

(Lri—Ar:i—W;) (5.56)
Ow

Aw:=PBETW 1+

Similarly, for non-Ricardian households,

1-0w)(1 - pow)
Ow

Twe=PBETwW 1+ (Lnr,:—Anr:—Wr) (5.57)

Euler equation

From equation (5.6),
AR, 1Pt = BE:{AR t+11(1 = 8) Pri1 + Ry 1}

1 /1R,tpt

————=E/[1-0)P R
B Ehnin Al )Pri1+ Rey]

P ~ _ _ _ _
(%) (A+AR,t+Pi—E AR t+1) = Et [(1 —6)Pss(1+ Pry1) + Rs(1 +Rt+1)]

Poo) ~ _ - - -
(%) (Ar,t+Pr—EiAR1+1) = Et [(1=8)PssPri1 + RysRy1]  (5.58)

Aggregate consumption and labor

From equation (5.21),

Cssét = wRCR,sséR,ss +(1- wR)CNR,sséNR,ss

as Cys = CR,ss = CNR,ss’

ét = wRéR,ss +(1- wR)éNR,ss (5.59)
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From equation(5.22),

Lsszt = wRLR,sszR,ss +(1- wR)LNR,ssZNR,ss

as Lgs = Lg,ss = LNR,ss»

Ly =wpLlpss+(1—wp) Lyrss (5.60)

The firms sector is unchanged, thus, the existing log-lineariza-
tions are used:

Yi=A;+aK,+(1-a)L; (5.61)
K;=MC,+Y,-R, (5.62)
Li=MC,+Y,-W, (5.63)

MC;=[(1-a)W; +aR; - A;] (5.64)
ﬁtzﬁEtﬁtH'i'[w](mt_ﬁt) (5.65)
=P, —P; (5.66)

Y55 ¥y = CssCp + Igs Iy (5.67)
Ar=paA;+e; (5.68)

Table 5.4 summarizes the log-linear model.

Table 5.4: Structure of the model.

Equation (Definition)

i =
Rt= |7 77 7 A

=000 -¢cp) (Ricardian

[pcBECR 1+1~PcCr 1)~ (Crt—bcCr-1)] — Pt household

Lagrangian)

W= (Phillips equation

BETw 141 + [W] (LR~ AR —Wo) for Ricardian

household wages)
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TWe= Wy - W;_1 (Gross wage
inflation rate)
(%] (AR, +Pr—EtAR 1+1) = (Euler equation)

(1-8)E; (Pssﬁjﬂ +ﬁss§t+1]
Kiv1=10-0)Ks+061; (Law of motion of
capital)

e
NEEZ A= g0 -¢cp) o
[0cBUE: i 141~ 9eCrm) = Cxm = 9eCvm )] (Non-Ricardian
- Py Lagrangian)
awe=PBEAwWs1 + [M] (Inr: - (Phillips equation
i —W) v for non-Ricardian
NR,t t

household wages)
Pr+CNRy=Wi+Lng: (Budget constraint
of non-Ricardian
_ _ _ agent)
Ct=wRrCRss+ (1 —wR)CNR,ss (Aggregate
consumption)
L; =wRZR,ss+(l_wR)ZNR,ss (Aggregate Labor)
Vi=Ar+aKi+(1-a)l; (Production
L function)
Ki=MCs+Ys—Ry (Demand for
capital)
L= Z\%t +Y, - Wt (Demand for
. . o labor)
MCy=[1-a)Wr+aR;— A¢l (Marginal Cost)
Tt =PEtise1+ [w] (MC;-Py) (Phillips equation)
Fr=P;—P;_q (Gross inflation
~ _ _ rate)
Yss Yy = CssCy + Iy (Equilibrium
_ ~ condition)
Ar=paAr_1+er (Productivity
shock)

Productivity shock

Figure 5.1 shows the results of a positive productivity shock. The
shock causes the marginal productivities of labor and capital to rise,
and firms respond to this by increasing their demand for factors of
production (L, K). In this model, the participation of non-Ricardian
agents has a decisive result on labor supply. With the rise in in-
come due to the productivity shock, non-Ricardian households in-
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crease their acquisition of consumer goods, but not as much as in
the models in the other chapter due to the limitation of habit for-
mation. The excess income that should be used for acquiring finan-
cial assets that, as assumed in this model, are not available to these
agents, causes them to increase their acquisition of another good,
leisure.

Y C
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Figure 5.1: Impulse-response functions for the NK model with habit formation
and non-Ricardian agents.

In the other models, the income effect was a relevant factor in
justifying the labor supply’s weak response to a positive shock. With
the introduction of agents with liquidity constraints and habit for-
mation, this effect is more robust. In Figure 5.2, it can be seen that
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the results in terms of real wages are more significant in the mo-
del with household frictions (NKFR) and labor supply is less than in
other models.

This difference in the income effect between models, which gen-
erates a lower labor supply is compensated by a higher supply of
capital. Another sign related to frictions included here is consump-
tion’s bell-shape. In Figure 5.2, the differences in consumption after
a productivity shock between the models is more evident. In the
model with habit formation, the response of consumption given
a productivity shock is delayed for approximately 10 periods (the
point at which the responses of consumption in the NKFR and NKWR
models are equal).

Figure 5.3 reinforces the discussion on the income effect. The
introduction of this type of agent causes the wage level, at the point
of inflection between the regions in which each effect dominates,
to increase from 127% in the previous model to 150% in this model,
which demonstrates the increased influence of the income effect on
this economy’s labor supply.

Is there an interpretation problem related to the pres-
ence or absence of household frictions (habit forma-
tion and non-Ricardian agents)?

The effects of the two types of household friction will be isolated so
as to answer the question in this subsection. The first counterfac-
tual exercise (Figure 5.4) concerns habit formation, with three pro-
ductivity shock simulations having been performed, the ¢, param-
eter assuming the values of 0, 0.4 and 0.8. The first evidence is that,
with the increase in ¢, the influence of the income effect becomes
stronger, a fall in labor supply, a rise in real wages and increased
supply of capital. The participation of non-Ricardian agents is stud-
ied in Figure 5.5, in which wp, (the participation of Ricardian agents)
assumes the values of 0.1, 0.5 and 0.9. With an increase in non-
Ricardian agents (a decrease in wg), the supply of capital is com-
promised, as this kind of agent does not have access to the financial
market. This lower level of savings affects the economy’s future per-
formance, with a reduction in household consumption.

In short, when defining a model’s assumptions, the economist
must carefully consider the inclusion of habit formation and non-
Ricardian agents, as the intertemporal allocation of income (via sav-
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response functions.
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%W

% leisure

Figure 5.3: Leisure-wage locus. The x and y axes measure the variable’s devia-
tion in relation to the steady state in percentage. Point I is the inflection point
between which the substitution effect and income effect dominate.

ings) is impaired. This situation has different results on consump-
tion and factors of production, and economic policy may be de-
signed erroneously, expecting results different from those that will
actually occur.
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BOX 5.1 - Log-linear NK model with household rigidity on
Dynare.

//NK model with household rigidity

//(Habit formation and non-Ricardian agents)

//Chapter 5 (UNDERSTANDING DSGE MODELS)

var Y I C CR CNR R K W L LR LNR PIW P PI A LAMBDAR LAMBDANR CM;

varexo e;

parameters sigma phi alpha beta delta rhoa psi theta thetaW psiW phic omegaR;

sigma
phi =
alpha
beta = 0.985;

delta = 0.025;
rhoa = 0.95;

psi = 8;
theta = 0.75;

[l

model (linear) ;

#Pss = 1;

#Rss = Pssx((1/beta)-(1-delta));

#CMss = ((psi-1)/psi)*(1-beta*theta)*Pss;

#Wss = (1-alpha)*(CMss~(1/(1-alpha)))*((alpha/Rss)~(alpha/(1-alpha)));
#Yss = ((Rss/(Rss-deltaxalpha*CMss))"~(sigma/(sigma+phi)))
*((1-phic*beta)*((1-phic)~(-sigma))*(1-beta*thetaW)*((psiW-1)/psiW)*(Wss/Pss)
*(Wss/ ((1-alpha)*CMss))~phi) ~(1/(sigma+phi));

#Kss = alpha*CMss*(Yss/Rss);

#Iss deltax*Kss;

#Css = Yss - Iss;

#Lss = (1-alpha)*CMss*(Yss/Wss);

#CRss = Css;
#CNRss = Css;
#LRss = Lss;

#LNRss = Lss;

#LAMBDARss = (1/Pss)*(CRss~(-sigma))*((1-phic)~(-sigma))*(1-phicxbeta);
#LAMBDANRss = (1/Pss)*(CNRss~(-sigma))*((1-phic)~(-sigma))*(1-phic*beta);
//1-Ricardian household Lagrangian

LAMBDAR = (sigma/((1-phic)*(1-phic*beta)))*(phickbetax(CR(+1)-phic*CR)

- (CR-phic*CR(-1)))-P;

//2-Phillips equation for Ricardian households’ wages

PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*xthetaW)/thetaW)* (LR-LAMBDAR-W) ;
//3-Gross inflation rate for wages

PIW = W - W(-1);

//4-Euler equation

(Pss/beta) * (LAMBDAR+P-LAMBDAR (+1))=(1-delta)*Pss*P(+1) + Rss*R(+1);
//5-Law of motion of capital

K = (1-delta)*K(-1) + deltaxI;

//6-Non-Ricardian household Lagrangian

LAMBDANR = (sigma/((1-phic)*(1-phic*beta)))*(phic*beta*(CNR(+1)-phic*CNR)
- (CNR-phic*CNR(-1)))-P;
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//7-Phillips equation for non-Ricardian households’ wages
PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*xthetaW)/thetaW)* (LNR-LAMBDANR-W) ;
//8-Non-Ricardian household budget constraint
P+CNR=W+LNR ;

//9-Aggregate consumption

Css*C = omegaR*CRss*CR + (1-omegaR)*CNRss*CNR;
//10-Aggregate labor

Lss*L = omegaR*LRss*LR + (1-omegaR)*LNRss*LNR;
//11-Production function

Y = A + alpha*K(-1) + (1-alpha)*L;

//12-Demand for capital

K(-1) =Y - R;

//13-Demand for labor

L=Y-1W

//14-Marginal cost

CM = ((1-alpha)*W + alphaxR - A);

//15-Phillips equation

PI = beta*PI(+1)+((1-theta)*(1-beta*theta)/theta)*(CM-P);
//16-Gross inflation rate

PI =P - P(-1);

//17-Equilibirum condition

Yss*Y = Css*C + Iss*I;

//18-Productivity shock

A = rhoa*A(-1) + e;

end;

model_diagnostics;
steady;
check (qz_zero_threshold=1e-20);

shocks;

var e;
stderr 0.01;
end;

stoch_simul (qz_zero_threshold=1e-20)Y I C CR CNR R K W L LR LNR PIW PI A;







Chapter 6

New Keynesian Model with
adjustment costs on investment
and the under-utilization of

maximum installed capacity

The first part of the extension of the basic models involved the de-
velopment of household consumption-related frictions. In this chap-
ter, two types of friction will be addressed: the firstis related to costs
a firm faces when deciding upon its level of investment, while the
second involves costs that the firm will have to defray when decid-
ing its level of utilization of installed capacity.

In the basic model, it is assumed that capital can change from
one period to the next, without any constraint on the investment
process. However, in the real world, capital stock signifies ware-
houses, machinery, etc., which cannot be instantaneously built and
installed. Therefore, one important aspect that should be consid-
ered involves the inclusion of an adjustment cost in the investment
process. This means that the capital stock would not be at its opti-
mal level in the current period, as the agents would not be making
their investment decisions immediately, to fully cover this require-
ment. Rather they would seek to change the capital stock gradually,
with smooth movements in investment.

Another assumption made by the more simplistic models is that
the use of installed capital would be a constant 100% so that the
only decision to be made would concern the stock’s adjustment ve-
locity. However, empirical evidence demonstrates situations in
which the use of capital is lower than 100%, this level basically being
related to business cycles. In other words, a firm might have built a
plant, but because of to a weakening economy, it would be func-
tioning below its maximum capacity. At the very least this would
present an opportunity cost.
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Abrief theoretical review: adjustment costs
on investment and the under-utilization

of maximum installed capacity

This section aims to present a basic review of investment and the
frictions associated with the level of capital. It begins with a pre-
sentation of the adjustment cost on investment, and then demon-
strates the cost of not using maximum installed capacity.

Adjustment Cost on Investment

The basic model presents no form of constraint with regard to in-
vestment, so the capital stock can be adjusted instantaneously. How-
ever, empirical evidence shows that the capital stock in firms is a
variable that possesses a degree of rigidity, meaning that any adjust-
ment to this variable is not so quick. In this section, the idea will be
introduced of the existence of adjustment costs in the investment
process. The more quickly the firm intends to adjust its capital, the
higher the adjustment cost. Two distinct types of adjustment cost
may be cited: external and internal.

The external adjustment cost occurs when firms desire a per-
fectly elastic supply of capital. In reality, however, the availability
of capital goods occurs at different velocities. Some types of capital
have immediate availability, while others do not. This has the effect
of making the price of capital dependent upon the timing of the de-
sire for this availability: the quicker the desire for capital, the higher
the price of this input. The internal adjustment cost is measured in
terms of production loss. When new capital is introduced, a portion
of production resources will be diverted to its installation. These re-
sources would be temporarily unavailable for production, resulting
in production shortfalls.

In general, the adjustment cost on capital can be differentiated
from the adjustment cost on investment. The existence of the for-
mer emanates from the evolution of Tobin’s Q theory, while the lat-
ter comes from Jorgenson (1963). Tobin (1969) developed a theory
in which firms’ investment decisions are a function of the value of a
ratio known as Q. Any element that affects investment does so by
way of an effect on this variable. On the other hand, Jorgenson
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(1963) introduced the existence of adjustment cost on investment
as a lag structure linked to investment.

Definition 6.1.1 (Tobin’s Q). Relationship between a company’s
market value and the replacement value of its physical assets.
Thus, it represents the ratio between two values assigned to the
same group of assets (Reinhart, 1977). Tobin’s Q, in its basic
form, may be expressed as:

market value of the shares

replacement value of firm’s assets

Hayashi (1982) shows that, under certain conditions, Tobin’s Q
is equivalent to the marginal value of capital. In this context,
if Q > 1, at the margin, firms will have an incentive to invest
since the value of the new capital invested will exceed its cost
(Lindenberg and Ross, 1981).

The existence of adjustment costs on capital is covered in the lit-
erature in works such as Hayashi (1982), Abel and Blanchard (1983),
Shapiro (1986), among others. Generally speaking, the following
function of adjustment cost on capital may be defined: S(.) =S (I%)’
in which this cost depends on the volume of investment in relation
to the capital stock. This function should fulfill the following char-
acteristics: S(6) =0, $'>0and S > 0, in other words, if the aim is
simply to maintain a constant level of capital, the cost will be zero.
On the other hand, its second derivative is positive, indicating that
this cost rises more than proportionately — an increasing, convex
function.

The existence of adjustment cost on investment means that there
is a loss of capital or an additional cost in the investment process.
This notion suggests that marginal productivity of capital should be
equal to an expression in which the cost of capital appears, as well
as the net function of investment of the cost of this adjustment. In
other words, in a period of growth, a firm’s capital stock will be lower
than its optimal level in the current period, causing the firm not
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to carry out the full, desired investment immediately as the adjust-
ment cost could be significant, leading it to carry out its investments
gradually over a longer period of time.

In this way, the adjustment cost associated with investments
makes reference to the existence of costs in terms of period-to-pe-
riod investment variations. The most common way of defining the
adjustment cost on investment is by means of the following func-

tion: S(.) = S(If—jl), where S(1) = 0, S’(l) =0and S" > 0, indicat-
ing that the cost associated with the change in the level of invest-
ment is zero when the objective is simply to maintain a constant
level of capital, i.e., a steady state. Consequently, the usual form
of considering the existence of adjustment costs on investment is

to assume that the law of motion of capital is: Ky+1 = (1 -0)K; +
2
x( I
1 1-4 (£ 1)

I 2
[ 2 ( It,ll )

this investment.

In the literature, when discussing investment, there are two pos-
sibilities. It may be assumed that households are the owners of cap-
ital, so in this case the investment decisions are equivalent to de-
cisions about savings. This is the approximation most frequently
used the capital stock comes from households’ decisions about sav-
ings. On the other hand, it could be assumed that firms are the
owners of the capital, in which case there would be a distinction be-
tween households on the one side and capital-producing firms on
the other. Using this alternative specification, savings and invest-
ment decisions may be separated, thereby obtaining the demand
for investment.

, where I; is the gross investment and

is the adjustment cost function connected with

Cost of under-utilization of maximum installed capac-
ity

An additional element, which might explain some empirical data
with regard to cyclical fluctuations, is the level of utilization of in-
stalled capacity in the economy. In the basic model, all available
capital is used in the production process. However, in reality, it can
be seen that the intensity with which available capital is used, varies
over time. This means that, in the event of a shock, not only would
the level of investment be altered but also the level of utilization of



NK Model: rigidity in investment and utilization of capital 155

installed capacity, so each of these would possess different shock
transmission mechanisms.

Definition 6.1.2 (Problem of the capital-producing firm). It is
assumed that the accumulation of capital is the responsibility
of a single firm that transforms a bundle of investment assets
(D into capital (K). This firm defines the quantity I to be trans-
formed into capital, maximizing the profit earned in the trans-
fer of capital to firms subjected to costs of investment and under-
utilization of capital. Therefore, this firm should solve the fol-
lowing problem:

o0
max E; Y BiAr {RtUth
Ut,Ktv1,1¢ tgo &

= Peki [y -1 + 22 0 - 172] ~Pil; }

Cost of Under-utilization of Maximum Installed Capacity*

subject to the following law of motion of capital,

I 2
2\ 11
—_—

Adjustment Cost on Investment

Kiy1=(Q-0)K¢+ 1

where BEA R,t IS the stochastic discount factor used to convert expected
future receipts to present value, U is the rate of capital utilization,
I is investment, y1 and wo > 0 are sensitivity parameters for the
utilization of installed capacity and y is the sensitivity parameter for
the adjustment in investment.

* The cost of under-utilization of maximum installed capacity will be
discussed in the following subsection.

In the literature, the reason for the variation in the utilization of
installed capital offers different modeling opportunities. One way
of introducing this idea is to assume that the physical rate of depre-
ciation of capital would not be constant, but rather a function of the
ratio of capital utilization. Thus, a higher level of utilization of in-
stalled capacity would give rise to a faster depreciation. The ideais a
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simple one: the greater the utilization of the machinery, the higher
the depreciation. Therefore, the ratio of physical depreciation of
capital would not be constant, but would depend rather on the level
of utilization of installed capacity. This form of modeling was used
by Taubman and Wilkinson (1970), Calvo (1975), Merrick (1984),
Greenwood et al. (1988), amongst others. In this way, the law of
motion of capital would be described by: K;+1 = [1-8(U)I1 Ky + I,
where 6 (Uy) is a non-negative function which satisfies the follow-
ing properties: 0 < 6(U;) < 1, 6/(Ut) >0, 6”(U,) > 0. Greenwood et
al. (1988) use the following specification: 6 (U;) = %U?, where 1 > 1.

Another possibility would be 6(U;) = 6 U?. Another way of intro-
ducing this friction consists of defining a cost function associated
with variations in installed capacity. This form was used by Chris-
tiano, Eichenbaum and Evans (2005) and by Smets and Wouters
(2003), who define a function ¥ (U;) which represents the physi-
cal cost of variations in the use of installed capacity, being an in-
creasing, convex function: \P'(U,) > 0 and ‘P”(Ur) > 0. In other
words, this function shows the cost of setting a particular level of
utilization of installed capacity, in units of consumption. These au-
thors assume that, when the degree of utilization of capital is to-
tal, the cost is nil, ¥ (1) = 0. In this case, the net returns associ-
ated with the utilization of installed capacity would be rendered
by: R U;K; —¥Y(Uy)K;. The first term reflects the profitability as-
sociated with the proportion of capital utilized in production, while
the second represents the costs associated with the variation in the
degree of utilization of installed capacity. One possible functional
form would be: ¥ (U,) = W1 (U, — 1) + 2 (U, — 1)?, where ¥, ¥, > 0.

Definition 6.1.3 (Level of utilization of installed capacity). This
deals with a firm's production limit or maximum production ca-
pacity. In other words, it is the quantity of units of product that
the installed machinery and equipment are capable of produc-
ing. The level of utilization of installed capacity is given by the
relationship between the volume actually produced by the firm
and what could be produced if the machines were operating at

full capacity.
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The model

The DSGE model presented here introduces the existence of adjust-
ment costs on investment and the under-utilization of maximum
installed capacity. This means that the process of capital accumu-
lation will be changed, by including these costs in the budget con-
straints of Ricardian households. Now, for this type of household,
the optimal level of utilization of installed capacity must also be
chosen. Of the general assumptions, 2.2.1 and 2.2.2 remain valid.

Households

In the households group, assumptions 2.2.4, 2.2.6, 4.2.1, 4.2.2, and
5.2.1 remain valid.

Determining consumption and savings in Ricar-
dian households
The Ricardian household maximizes its utility by choosing consump-

tion, capital stock, level of utilization of installed capacity and in-
vestment, using the following utility function:

1-o I+¢
o Cre—¢cCr - L
max Etzﬁt ( Rt ¢C R,t 1) _ Rt (61)
Cro:Kp,t+1,Un Iy 10 l1-0 1+¢

Assumption 6.2.1. The functional form for the adjustment cost on

investment is: )
1
1- 4= -1]
2\
Assumption 6.2.2. The functional form for the cost of under-utilization
of maximum installed capacity is:

P:K;

v, 2
ViU -D+ T(Ut -1
subject to the following budget constraint:

¥, 9
Yi(U;-1)+ T(Ut -1
(6.2)

Py(Cp¢+ 1) = WiLg + RyU Ky — Pt K;
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with the law of motion of capital:

X( 1t 2
K[+1:(1—5)K[+It[l——(_—1) ] (63)
2 \I;
where U is the level of utilization of installed capacity, w; and w2 >0
are sensitivity parameters for the utilization of installed capacity

and y is the sensitivity parameter for the investment adjustment.

Using the Lagrangian to solve the previous problem:

1- 1+¢

Y_E ‘i pt (Cre—¢cCri-1) B Ly,
! -0 1+

=0 4

—ARrt |Pe(Cry¢+ 1) = WiLp— R UK, + PiK;

v
[%(U[—m?z(ut—nz”

2
{—Q[ [Km—(l—a)Kt—It [1—§(i—1) H} (6.4)

I
We arrive at the following first-order conditions:
0L - -
dCr; = (CR,t —chCR,t—l) U_AR,tPt_(,bcﬁ (EtCR,t+1 —‘,bcCR,t) 7=0
’ 6.5)
0.7
9Kt =PE;(Art+1Ri+1Us+1) = BEt {AR 141 P11 [¥1 (U1 — 1)
t+

v
+72(Ut+1_1)2]}_Qt+ﬁEtQt+l(1_5):0 (6.6)

where Q is the Lagrange multiplier associated with the capital stock
driver. This multiplier represents the "shadow" price of capital, also
known as Tobin’s Q.
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0.¥
3. AR tRiKt — AR Pt KW — AR Pr K W2 (U —=1) =0  (6.7)
t

2
o, ot
ar, - bt r, =
where,

2
OE L2 p' [Qm Lou (75 -1) ]

2
X Iy
=Q-23Q -1
azf a-felss)
Iy 1 Itv1 )It+1
+Q:1;2|—-1|——-BE 1112 -1|—
Qtt(tl )ItlﬁtQH—lHl(It 2

Then,
AriPi+Q; |1 X(I‘ 1)2 It(lt 1)]
S R VA Y1 Ty
I\ (1
+XﬁEt[Qt+l( ”1) ( ad —1)] =0 6.8)
1; I;
From equation (6.5),
Aps = (CR,t—Qb}c)CR,t—l)_U o (E:Cr 11 —chCR,t)_J 6.9)
t

Py
From equation (6.6),

Q¢ =BE; {(1 =0)Qr1 + AR r+1 R 1 U1

¥, 9
—AR t+1Pr+1 \Ijl(Ut+1_1)+7(Ut+l_1) (6.10)
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From equation (6.7),

R;
— =¥ +¥,(U;-1) (6.11)
Py

From equation (6.8),
wep-a |14 (5 1) =) ()]
SR B V7 Mo )\15

I\ (I
w PIEy e

= x¥PBE:

Moreover, Tobin’s marginal Q may be defined as the ratio be-
tween the Lagrange multipliers of the problem of the household (Q
and Ag):

- Q0

qr = ARs

Determination of non-Ricardian household
consumption, determination of the level of wages
and aggregate consumption and labor

The problem of the non-Ricardian household, the determination of
wages and the way to aggregate consumption and labor remain un-
changed in this chapter. Thus, we can make use of the following
equations:

From equation (5.10),

P.Cnpr,t = WtLng,: (6.13)

From equation (5.13),

(Cnri—PcCNR-1) —(/) ﬁ(ErCNR,tH—(PcCNR,tYU
Pt ¢ Pt

ANRt =
(6.14)
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From equations (5.18), (5.19) and (5.20),

54
wi.”* =( Y )Ez Z(ﬁew)l Dhjei (6.15)

Yw — AR t+i
Wi, =( Yw )EtZ(ﬁQ )’M (6.16)

Yw pur ANR t+i

1
W, = [QWW AL O Y st Al R (6.17)

From equations (5.21) and (5.22),

Ci=wprCp ¢+ (1 —wRr)CNR ¢ (6.18)
Li=wrLp+ (1 —wR)LNR,¢ (6.19)

Firms
The assumptions 3.2.1-3.2.6 of the firms group remain valid, so
we can make use of the results in chapter 3:

Equation (3.10) has been amended slightly because of to the in-
clusion of installed capacity (U),

Yo = Ar (UK ) L0 (6.20)
Equation (3.11),
logA;=(1—-pa)logAss+palogA;_q +¢; (6.21)
Equation (3.15),,
Li;=0-a)MC; Yt (6.22)
it = It A w, .
Equation (3.16),
Y

UiKj,=aMCj,—2 (6.23)

Ry
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Equation (3.22),

MC;, = — ( Wi )la(Rf)a (6.24)
A 1-a a ’

Equation (3.25),

P :(L)Eti(ﬁe)iMCm (6.25)

\y-1)7 5 ’
Equation (3.26),
1
pi=[op ) +a-o)p; Y| (6.26)

The model’s equilibrium condition
Finally, it just remains to include the equilibrium condition in the
consumer goods market.

Yt = C[ + I[ (627)

In summary, the model in this economy is made up of the fol-
lowing equations from Table 6.1.

Steady state

This section retains the procedure adopted in the previous chap-
ters:

Households
C;2 (1=p) 01— f)
Rss= s TC ‘ (6.28)
PSS
Cy% . 1—-) (1 —¢pcP)
Anpss = SRss 7° < (6.29)
PSS
0K, = I (6.30)
R
= oy, (6.31)

PSS
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% =(1-0)Qss+ AR,ssRss

Rss — QSS

-(1-9)
AR sS

5

/IR,ssPss —Qss=0
Qss

AR,ss

( ww ) ( 1 ) Ly
Wys =
ww —1)\1= 0w ) Agss

Yw ) ( 1 ) L(J%R,ss
yw—1J\1- 60w ) Ang,ss
where: Zmo(ﬁgw)’ = ﬁlgw

Pgs =

Wss:(

Css =wRCprss+ (1 —wr)CNR,ss

L¢s =wprLp s+ (1 —wR)LNR,ss
Firms

Lis=01-a)CM &
SS SSW

SS

Y,
Kgs = aCMg—=

SS

Y KaLl a

§§8S

CMssz( Wss )la(&)a
l-a a

Pos = (%)(1 1ﬂ6)CM“

where: ¥, (80)" =

163

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)
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Equilibrium Condition
Yoo = Cos+ I (6.43)
Table 6.1: Structure of the model.
Equation (Definition)
ARt = (Ricardian household
(Crt=pcCr-1)"7 _ ﬁ(EtCR,t+l—¢cCR.t)70 Lagrangian)
P; bc P
L
w; * =2 _\E Y (0w yi Rptri (Definition of the
it -1t ~i=0 7
[WW ) ! ford Ricardian household’s
optimal wages)
1
Wi = [wal W ra -Ow)W; Ipw | mow (Aggregate wage level)

w,t =Pt/ Pr-1

Qr=p {(1 —0)ErQr+1+ ErAR t+1EtRe+1ErUr 1

—E¢AR t+1EtPt+1

Y2 2
VY1(ErUp1 -1+ T(EIUHI -1

R
P_; =V +¥2(Ur—-1)

AR,tPr—

orfi- 3

)(ets 1)}

= xBE:Qr11 (Etﬁ“ ]2 (%{”1 - 1)

Ki1=(1-8)K¢+1|1-

ANR,t =

t
bep (E:CNR,t+1~¢cCnr,1) 7

P

X It_z
?Hl)]

(CNRt=¢cCNR-1) "
P

(Gross wage inflation
rate)

(Tobin’s Q)

(Demand for installed
capacity)

(Demand for
investment assets)

(Law of motion of
capital)

(Non-Ricardian
household
Lagrangian)
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L

R T P

P:CNR,t = WtLNR ¢

ANR,t+i

(Definition of the
non-Ricardian
household’s optimal
wages)

(Non-Ricardian

household’s budget

constraint)

Ct=wprCRrt+(1-wR)CNR ¢ (Aggregate

consumption)

Ly =wpLp ¢+ (1 -wR)LNRt (Aggregate Labor)
a

Y:=A; (UtK j,t) L}_“ (Production function)

UKy = aMCtR%

(Demand for capital)

Li=(1-a) Mct% (Demand for labor)

e ) (4

P = (L) Ee 252 (B0) MC,

(Marginal cost)
(Optimal price level)

1
P = [BP:__;’/ +(1-0)P; 1_”’] v (General price level)

s =PrlPs_q (Gross inflation rate)
Yi=Ci+1; (Equilibrium

condition)
logAr=(1—-pa)logAss+palogAs_1+es (Productivity shock)

Firstly, the values of the prices (Pgs, Rgs, Wss and CM ) must be
determined. As is normal practice, the general price level is normal-
ized (Pss = 1), and thus Rgs and C M, also become known,

so, from equation (6.31),

Rgs =W, Py (6.44)

The remainder of the steady state is the same as in chapter 5,

Ass=1
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Uss=1
Pgs=1
Rgs =1 Py

v

-1
CM; = (—) (1—-B0O)Ps;

—a

1 a 1-a
Wss=(1-a)CM® (_)
RSS

g

Ry, T+ I
Viem | — 188 1-— 1-— 1- 0
s (Rss_5aCMss) {( (Pcﬁ)( (Pc) ( ﬁ W)
1
(WW_l)Wss[ }oﬂp
Y P (l—a)CMss
Y,
Lss=(1-a)CMg——
SS
Remembering,

Lss=Lpss = LNR,ss

K= aCMSS&
R

N

Iss = 6K

Wi [ Wes

- 0 gepa o pog [
CSS_Y% {(1 (l)cﬁ)(l (pc) (1 ﬁQW)( Y )Pss (]_—CZ)CMss

)

1
o
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Remembering,

Css = CR,ss = CNR,ss

The missing price was Tobin’s Q,

Qss = /IR,ssPss

Table 6.3 displays the calibrated values to be used in the simula-
tion, while table 6.4 shows the model’s steady state value.

Log-linearization (Uhlig’s method)

The method developed by Uhlig continues to be used as a tool for
the log-linearization of the model. The results obtained in the other
chapters that concur with the results of this model will be utilized.
The novelty lies in the equations related to the adjustment costs on
investment and under-utilization of installed capacity. Accordingly:

From equation (5.52),

;{ _ g
BT =01 = pep)
[¢pcBECr rr1—PcCr 1) — (Cri—PcCr-1)] — Pt (6.45)
From equation (5.53),
~ g

ANR ¢

T 0=¢01-pcp)
[pcBECNR 1+1 —PcCNR ) — (Chrt —PcCNR-1)] =P (6.46)

From equation (6.10),

Q
# =(1-0)E;Qi11+EAR 141EtRi41E U 1—EtAR 111 ErPri1 W1 E Uy

¥,
+EiAR t+1E:Pri1 W1 — EtAR 141 ErPria 7EtU?+1

b P) ¥,
+Et/1R,t+1EtPt+17EtUt+l —EtAR t4+1EPri1 >



168 Chapter 6
Table 6.2: Values of the structural model’s parameters.
Parameter Parameter meaning Calibrated value
o Relative risk aversion o
coefficient
0] Marginal disutility with 1.5
regard to labor supply
a Elasticity of level of production 0.35
in relation to capital
B Discount factor 0.985
9 Depreciation rate 0.025
[ Autoregressive parameter 0.95
of productivity
oA Standard deviation 0.01
of productivity
6 Price stickiness parameter 0.75
W Elasticity of substitution 8
between intermediate goods
Ow Wage stickiness parameter 0.75
Yw Elasticity of substitution 21
between differentiated labor
Pc Habit persistence 0.8
WR Share of Ricardians in 0.5
consumption and labor
X Sensitivity of investments 1
in relation to adjustment cost
¥, Sensitivity of cost of % —-(1-9)
under-utilization of maximum
installed capacity 1
v, Sensitivity of cost of 1
under-utilization of maximum
installed capacity 2
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Table 6.3: Values of Variables at the steady state.

Variable | Steady state

A 1

R 0.040

MC 0.229

w 0.215

Y 0.842

I 0.042

C 0.800

L 0.5814

K 1.674

%§a+oa-u 8)Qss(1+ E,Qre1) + ArssRssUss

1+ EJR,Hl +E(Rp41 + E;Upy1)
~ARssPss¥1Uss(1+ E(AR 141 + E¢ Proy + ErUps1)

+AR,ssPss¥1(1+ EIXR,HI + Et§t+l)

v, ~ ~ ~
_AR,ssPss?Uszs(l + EtAR,Hl +EPri1+2EUps1) + AR ssPss Vo Usss

(1 +Et/1R t41+EtPray + E¢Up1) = AR s5Pss (1 +Et/1R 41+ EtPri1)

( Qss

5 ) Q:=01- 6)stEtQt+1+/1R ssRssUss(EtAR 1+ E R +E Upi1)

— AR ssPss¥Y1UssEy fjt+1 (6.47)

From equation (6.11),

R -~ _
(P—”) 1+R,-DP) =¥, +¥Y,U,,(1+U,) -¥,
SS

Rss _ s
(Rt Pt) = \112 UssUt (6.48)
Pss
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From equation (6.12),

Aw P 2 X Iy Iy
RePr=Qety Qt(lt 1) "QI(IH) EQ””‘QI(IE_ ) "Qt(u 1)

E¢lr
I;

2
) —XBE: Q1 (EIIHI )

:)(,BEtQHl( 1,

o (T e N

Eli

Et1t+1)

) —XBE:Qr41 ( 1,

=XﬁEth+1(

~ ~ ~ 3 ~ - ~
ArssPos1+Ar,+P0)=(1- 2] Q1+ Q0+ 1 Qs 1+ Qu2(T=Tr- 1)

—2)xQss(1+ ét + Tt - E—l)
= ¥BQss[1 + E;Q; +3(E;Tr41 — I — xBQss[1+ Qp +2(Tr11 — Ip)]

AR,SSPSS(IR,[ + ijt) - stét + XQSS(T[ - Tt—l)
= ¥BQss(EcTrs1 - 17) (6.49)

1-0w)(1 - BOw)
Ow

Tw:=PETW i1+

] (Lr¢—Ar:— W) (6.50)

__ __ 1-0w)1—-pow)
HWtzﬁEtht+l+[ u Fow

] (zNR,t_INR,t_Wt) (6.51)

Ow
Cssét = wRCR,sséR,ss +(1- wR)CNR,sséNR,ss (6.52)
Lsszt = wRLR,sszR,ss +(1- wR)LNR,SSZNR,SS (6.53)

From equation (6.3),

1;
Kiyi=(Q-0)K;+1; - lIt(
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Kss(1+ I?Hl) =1 _6)Ksskt + IssTt - %Iss(l +3Tt - 271‘—1)

+ylss(1+2T, - Ty - ’2—‘135(1 +1)

Kiy1=A-8)K, +61;

The firms sector remains unaltered:

V,=A+a(U+K)+0-a)L,
UK, =MC;+Y,-R;
Li=MC;+Y; - W;
MC;=[(1- @)W, +aR, - Ay]

T =PET 1+ Py)

202 e -

Fr=P—Pi
Yss Yt = Cssét + IssTt

A= pAﬁt—l +€r

Table 6.4 summarizes the log-linear model.

171

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)
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Table 6.4: Structure of the log-linear model.

Equation (Definition)
~ o
ARt=|—7—F7——F7= . .
1=¢p)1=pcp) (Ricardian household
[6cBE:Cr,t+1 = $cCr,r) = (Cr,t — pcCr,e-1)] - Pt Lagrangian)
Twe=BEw 41+ [%‘;MW)] (Lp¢— (Phillips equation for
T 7 Ricardian household
AR, —Wi)
wages)
W= Wy —Wy_q (Gross wage inflation
~ ~ rate)
(stﬁ) Q:=E; [(1 - 5)stQt+1
+ AR ssRssUss(AR 1 + Res1 + Urs1) (Tobin’s Q)
_AR,ssPss\Ijl Uss fjt+1 ]
(g—ij) (R;—Pp) =¥ Uss Uy (Demand for installed
B capacity)
AR,ssPss (ER, tt Iit) - stét +xQss = th D= (Demand for
ABQss(Erlre1—1r) investments)
Kis1=1-0K; +61; (Law of motion of
capital)
-
NEEZ 0=~ ¢cp) .
~ ~ ~ ~ Non-Ricardian
[¢iﬁ(EtCNR,t+1 ~¢cCNR,D) ~ (CNR,t — $cCNR,t-1)] ( household
- Py Lagrangian)
__ __ (1-0w)(1 - BOw)
”Wt:ﬁEl”Wt+l+ - ... e .
0w (Phillips equation for
ANR - ANRL— W) non-Ricardian
' ' household wages)
P+ ENR,t =W+ ZNR,I (Non-Ricardian
household budget
constraint)
Cssét =WR CR,sséR,ss +(1-wg) CNR,sséNR,ss (Aggregate
consumption)
Lsszt = ‘URLR,sszR,ss +(1- wR)LNR,ssZNR,ss (Aggregate labor)

Vi=Ar+a(U+Ke)+(1-a)Ls (Production function)
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U;K;=MC;+Y;-R; (Demand for capital)
Li=MC;+Y;-W; (Demand for labor)
]\76} =[1- a)Wt +aR;— A7 (Marginal cost)
Wt =PEtT 1+ [—“_9)3_’5(’) ] (MC,; - Py) ((Phillips equation)
7ir=P;—Pi_; (Gross inflation rate)
Y55y = CssCr + Iss Iy (Equilibrium

condition)
Ar=ppaAi 1 +e; (Productivity shock)

Productivity Shock

This section analyzes how the presence of adjustment costs on in-
vestment and the under-utilization of maximum installed capacity
has an impact on the economy, given a positive productivity shock.
Qualitatively, the results are similar to those obtained in the mo-
del in the previous chapter. Figure 6.1 shows the impulse response
functions for this shock. Tobin’s Q only has a very short-term pos-
itive effect (2 periods), then returns to its steady state. The vari-
able representing the level of utilization of installed capacity (U) re-
mains above steady state for 8 periods, this being the period of time
that the capital stock needs to satisfy the higher demand for this in-
put. In other words, the positive productivity shock increases the
marginal productivity of capital. Firms that produce intermediate
goods respond by increasing the demand for this input. Because
of the costs introduced in this chapter, the supply of capital stock
takes time to respond to this higher demand. Up to the point that
the capital stock responds, the economy’s growth is supported by
an increase in the utilization of installed capacity.

Figure 6.2 shows a comparison between the RBC, NKFR and NKIR
models. The main purpose of including these costs in the DSGE
model is to satisfy the "adjustment principle". It can be seen that
the results of this model were smoother than the model in the pre-
vious chapter.



174

0.005

5

02

02

Figure 6.1: NK IRF Model with adjustment costs on investment and under-

Chapter 6

¥ c
0.1 001
\ 0 0.005/\
01
10 20 30 40 10 20 30 40 10 20 30 40
CR CNR R
00 001
/ﬁ\.\nms/\ 0
00
10 20 30 40 10 20 30 40 10 20 30 40
K W X1D-3 L
0.2 0
4
10 20 30 40 10 20 30 40 10 20 30 40
(10° LR LNR Pl
0 0.02
-0.005// ok
001 o0m
10 20 30 40 10 20 30 40 10 20 30 40
i wigt U A
5 0.02
0
10 20 30 40 10 20 30 40 10 20 30 40

utilization of maximum installed capacity.



NK Model: rigidity in investment and utilization of capital 175

o o
s 5
o o
] =
o
o & o
© &z B
o o

k=]
= =] =
2 @ © = A o w = 5 =
2 g 2 5 8
o 2 o 2
E] E]
g =
g =
o =
3 =
] x &
o«
2 2 |lowk
m X X
E==
=) =
o o = o = g @z 3§ o
L= I o =3
0 2 a 2
E E
) o =
E = =
o = =
3 2 2
o
o = =
= ] & ] - 8
o = =
= = =
[T E—— 8 = © = o = 9§ o° g =
g v 5 8 g = g B s g ==
o 2 a B o o o o o B 2 o
B B B B

Figure 6.2: Comparison between the Impulse Response Functions for the RBC,
NKFR and NKIR models.
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BOX 6.1 - Log-linear NK model with rigidity in investment and in
the utilization of capital on Dynare.

//NK Model with Rigidity in Investments

//Costs relating to investment adjustment and the
//non-utilization of maximum installed capacity
//- Chapter 6 (UNDERSTANDING DSGE MODELS)

var Y I C CR CNR R K W L LR LNR PIW P PI A LAMBDAR LAMBDANR Q U CM;
varexo e;

parameters sigma phi alpha beta delta rhoa psi theta

thetaW psiW phic omegaR Psil Psi2 chi;

sigma = 2;
phi = 1.5;
alpha = 0.35;
beta = 0.985;
delta = 0.025;
rhoa = 0.95;
psi = 8;
theta =
thetaW
psiW =
phic =
omegaR
Psil =
Psi2 =
chi =

0.75;
0.75;

e

= O -

éta)—(l—delta));

o o

1/

R Al ON I

-

model (linear);

#Uss = 1;

#Pss = 1;

#Rss = Pss*Psil;

#CMss = ((psi-1)/psi)*(1-beta*theta)*Pss;

#Wss = (1-alpha)*(CMss~(1/(1-alpha)))*((alpha/Rss)"(alpha/(1-alpha)));
#Yss = ((Rss/(Rss-delta*alpha*CMss))~(sigma/(sigma+phi)))*((1-phic*beta)
*((1-phic)~(-sigma))*(1-betaxthetaW)* ((psiW-1) /psiW)*(Wss/Pss)
*(Wss/((1-alpha)*CMss))~phi)~(1/(sigma+phi));

#Kss = alpha*CMss*(Yss/Rss);

#Iss = deltax*Kss;

#Css = Yss - Iss;

#Lss = (1-alpha)*CMss*(Yss/Wss);

#CRss = Css;
#CNRss = Css;
#LRss = Lss;

#LNRss = Lss;

#LAMBDARss = (1/Pss)*(CRss”(-sigma))*((1-phic)~(-sigma))*(1-phicxbeta);
#LAMBDANRss = (1/Pss)*(CNRss~(-sigma))*((1-phic)~(-sigma))*(1-phic*beta);
#Qss = Pss*LAMBDARss;

//1-Ricardian household Lagrangian

LAMBDAR = (sigma/((1-phic)*(1-phic*beta)))

* (phic*beta*(CR(+1) -phic*CR) - (CR-phic*CR(-1)))-P;

//2-Phillips equation for Ricardian household wages

PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*thetaW)/thetaW)*(LR-LAMBDAR-W) ;
//3-Gross wage inflation rate
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PIW = W - W(-1);

//4-Tobin’s Q

(Qss/beta)*Q = (1-delta)*Qss*Q(+1)+LAMBDARss*Rss*Uss

* (LAMBDAR (+1)+R(+1)+U(+1) ) -LAMBDARss*Pss*Psi1#Uss*U(+1) ;
//5-Demand for Installed Capacity

(Rss/Pss)*(R-P) = Psi2#*Uss*U;

//6-Demand for Investment

177

LAMBDARss*Pss* (LAMBDAR+P) -Qss*Q+chi*Qss*(I-I(-1))=chi*beta*Qss*(I(+1)-I);

//7-Law of Motion of Capital

K = (1-delta)*K(-1) + deltaxI;

//8-Non-Ricardian household Lagrangian

LAMBDANR = (sigma/((1-phic)*(1-phic*beta)))
*(phic*beta* (CNR(+1) -phic*CNR) - (CNR-phic*CNR(-1)))-P;
//9-Phillips equation for non-Ricardian household wages

PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*thetaW)/thetaW)*(LNR-LAMBDANR-W) ;

//10-Budget constraint of the non-Ricardian household
P+CNR=W+LNR ;

//11-Aggregate consumption

Css*C = omegaR*CRss*CR + (1-omegaR)*CNRss*CNR;
//12-Aggregate labor

Lss*L = omegaR*LRss*LR + (1-omegaR)*LNRss*LNR;
//13-Production function

Y = A + alphax(U+K(-1)) + (1-alpha)*L;
//14-Demand for capital

U + K(-1) =Y - R;

//15-Demand for labor

L=Y-1W

//16-Marginal cost

CM = ((1-alpha)*W + alpha*R - A);
//17-Phillips Equation

PI = beta*PI(+1)+((1-theta)*(1-beta*theta)/theta)*(CM-P);
//18-Gross inflation rate

PI = P - P(-1);

//19-Equilibrium condition

Yss*Y = Css*C + Iss*I;

//20-Productivity shock

A = rhoa*A(-1) + e;

end;

model_diagnostics;
steady;
check (qz_zero_threshold=1e-20);

shocks;

var e;
stderr 0.01;
end;

stoch_simul (qz_zero_threshold=1e-20)
YICCRCNRRKWLLRLNR PIW PI Q U A;







Chapter 7

New-Keynesian Model with
government

Up to this point, this book has only been considering two agents
(households and firms). The remainder of the book will consider
another important agent, government. Thus, this chapter will ex-
amine the role of government in the DSGE models through two au-
thorities, monetary and fiscal. The former focuses on stabilizing
prices using the Taylor rule, while the fiscal authority needs to de-
cide the composition of its spending, bearing in mind that the main
role of a government is to supply public goods and services to pri-
vate agents. However, some also transfer income from one group to
another with the chief aim of reducing social inequality, or simply
improving the welfare of the worst off. Moreover, they may invest
in public capital to support the economy’s production sector. This
expenditure must be paid for by means of taxation, by issuing pub-
lic debt or issuing currency. Generally, these three sources of funds
could be considered as a form of taxation, with different costs and
benefits to society.

A brief theoretical review: Government

This section will deal first with the way to introduce taxation into
the DSGE models. It should be stressed that, normally, there are
two distinct ways to fulfil this objective: using lump-sum taxes or
using distortionary taxes. Then, the public budget will be discussed
as well as the consequences of choosing to fund expenditure with
taxes or via the issuance of debt. It is also shown how public in-
vestment affects the production function. Some alternative forms
of government are discussed with the aim of presenting other op-
tions used in the literature for the study of fiscal policy. The section
ends with a brief discussion about Taylor’s rule.
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Introducing taxes into the DSGE models

In general, DSGE literature considers two types of taxes. The first
is known, in the literature, as a lump-sum tax, while the other is re-
ferred to as distortionary taxation, also referred to, respectively, as
taxes on consumption and taxes on income from labor or capital. As
they affect the price of goods and production inputs, the decisions
of the economic agents will be sensitive to changes in the rates of
said taxes (Torres, 2014).

Definition 7.1.1 (Lump-sum tax). This refers to a pe capita
(fixed) tax. Contrary to what happens with income taxes or
taxes on consumption, this type of tax does not distort the ef-
ficiency of an economy.

Generally, the introduction of taxes into DSGE models requires
modifying household budget constraints. Lump-sum taxes may be
included as follows:

Ct+1t=Yt—Trt

where C; is consumption, I; is investment, Y; is income and Tr;
is the lump-sum tax. One alternative is to consider distortionary
taxes. Here, the assumption of a tax on income changes a house-
hold’s budget constraint,

Ct+1t=(1—TY)Yt

where 7Y is the income tax rate. It is also possible to apply distor-
tionary taxes to each source of household income. In this case, in-
stead of considering an overall rate, tax on income from labor may
be differentiated from taxes on capital.

Ci+I;=(0-tHw,L,+ 1 -1K,R,

where 7! and 7 are the rates of tax on income from labor and from
capital, respectively.
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As far as consumption of goods is concerned, one can think of a
tax on the acquisition of consumer goods and investment assets,

A+1)C +I) =0 -THW,L, + 1 -TOK,R,

where 7¢ is the rate for the tax on the acquisition of consumer goods
and investment, respectively. With the aim of having a numerical
idea, table 7.1 displays these tax rates for OECD countries.

Table 7.1: Distortionary rates for OECD countries, in 2005.

Tc T] Tk
Australia 0.095 | 0.218 | 0.450
Austria 0.147 | 0.482 | 0.176
Canada 0.098 | 0.299 | 0.334
Denmark 0.199 | 0.397 | 0.448
Finland 0.176 | 0.451 | 0.256
France 0.129 | 0.430 | 0.298
Germany 0.12 | 0.374 | 0.177
Italy 0.107 | 0.431 | 0.283
Japan 0.062 | 0.257 | 0.356
Netherlands 0.146 | 0.359 | 0.192
Spain 0.116 | 0.348 | 0.252
Sweden 0.166 | 0.523 | 0.301
United Kingdom | 0.124 | 0.255 | 0.325
USA 0.039 | 0.221 | 0.299

Fonte: Bosca et al. (2009)

Government budget constraints

In this subsection, the objective is to study the limits of government
involvement in DSGE modeling. To this end, it begins with a pre-
sentation of government budget constraints.

Debt issuance X
——~— Total taxrevenues Currency issuance
B -~ —
=B + T, + M — M,
Rt

Total sources of funds
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Current spending  Public investment  1,:ome transfer
— G —_———
= Pth + Ptlt +PtTRANSt

Total spending

where M the economy’s stock of currency, G is the government’s
current spending, 1€ is public investment and TRANS is the trans-
fer of income to households, the total tax revenue being as follows:

T, = 6P (C+1ID) + WL,
— ——
Revenue from acquisition of goods Revenue from labor income
+ TRR-OKF o+ Tr,
(R —— ~—~

Revenue from capital income ~Revenue from lump-sum taxes

where 7¢, 7! and ¥ are the rates of tax on consumption and on in-
come from labor and capital, respectively. In turn, Tr; represents
the lump-sum tax.

If the government issues B; bonds in t-1 with just one maturity
in a period! with a unit face value, B, also represents the value of
the stock of nominal public debt in the hands of private agents dur-
ing the period t-1. In order to manage this public debt, in period t,
the government issues B;,; new bonds at a price of PZ. In practice,
this operation is a loan of PfBHl from private agents to the govern-
ment. The price of these bonds may be written as follows:

1
I
B
R
where Rf is the rate at which one unit of currency is discounted in
the next period, and also the basic interest rate determined by the

Central Bank in t.

The term (M) — M;) measures the government funds that orig-
inate from currency being held by the agents. The literature denotes
this type of fiscal resource as "seigniorage" which is, in practical
terms, a tax, since if a government is not capable of obtaining rev-
enue from other means, it can use this seigniorage. So the higher

n reality, in each period, the Government issues bonds of different maturities.
For ease of math, it is assumed that all bonds are issued to mature at the end of one
period.
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the rate of inflation, the greater the seigniorage obtained by the gov-
ernment. In many developed countries with low inflation, this type
of revenue is overlooked. Therefore, in general, the DSGE models
do not consider this source of public funding.

Definition 7.1.2 (Seigniorage). This relates to net revenue re-
sulting from the issuance of currency.

Funding through taxation

Assume that in period t a permanent increase occurs of AG; in gov-
ernment spending, funded by an increase in lump-sum taxes, ATr;.
Assuming B; = B;_1; = 0 (public debt is not used to fund the vari-
ation in spending and has a starting value of zero) and Tf,ri,r'f,
IS, TRANS; =0 (there is only one type of (current) expenditure and
one type of taxation (lump-sum)) and M, = M, (seigniorage does
not exist) for all of t. Thus, the budget constraints of t-1, t and t+1
are as follows:

t—1: Gi1=Tri—1

t: Gi1+AG=Tri—1+ATr;

Gy Tr;

t+1: G[_1+AGt=Trt_]+ATrt
G+l Tris1
In this case, if government spending sees a permanent increase
of AGy, then the taxes should also suffer a permanent increase (AT7;)
in the same amount, in order to meet the government’s intertem-

poral budget constraint. To analyze the effects on consumption,
household budget constraints should be included?.

C[ZY[—Tr[

2For the purposes of this exercise, households’ acquisition of investment assets
does not apply.
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where Y; is gross income which, for the purposes of simplification,
is assumed to be exogenous and constant, Y;_; = Y; = Y;41, intro-
ducing the permanent increase in government spending in t (with
the lump-sum tax growing in the same proportion). Household bud-
get constraints for the periods t-1 and t are:

r—1: Ct_lz Yt_l—Trt_l

t: Ctht_l—Trt_l—ATrt

or,

Ct = Cl’—l — ATT[
since Y;_; = C;—1 + Tr;—1 and, given that ATr; = AG;, we arrive at
household consumption in t.

Ci=Ci1—AG;

The previous expression states that the increase in government
spending has a negative impact on private consumption owing to
the permanent drop in income caused by the extra taxation. The re-
sult in the product is obtained by analyzing the identity of domestic
income for t-1 and t:

r—1: Yl’—l :Ct_1+Gt_1

t: Y1=Ci1—-AG+Gio1 +AG;

C Gy

Thus,

Y =Cr1+ G

Lastly, note that the fiscal stimulus is not effective in stimulat-
ing the output of the economy, since the increase in government
spending is fully offset by the fall in household consumption.
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Funding through the issuance of public debt

It will be assumed that the increase in spending is fully paid for us-
ing pubic bonds. The increase in debt raises public spending be-
cause of to the additional interest payments. Unlike in the previ-
ous subsection, permanent and temporary increases in government
spending will be analyzed here.

Permanent increase in AG; in period t

Assuming that Tr; = Tr;—; (the lump-sum tribute is unaltered),

T4, ri, T’f, Ig 1, TRANS; = 0 (there are no distortionary taxes), M1 =
M, (seigniorage does not apply), the public debt for the periods
prior to the increase in government spending is zero (B;—1 = B; =0),
Thus, the budget constraints of t-1, t, t+1, t+2 and t+n will be as fol-
lows:

r—1: Gt—l = Trt_l

t: G +AG, = B};y +Trey
or,
Bis1=AG:R®
t+1: Gi1+AGy= @ — B+ Tre
RB
or,

Byi» = AG;RE + AG,RB”
Byin = AG, (RB + RBZ)

1421 Gy +AG =23 _p ooy
. t—1 t RB t+2 t—1
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or,
B3 = AG,R® + AG,RB® + AG,RB®
B3 =AG, (RB +RB% 4 RBS)
Biin =AGt(RB+RBZ+RBg+...+RBn)
or,

n
Biin=AG: ) R®

s=1

Lastly, discounted public debt is:

Biiw  Biin
RBn ~ on IRBS -

and,

As the discounted public debt is other than zero, it follows that
this variable increases without new debt being issued. This violates
the government’s intertemporal budget constraint, demonstrating
that a permanent increase in government spending funded by debt
is not sustainable.

Temporary increase in AG; in period t
The sequence of the government’s intertemporal budget constraint
for t-1, t, t+1 and t+n is:

r—1: Gt—l = Trt_l
Bi+1
RB

t: Gt71+AGt: + Trt,l
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or,

B
t+1: Gy1= —
or,

Biyo = AG,RP?

Brin=AGRE"

and discounted public debt is:

Biin
RBn ZAGt
and,
. Bin
r}l_l:{.lo RB7 =AG; #0

As with the case of the permanent increase in public spending,
this fiscal policy is unsustainable. However, suppose that the tem-
porary change is a random shock with an average of zero, E(AG;) =
0 and E(AG;AG41) = 0. Thus, the value of average discounted pub-
lic debt:

Bt+n
RB"

lim E(

n—oo

) =~ E(AGy) =0

Given this assumption, the long-term debt is not explosive. Ac-
cordingly, temporary increases in government spending represent
a sustainable fiscal policy given that positive shocks in a period are
offset by negative shocks in other periods. The previous mathemat-
ical expression is known in the literature as a no-Ponzi condition.
In other words, this condition excludes the possibility of payment
of debt interest through the issuance of new debt®.

3A Ponzi scheme is a fraudulent financial investment transaction where the oper-
ator pays a return to its investors using investments made by new investors, instead
of profits obtained from the initial investments. The operators of Ponzi schemes usu-
ally attract new investors, offering higher returns than other financial investments.
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Public investment

Given an assumption of public investment, investment decisions
would not only be in the hands of the private agents, but also the
government. Then, public capital would be an important input in
the production process. Despite the importance of the government
as being responsible for public investment in infrastructure, sup-
porting the private sector, few references to this topic can be found.
Some theoretical works in the 1970s incorporate public capital in
the aggregate production function (Weitzman, 1970, and Pestieau,
1974). However, it is based on the work by Barro (1990) that these in-
cipient ideas were revived and a new sequence of studies began that
considers public capital (Barro and Sala-i-Martin, 1992; Finn, 1993;
Glomm and Ravikumar, 1994; Cashin, 1995; Bajo, 2000, among oth-
ers). Reflecting on these ideas, the way to consider public capital
according to the DSGE literature is:

Y, = A, KPY 226
where K tG and K tG are the stock of public capital and stock of private
capital, respectively, a1, a2, a3 represent the share of production in
private capital, labor and public capital, respectively, with the capi-
tal stock having the following law of motion:

K&, =(1-8)KS+1I°

where I [G is the government investment and 6 is the rate of depre-
ciation of public capital.

Alternative forms of government in the DSGE models

The previous subsections presented the basic forms of introducing
the government into the DSGE models. On the other side of the
coin, there is a wealth of literature about assumptions for analyzing
public policies.

Habit formation in government consumption

Following the proposition of Ravn (2006), it is assumed that govern-
ment spending on a good i is carried out in a continuous grouping
with i € (0,1). Thus the government’s problem is to minimize its



NK Model with government 189

spending in each period, given a level of prices, subject to a bundle
of goods and a habit formation rule, formally described as:

mlnf pi:Gidi
subject to:

G _
X =

! ¢ \ult
n
f(Gi,t—<PGS,-,t_1) ]
0

and,

7, =568y, + (1= ps6)Gi

where 7 is the parameter that represents the elasticity of substitu-
tion between the different classes of goods. The variable x? repre-
sents the aggregate expenditure of all goods G;, ; with the consump-
tion habits of each of these varieties of goods. Thus, sft is the gov-

ernment’s spending habit for each good. Given that siGt is indepen-

dent of the definition of xtG, the intended consumption habits of the
government here are external and imply that the government is sus-
taining levels of spending determined by the history of this variable.

Using the Lagrangian to solve this problem:

1 . 1 ¢ LT
ngo Pi,eGitdi+As§ x7 — [[0 (Gi,t_(PGSiyt_l) n]

With first-order condition:

=

1
0.7 1 1 ¢ \1-i-11n7
9Gi =p”_At(1—},) Uo (Giu=9asfia) ] n

1-11

(1—5)((;” ¢>Gs§ft_l) 20

Given that A, represents marginal cost, and as this is a structure
of perfect competition, we get A, = p; and that
] , leaving the previous expression

Gn - [fo (G’ = PGSy, 1)1—,,

as follows:
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1 _1
Gn G ]
Pit=pex;" (Gi,t _(PGsiyt_l)

rearranging the previous expression, government demand for good
i can be found:

Pi,t

-1
G G
) X +6S;
Pt

Gi,t :(

Public goods and services in the utility function

Public expenditure is a variable that is difficult to introduce cor-
rectly into the DSGE models. In fact, few DSGE models consider
public spending as a factor that affects household utility. Neverthe-
less, empirical evidence shows that government spending on goods
and services is relatively important in the economy’s bundle of con-
sumer goods, and these spending decisions have important impli-
cations for the drivers of other variables.

The literature recognizes two different ways of introducing pub-
lic spending into DSGE models. Firstly, it is possible to introduce
it as an element of aggregate expenditure, accordingly it would not
affect an individual’s utility. However the assumption that public
consumption does not affect an individual’s utility does not appear
to be the most correct one. Alternatively, the more appropriate way
would be to consider that public spending is transformed into goods
consumed by the private agents which would, therefore, in some
way affect the household utility function (Barro, 1981, Aschauer,
1985 and Aiyagari et al., 1992). Continuing this idea, the total house-
hold consumption is a linear combination of the consumption of
private goods and the consumption of public goods:

Ur=U(Ct, Ly)

and

Ci=Cf +pgCY

where ¢ is a parameter that measures public goods as a proportion
of total consumption. The specification above shows that public
goods may have an impact on household utility when ¢ # 0. The
existence of DSGE models with public goods in the household util-
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ity function shows that an increase in government spending causes
a negative income effect, leading the agents to reduce the supply of
labor as well as the consumption of private goods (Aiyagari, Chris-
tiano and Eichenbaum, 1992; Baxter and King, 1993).

Public sector employment and wages

Assuming the introduction of public employment into the DSGE
models, the government budget constraint changes to:

B
D B+ T+ My — M,
Rt
= weLS +P;Gy+ Pylg,+ P, TRANS,
——

Spending on Public Sector Wages

The production of public goods and services, CtG, follows the
assumption that the government will combine public spending on
goods and services, G, and public sector employment, L?, using a
production function,

1—
CY = AGIoLE ¢

where 0 < ag < 1 is the share of public spending in the production
of goods and services offered by the government to households.

Taylor’s Rule

At the present time, the central banks are expending enormous ef-
forts on studies into the role of monetary policy rules. This has
been prompted by the fact that a wide range of studies have indi-
cated that the performance of economic activity in the short term
is significantly affected by monetary policy. In the majority of these
studies, temporary price stickiness is the friction that explains the
non-neutrality of monetary policy. To address this notion, the lit-
erature has used the so-called "Taylor Rule" (Taylor, 1993), whose
original form was:

re =0+ P+ @x;
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where 0 = r* + (1 — B)*, r; is the interest rate target resulting from
Taylor’s rule, n; is the average rate of inflation over the last four
quarters, * is the target inflation rate, x; is the output gap, r* is the
equilibrium interest rate. Note that if § > 1 and ¢ > 0, then the real
interest rate adjusts itself so as to stabilize inflation and the prod-
uct; if B < 1, a degree of inflation is admissible. The same type of
reasoning applies with regard to ¢, which must be non-negative for
the rule to provide a stabilizing effect?.

The model

In this section, the new-Keynesian model is solved with the inclu-
sion of the government sector. The assumptions that continue to be
valid are: 2.2.2,2.2.4,2.2.6,2.2.9, 3.2.1-3.2.6, 4.2.1,4.2.2,5.2.1, 6.2.1
and 6.2.2. On the other hand, with the inclusion of government, as-
sumption 2.2.1 ceases to be valid.

Households

The problem of the household is the same as in the previous chap-
ter. The novelty is that there are now taxes that could affect the de-
cisions of this agent. With the inclusion of the tax on consumption,
the end prices in the acquisition of consumer goods and investment
assets are affected. Thus, every time the government is interested
in reducing household demand for these goods, it may increase the
rate of this tax. There are a further two taxes that affect household
decisions: taxes on income from labor and from capital. These are
used to affect decisions on the supply of production inputs (labor
and capital).

Assumption 7.2.1. The taxes included in the model are distortionary
and affect (Ricardian and non-Ricardian) household decisions.

* tax on the acquisition of consumer goods and investment as-
C.
sets, T

* tax on income from labor, t'; and

* tax on income from capital, T*.

4The values defined by Taylor (1993) are f=1,5, ¢ = 0,5, 7* =2 and r* = 2.
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Assumption 7.2.2. The government makes the transfer of net income
(TRANS,)® of the lump-sum type, to households, observing the pro-
portion of Ricardian and non-Ricardian agents.

Assumption 7.2.3. Ricardian households acquire discounted bonds
at the basic rate of interest (}% ) issued by the government in each
period.

Determining the consumption and savings of Ri-
cardian households
Ricardian households continue to choose consumption and leisure

in the same way shown in the other chapters. To this end, the fol-
lowing problem is solved:

1-o 1+¢
& Crt—¢cCrt-1 Ly,

jmax_ E; ) p' ( lc S - (7.1)
Cre,Ki U1y ,Bre1 £=0 -0 +@

subject to,

Bt
B
Rt

P(1+71%)(Crs+1I0) + =W;Lg,(1-1h)+RUK’1-75

v
- PK? ‘Pl(Ut—1)+?2(Ut—l)2 +B;+wprP; TRANS, (7.2)

oY
2 I[—l

Using the Lagrangian to solve the previous problem:

with the law of motion of capital,

K, =a-0KkP+1P (7.3)

5Excluding other lump-sum taxes.
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1- I+o
(Cri—¢cCri-1) 7 B Ly,
1-0 1+¢

X:Etiﬁt{
t=0

- AR

B
P(1+75)(Crye+ID) + Rt—; —W,Lg,(1-7h
t

v
-RUKFQ -1+ Pk [‘I’l(Ut -+ 72(Ut - 1)2]

jig 2
1A 2y (7.4)
2\17,

We arrive at the following first-order conditions:

0.Z
6 CR, t

_BI - a)RP[TRANSt

-Q¢ |k, —a-&KF - 1P

= (CRJ - (PCCR,t—l)_U —ApPr(1+71%)

—¢cB(ECrr+1—$cCr:) " =0 (7.5)

A
oKP

t+1

=pE; {AR,HIRHIUL‘H(I - T];H) = BARt+1 P11
¥, 2
YU — D+ 7(Ut+1 -1
—Q;+PQr11(1-6) }=0 (7.6)

0L

ot AR,[R[K;)(I - T’;) - AR}IPIKIP\IJI
ou;

~ AR, P KWL (U, ~1) =0 7.7)

2
oz x (1 1P (1
——AR,IPI(1+T§)+QI 1——(T—1 X T_l
2 It—l It—l It—l

& -
or!
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)\

+ xBE; Qt+1( t; )
I
0L _ _Mri
0By+1 R?

From equation (7.5),

(Crt—bcCri-1)"°
Pt(l + Tg)

~¢cp

ﬂR,t =

From equation (7.6),

Q¢ = BE; {(1 =0)Qt11 + AR r+1 R 1 U1 (1= T’;H)

—AR t+1Pr11

From equation (7.7),

1
k
-1

R,
P,

From equation (7.8),

IP
AR Pr(1+75)-Q, L

2\ 12

= XBE:

From equation (7.9),

AR

+BEAR+1=0

(E(Crt+1—pcCryt) "

v
W (U —1) + 72(Ut+1 ~1)?

W1+ ¥2(U; - 1)

1-4 =L

t+1
Qu1| —5

t
—= = BEAR 141
B i

R;

195

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.14)
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Determining non-Ricardian household consump-
tion
As with the Ricardian households, this type of agent makes deci-

sions in the same manner as in the other chapters, only now con-
sidering taxes on consumption:

1-o 1+¢
S CnRr,t —PcCNRt-1 Lyg,
maxE, Y B! ( = ) Dan (7.15)
CnrR: 120 l1-0 1+¢
subject to,

Pt(l + T?)CNR,I = WILNR,[(I - Ti) + (1 — (,UR)PITRANSI (716)

Using the Lagrangian to solve the non-Ricardian household prob-
lem:

1- I+¢

o g i pt (CNRrt—PcCNR-1) © B Lyg:
! -0 1+

=0 ¢

~ANp, [P+ TOCNR ~ WiLip, (1= T}

—(1-wgp)P; TRANS, ] } (7.17)

Solving the previous problem, we arrive at the following:

0L

= (Cnrt — PcCNR-1) " = ANR,Pr(1+T5)
OCnNR,¢

— B (E:Cnpr,t+1—PcCnr:) =0 (7.18)

From equation (7.18),

(E;Cnp,t+1 = ®cCnry)°
P,(1+79)

(Cnrt = PcCNR-1) "
A = , : B
NR,t Pl bcp

(7.19)
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Definition of wages

The problem with the definition of wages possesses the same nov-
elty as the consumption decision, namely the inclusion of taxes. As
there is no distinction between labor offered by Ricardians (R) and
non-Ricardians (NR), the problem of definition of wages is singular
—-x={R,NR}.

1+¢

00 ) 1 w Yw
IIT/1V§XEI Z(ﬁ@w)l —m [Lx,t+i (%)

gt i=0

Wiss Yw
Ay esi | W, Lx,m-(%) (1-75,) } (7.20)
Wj,t

Resulting in the following first-order condition:

Yw P v
Y L2202 L N A /72 L
X, t+1 Wj*[ X, t+1

ij[
vw
W,
+(1- WW)/lxt+let+l( tﬂ) (1—Té+i)}

*

i=0 it

0=Et2(ﬁew)"{ww

or,

i=0

1
0= EIZ(ﬁHW)l{WW x]mw* + (L =yw) Ay i1 rm)}

With a little massaging, we arrive at the equation for the defini-
tion of optimal wages by the households chosen for this purpose:

w L.
% X, J,t+1
Wj.t :( = )EtZ(ﬁHW) [ . 1 )]

Yw = Ageri(L=T,;
Thus,
w ¥
* R,j,t+i
W 2( v )Ex (BOW)’ (7.21)
P \yw Zo Are+i(1-11,)
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Lt
* NR,j,t
Wj,t=( Yw )EtZ(ﬁew) — ‘ (7.22)
Yw - ANRe+i(1 =T} ;)
From the equation (4.11),
1
Wi =[0wwW, " + (- uywy Y | (7.23)

Aggregating consumption and labor
The rule for aggregating consumption and labor remains the same

as in the previous chapters:

Ci=wprCp+ (1 —wpr)CNR,¢ (7.24)

Li=wpLp,+ (1 —wr)LNR,: (7.25)

Firms

Some of the firms group assumptions remain the same as previ-
ous chapters, but the new factor is the inclusion of stock of public
capital in the production function of firms producing intermediate
goods.

Assumption 7.2.4. The production function includes labor and pub-
lic and private capital as production inputs.

Thus the production function for intermediate goods is:
P G a3
Yjr=AiK;, sztK]t (7.26)

Productivity does not change in relation to the other chapters,
hence the equation (3.11):

logA;=(1—-pa)logAss+palogA;_y +¢; (7.27)

The problem of the firm producing intermediate goods remains
unchanged, only the new production function needs to be consid-
ered. Having said that, the first-order conditions for the problem of
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firms producing intermediate goods are:

_ Y.
LjJ_aZMCj'tWt (7.28)

and,

UK = ay MC; 22 7.29
R =an ot R, (7.29)

Marginal cost becomes:
1 W;\%2 (R, \ !
Mcj,tz—a(—) (—) (7.30)
AtKjGt Slan a

The problem of pricing the intermediate good is unchanged in
this chapter. Thus, from equation (3.25):

P;,= (L)Et i(ﬁG)iMCj,m (7.31)
BN A
And from equation (3.26):

1
pi=[op ) +a-0)p; Y| (7.32)

Government

In this section, the government is represented by two authorities,
fiscal and monetary. The former is responsible for steering the mo-
del’s fiscal policy, while the latter represents price stability via the
Taylor rule.

Fiscal authority

The fiscal authority is considered to be the agent that taxes house-
holds and issues debt to fund its expenses, as follows: current ex-
penditure, G; public investment, [ tG ; and transfer of income to house-
holds, TRANS;.
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Assumption 7.2.5. It is supposed that the government is unable to
obtain funds via seigniorage. In other words, the government does
not issue currency, so assumption 2.2.2 remains valid.

Accordingly, the government’s budget constraint is:

—Bt+Tt:PtG,+PtItG+P,TRANSZ (7.33)
And total tax revenue is:

T, =1P(Co+ ID) +TiW, L, + T8 (R, - ) KT (7.34)
The government possesses three fiscal policy instruments on the
expenditure side: G; I tG; and TRANS;. On the revenue side, the in-

struments used are: 7¢; Tlt; and T’t‘. All the instruments follow the
same fiscal policy rule:

Zi (Zia\"?( B YysPss 177292
4t _ ( t 1) ( t ssi'ss StZ (7.35)
Zss Zss Yi-1Pi-1 Bss
where Z = {G;, I, TRANS;,7¢, 71,75},
The fiscal shock is represented by:
logStZ: (l—pz)logSSZs+pzlogStZ_1+£Z,t (7.36)

And the rule for the motion of stock of public capital is repre-
sented by:

K8, =0-8c)KS+1I¢ (7.37)

Monetary authority

The central bank follows a simple Taylor rule with a twofold objec-
tive: price stability and economic growth.

( T )YH ( Y[ )YY
Tss Yss
where yy and y; are the sensitivities of the basic interest rate in re-

lation to the product and the inflation rate, respectively, and yy is
the smoothing parameter. S} is the monetary shock, represented

YR (1-yR)

RB
el s (7.38)

B
Ry

B
R _
R




NK Model with government 201

by:

logS7' = (1—pm)logSye + pmlog ST | +&m (7.39)

Model’s equilibrium condition

The equilibrium condition now includes government, represented
by public investment (1 tG) and current expenditure (Gy).

Y, =C+ 1P+ I8+ G, (7.40)

The model for this economy is composed of the following equa-
tions from Table 7.2.

Table 7.2: Model structure

Equation (Definition)
Crit—PcCr 1) E:C —pcCrs)™ 7 . .
Ape=" vaP;/’(ch;f) D7 gl R';tl(librcC)R't) (Ricardian
! ! household
Lagrangian)
) L
wr = (- E ¥ (50! L] (Ricardian
ot \gw—T) Pt &= PYW 17! .
! ( v J Areri0=77,) household
optimal wage
definition)
1
W= [HWW)}:IWW +1-0p)W; lwa] vw (Overall wage
level)
7w, = Wl We—q (Gross wage
B inflation rate)
P t+1
PA+16)(Cr e+ 1D+ 5 =
t

WiLg (1 —1h+ R UK (1-75)

' ¢ ¢ ¢ (Ricardian
v

—Pth [‘Pl(Ut “D+ —Z(Ur _ 1)2] household bud.get
2 constraint)

+Bt +wRPtTRANSt

Q: = PE; {(1 ~6)Qu+1+ AR 1 R U1 A -75,))

(Tobin’s Q)

—AR,t+1Pt+1

\PZ 2
Y1(U+1-D+ T(UI+1 -1
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R
= (ﬁ)[‘l’1+‘1’z(Ut—l)]

ARtPt(1+T)—
I
1-% |- - -1|| =
Qf[ If )’fff (If )]

) (500

XBE: [QHI (IM

Pl _x(1f 2
kP =(-0)KP+1! g(ﬁ—l)]
B
;Bl = BEtAR,t+1
ANRt =

(CNR,t=¢pcCnNR,-1)"° — ¢ (E:CNR,t+1=PcCNR,) 7

P (1+79) P (1+79)

_( ¥ i
Wi =)o

Ct=wrCrt+ (1 -wRICNR:

Li=wRrLpt+ (1 —wR)LNR,¢

L P a2 -G @3
Y],t—At(Usz,t] L92KG,
Lje _[%]&
U,KJ},’[_ ar ) Wy

Wt a R[ ay
CMj,e AKC“3 (06_2) («n)

Pt = (55 EeE2 (B0 CM) 11
1
= [epi_‘;” +Q —Q)P;l—‘/’] v

7wy =Pt/ Pry

®
LNR,j,t+i
ANR1+i(1-TL, )

(Demand for
installed capacity)

(Demand for
investments)

(Law of motion of
private capital)

(Euler equation
(Public bond))

(Non-Ricardian
household
Lagrangian)

(Non-Ricardian
household
optimal wage
definition)

(Aggregate
consumption)

(Aggregate Labor)

(Production
function)

(Problem of the
firm trade-off
(MRS=Relative
price))

(Marginal Cost)

(Optimal price
level)

(General price
level)

(Gross inflation
rate)
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B};gl —Bi+ T = Pth+PtI?+PtTRANSt (Government
! budget constraint)
Ty = TgPt(Ct + If) + TltW[Lt + T’f(Rt - 5)Kf (Total government
revenue)
ﬁ _ (Zt—l Yz ( B; YssPss)(l_YZ)(pZ VA
Zss Zss Y 1P Bgs r (Fiscal policy rule)
where Z= {T?,Ti,T]tC}
K&, =0-8q)KE+1IC (Law of motion of
public capital)
RE(RE\YRr( g, \rn(y, \\Y10-YR) )
RE = ( RE [(n_w] (Y_ss) ] S (Taylor’s rule)
Yi=Ci+IP+10+ G, (Equilibrium
condition)
logAr=(1-pa)logAss+palogAs_1+¢; (Productivity
shock)
logStZ =1-pz) logSsZS + leogStZ_1 +Ez ¢ (Fiscal policy
shocks)
logS?* = (1~ pm)logSfs + pmlogSiL| +em,t (Monetary shock)
Steady state

This section retains the procedure adopted in the other chapters for
the resolution of the steady state:

Households
1P =6k?T, (7.41)
_ Clggs(l - (»bc)_g(l - ¢cﬁ) (7.42)
foss P (1+75) ‘

Qss _ k

7 =(1-0)Qss+ ApssRss(1—Tg,) (7.43)
R ¥

Hes P10 (7.44)

- k
P 1-1
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QSS

R,ss

= Pg(1+71€

SS)

1
B
RSS:E

Cass 1= 0)70=dcp)

A
NR,ss = P14 75

L<P

R,ss

W=t (=g

L‘I’

AR,ss(1— Tss)

NR,ss

o= (1) (=)

where Y2 (B0w)’ = 1—ﬁ+6w

Css = CR,ss = CNR,ss

L= LR,ss = LNR,ss
Firms

Y,
Lgs = arCMs; —

SS

K¢s=a,CM, &
s$ 1 ssR

SS

a a.
Yoo = K& LGRS

CMyy = —— (W_)(R_)“
K

a

el gl

a)

where ZOOO(,BO)’ = —ﬁ

A’NR,SS(l - Tss)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)
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Government

1
Bgs (R—B - 1) + 76 Pys(Cys + I5) + 7L WLy + 1%, (Rgs — 8) KL,

SS

= PgsGys + Pss IS + PigTRAN S (7.57)

18 =66KE (7.58)
Equilibrium Condition
Ygs = Css + IE, + 1S + G (7.59)

Beginning with the determination of price values (Rf;, Pgs, Rys,
Wis, Qs eand M Cgg). By normalizing the general price level (Pss =
1),), then Rgs; and M C,; are also found.

From equations (7.43) and (7.45),

1476\ 1
RSS=PSS( Hf ——(1—6)] (7.60)
1-75) 18

Given that from equation (7.44),

k3!
Rgs = Pgs l—k

—Tss
in which,
e |1
Yi=01+715) |3 —(1—6)]
p
and from equation (7.56),
-1
MCys = (WT) (1- BO) Py (7.61)

Knowing Rgs and M Cgj, the value of Wi is also known, and from
the equation (7.55)%,

Ga3 a; \*
W;?:MCSSKSS (ag)“z (R_)

SS

61t is assumed that to determine marginal cost in steady state, K, sGsa3 =0,293,
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a
Wes = s (MCyKG™) ™ z ( il ) (7.62)
RSS
Having determined the prices, the next step is to obtain the vari-
ables that make up aggregate demand (Csj, If;, Ig and Ggg). Con-
sumption and private investment are obtained from the convergence
of the supply and demand for production inputs (labor and capital).

So, by substituting the equation (7.53) in equation (7.41),

oa1MC
IP—( ay ss)Yss

ss T
RSS

and substituting equations (7.42) and (7.52) in equation (7.48),

®
ss = —o o
yw—1)\1- 60w CA=¢cp)1-¢c) a1- Tés)

Pys(1+755)

(7.63)

CoLYE =(1-¢peP)1—de) ™ (1 - fOw)
(Ww—l) -7 | Wes [ W ]
Yw 1475 | Pss [ a@aMCys

1
Css=— {(1 ~pef)1—pe)' (1 pOw)
Yss

1
(ww_l)(l s Wss r’} (7.64)
vw 1+ Tss arxMCgg

It simply remains to find the value of government spending in
steady state, Gss. This value is obtained from the government bud-
get constraint (Figure 7.1). It is assumed that, in steady state, the
ratio for the level of public debt/GDP is Bgs = ¢, Y5, that the pub-
lic investment/GDP I} G = =¢ 18 Yss and that the level of transfer of in-

come to households/GDP is TRANSSS = PTRANS,, Yss. S0 by solving
(7.57) for Gy, and substituting the result in (7.59), we arrive at:

WSS
PSS




NK Model with government 207

R
GsszTgs(Css"'IP)"'T kw ss
PSS
y, P ( 1) ® Yos— 0 Y,
s - G
R r— P Rg TRANSgs Lss 1G tss
Wss k (Rss_6)
Y5 =Css + I +¢Ic Y +rss(CSS + Igs) +r sp L85+TssP—KSS
SS SS
¢y, ( )
+Y -1 Yoo — Y,
Pss \RE PTRANS; Yss — 16 Yss
W, (Rss—0)
Yoo =(1+ Tss) (Css + Iss) + Tss 2 L+ fs 2 ss
PSS PSS
B,
+Ys— P, R_g_l —@TRANS Yss (7.65)

Now, substituting (7.52) and (7.53) in (7.65),

a,MC
Yss =(1+ Tgs) (Css+1 ) +7 ! uyss
Pgs
& (Rss —0) a1 MCs; $By, ( )
Y+ Y, — -1 Y,
PssRss sS ss Pss Rg (PTRANSSS sS
1- l ar MCgs ‘L'k (Rss—0)a1 MCg; (,bB (__1)
Ts Py 5 PgsRgs Pss Rf-gs
+PTRANS | Yss = (1 + Tgs) (Css + I_fs)
1 aZMCSS k (RSS_S)alMCSS (1st5 1
1 =7 ~Tss 5 _B_l
Py PR Py Ry,
P
+¢TRANS (TTSCS) Y5 = Css + Iss (7.66)




208 New-Keynesian Model with government

And substituting (7.63) and (7.64) in (7.66),

1- 7! azxMCg; _ .k (Rss —8)a1 MCg _ 2 (L _ )
Y 5 PgsRgs Py Rf}
1 1 .
+PTRANS || T3 7¢. Ys=—5 11 —¢pcP)A—c)
ss Y
1
(l—ﬁew)(ww_l 1-th\ W [ Wy 17|17
vw 1+T§S Py | apMCyg
Sa1 M
+( a) Css)Yss
Rgs

Rss(Pss — T'aa MCy5) = TF (Rgs — 8) g MCyg
PgRes(1+755)

_ (5051MC53)

RSS
(pBSS ( 1 ) ] 1
- |55 1| trrRANS | Yss =
P, Rg ¢ S ss 9

Y
-1
{(1 — B =)™ (1~ Ow) (1//11/;_

l—rés
1+715

1
Wis Wis ] ¢ } g
Pgs [ aaMCg;

Ay =

_ .l
(1—¢>cﬁ)(1—¢c)‘”(1—ﬁew)(ww 1)(1—7)

Yw 1+75
1
Wis [ Wis ]<p] 7
Pss | apMCg;
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Ryss(Pss — TLaa MCy) = TX (Rgs — 8) a1 MCys

Ay =
2 PgsRss(1+7T§)
6“1Mcss) 5 (1 ) ]
—|——— |- == | = - 1|+ drrans,,
( Rgs Py Rg
e A
Yis” :A_2

Thus, the output in steady state is:

Ay \750
(7.67)

Yss = (_

The previous procedures are summarized in the steady state pre-
sentation below:

Ass=1

P =1

1
Rg:ﬁ
1
B

1+71¢
Rss:Pss( 25)

—Tss

(1—5)]

-1
MCss = (wT) 1- ,BH)PSS

1 [ a \T-a
Wss=(1—-a)MC® (R_)

SS
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Figure 7.1: Rule to determine the steady state with government.
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~ -1\(1-7!
Ar= (1= pef)1 =) “(1—ﬁ9w)(”’w (—1+ )
TSS
WSS WSS ¢ 3
Pss azMCss
B Rss(Pss—TésazMCss)—Técs(Rss_(S)alMCss
y =
PSSRSS(l +Tgs)
5a1Mcss) ¢>BSS( 1 ) ]
- — - — — 1|+ ¢TRANS,,
( RSS PSS Rfs (P

A\
Yes=|—
A

BSS = ¢Bss YSS

G _
Igs= ¢’1§§ Yss

G
KG = &
SS 6G

TRANSss = PpTRANS,, Yss

Lgs=a,MC &
ss 2 ssW

SS

Kss=a1MC &
sS 1 ssR

5§
P P
Igs=06Kgg

Ay
Css = iy

o
Yss
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W, (Rss —6)
Gss :Tgs(css + Igs) + T‘lggiLSS + TISCSL ss
Py Pgs
¢p (1
+ Yss— —B
Pss Ry

- 1) —¢TRANS Y55 — P16 Yss
Qss = AR,ssPss(1+ Tgs)

Css = CR,ss = CNR,ss

Lgs=Lpss = LNR,ss

Tables 7.3 and 7.4 show the calibrated values to be used in the
simulation and the model’s steady state value, respectively.

Table 7.3: Structural model parameter values.

Parameter Parameter meaning Calibrated value
o Relative risk aversion coefficient 2
7 Marginal disutility with regard to 1.5

supply of labor
ay Elasticity of level of production in 0.3
relation to private capital
as Elasticity of level of production in 0.6
relation to labor
as Elasticity of level of production in 0.05
relation to public capital
B Discount factor 0.985
6 Depreciation rate 0.025
0 Price stickiness parameter 0.75
14 Elasticity of substitution among 8
intermediate goods
Ow Wage stickiness parameter 0.75
vw Elasticity of substitution between 21

differentiated labor
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c
Tss

)
Tss

k
Tss

WR

bc

el

YR
Yy

Yr
PTRANS,
;8
¢ ]SGS
YG
YIG
YTRANS
Y1c
YTI

Y‘[k
(GTe

Rate of tax on consumption in
steady state
Rate of tax on income from labor in
steady state
Rate of tax on income from capital
in steady state
Participation of Ricardians in
consumption and labor in the
economy

Habit persistence

Sensitivity of investments in
relation to adjustment cost
Sensitivity of cost of
under-utilization maximum
installed capacity 1
Sensitivity of cost of
under-utilization maximum
installed capacity 2
Rate of depreciation of public
capital
Interest rate persistence

Sensitivity of interest rate in
relation to GDP
Sensitivity of interest rate in
relation to inflation
Proportion of transfers in relation
to GDP
Proportion of public debt in
relation to GDP
Proportion of public investment in
relation to GDP
Public spending persistence

Persistence of public investment
Persistence of income transfer
Persistence of tax on consumption
Persistence of tax on labor income
Persistence of tax on capital income

Public spending over debt

213

0.16
0.17
0.08

0.5

0.8

)

0.025

0.79
0.16

2.43

0.01
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Oy Public investment over debt -0.1
OTRANS Income transfer over debt -0.1
¢Prc Tax on consumption over debt 0
7l Tax on labor income over debt 0
ok Tax on capital income over debt 0

Table 7.4: Variable values in steady state.

Variable | Steady state
RB 1.015
R 0.051
MC 0.229
w 0.135
Y 0.5926
B 0.5926
L 0.654
K? 0.801
K¢ 0.474
I° 0.020
16 0.012
C 0.490
G 0.070

Log-linearization (Uhlig’s Method)

The method developed by Uhlig continues to be used as a tool for
the log-linearization of the model. The results of the other chapters
that concur with this model will be reused. The new element is the
log-linearization of the problem of the household and the govern-
ment sector.

Defining the following auxiliary variables:

TS =1+1¢ (7.68)

T/ =1-7! (7.69)
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TF=1-7f (7.70)
CCgrt = Cr,t —¢cCr 1-1 (7.71)
CCRr,t+1=Crt+1 —PcCr ¢t (7.72)

And the log-linearizations of equations (7.68), (7.69), (7.70), (7.71)
and (7.72),

TS+ TH = 1+15,(1+79)
TS+ TETE =1+18+ 157

Given that at the steady state, TS, =1+ 7¢, results in:

C JC _ C =C
TssTt =TTy

. 7$s
TC = ( ):fc (7.73)
Frlr+s) !
k
~ T
TF=- (%) T~ (7.74)
1-7g
Tl Tés ~1
T} =-|—2-|7, (7.75)
1-7g

The log-linearizations for (7.71) and (7.72) are as follows:

— 1
CCR’[ = 1

) (Cr,t — cChr 1) (7.76)

c

and,

1
1-¢.

Beginning with the Euler equation for public bonds,

CCRry+1= ( ) (Crt+1— PcCr1) (7.77)

ARt

—r = ,BEtAR,Hl
R?
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/IR,ss
B
sS

= AR ss(1+ EfAR 141)

Remembering that in steady state, Rﬁ = %,

1+ Ag, - RE)

;{R,t - E]tg = Et/TR,Hl (7.78)

Log-linearizing the Lagrangian of the Ricardian household (equa-
tion (7.10)),

(Cri—pcCrr-1)""

Ap =
Rt P1+T19

_(I’ ’B(EtCR,H-I _(PCCR,I)_U
¢ P(1+79)

Substituting equations (7.68), (7.71) and (7.72) in the previous
expression,

A CCr E/CCR7
RE=pore TP TP TS

AR P Tf = CCR% - peBECCRY,

ARssPss TS+ Ag g+ Py + TF)
=CCR%(1-0CCR) — pcPCCR% (1~ 0E,CCp,1+1)
At the steady state, Ag ssPss Tgs = CCR% (1= ¢y),

AR,ssPss TSCS(XR,t + jjt + th)
= UCC};ZS(¢CﬁEt66R,t+1 - EER,t)

/lR,ssPss(;{R,t + ﬁt + th)
CCris

- (@cBE;CCRt+1—CCry)
TSS

=0
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Cr%s(1=¢c) 77 (1= p)
1+78)

Given that Ag ¢sPss =
eTS=0+715),
C;?gs(l — ¢c)7g(1 - (PCﬂ)

A+78)

,CCR7 = Cpl (1=pe)™°

(zR,[+ﬁt+th)

o(1=¢e) 7 CR%

Q+7)

(¢cBE,CCR1+1—CCry)

iR,t+ﬁt+ th = ((PcﬁEta\éR,Hl _a\é}i’,t)

9
1-¢:P)
Substituting (7.73), (7.76) and (7.77) in the previous expression,

~ - 7€
/LR,t+Pt+(1 Ll

7=\ spaaal
+75) T [ -peB)A—r)
[pcBECR 141~ DcCr 1) — (Cr¢—PeCrie-1)] (7.79)

Equivalent to the Lagrangian of the non-Ricardian households,

v
1=¢pcP)1-0¢)
[chﬁ(EtéNR,tﬂ ~¢:Cnrt)— (CNR ¢ — ¢66NR,t—1)] (7.80)

Log-linearizing the Tobin Q equation:
From equation (7.13),

~ - ¢
ANR,t+Pt+( ssc )f?:
1+ 75

Qi =PE{(1-0)Qri1 + Ar i1 Rena Upan (1= 75, )
v
—ARt+1Pr1 [\PI(UI+1 -D+ ?Z(Ut+1 - 1)2] }

Substituting (7.70) in the previous equation,

Q: =PE; {(1 =0)Qp+1 + AR t+1Rr41Ur41 T[k+1

v
~AR+1Prs1 [\PI(UHI -1+ TZ(UHI - 1)2]}
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%(1 + Qt) =E; {(1 0)Qss(1+ QHI) + AR, ssRssUssT

SS
7 s 0 LTk
A+Apt+1+Rey1 + U1 + T )

—AR,ssPss ¥V 1Uss(1+ 1R,t+1 + ISHI + ﬁHl) +AR,ssPss ¥1(1+ IR,HI + ﬁHl)

v, ~ ~ ~ ~
- /lR,ssPss7U323(1 + AR t+1 + Pri1 +2Ur1) + AR 55 Pss WoUss(1 + AR 141

~ ~ v,
+Pt+l+Ut+l) ARssPss (1+/lR t+1+Pt+1)}

5

(IR,tH + ﬁt+1 + ﬁt+1 + Ttkﬂ) — AR ssPss V1 Ussﬁtﬂ}

) Qt = Et {(1 5)stQt+1 + AR ssRssUss Tss

Remembering that Ts"s =(1- ‘L']SCS), and substituting (7.74) in the
previous equation,

( Qss

B )Qt Et{(l 6)stQt+1+/1RssRssUss(1 Tss)

k
£y >3 T Tss =~k
ARt+1+Rep1 + U1 — — | T
1-7gs

_AR,ssPss\PlUssfjHl} (7.81)

Log-linearizing the demand for installed capacity:
From equation (7.12),

R,
P,

) [P1+ W2 (U;-1)]
1-7k

Replacing (7.70) in the previous equation,

1
_k) (W1 + W2 (U, - 1)]
T;
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R, Tk
Ly, + WU, - 1)

t

S; SS(1+§I_§t+Ttk) :\Pl-‘r\PzUss(l"rUt)_‘lIz

S

At the steady state R“ Ry _ =V,

Tk
SR, - P+ TR = W, U, U,

SS

Remembering that T,

= (1-7%), and substituting (7.74) in the
previous equation,

k
Tss ~k
% )Tf
1-71
SS

Log-linearizing demand for investments:
From equation (7.13),

1 x( It 2 I; I;
RtPt(1+Tt)_Qt 1—— K_l —¥Qi—|—-1

E 101 \?(E;I
ZX,BEtQt+1( l‘It+1\J ( t t+l_1)
t

Substituting (7.68) in the previous equation,

TF=Qiil-2|+—- !
ARt P: Ty Qt{ 2 ([t_l ) XQtI; 1 (It—l

E; L1\ (E, T
:X,BEL‘QIH—l( t t+1) ( t t+1_1)
I I;

— T -P;- =W, U Uy (7.82)

SS

1 I
ARIPIT -Qit T Qt(lttl) —th(_t)

Eili \® Eili \
:)(,BEtQHl( [IHI) _X,BEtQtH( d Hl)
t
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c_(1_% 3 o (1) R
AR, P: Ty (1 Z)Qt+ ZXQI(It_l) 2xQ¢ .
Eli ) Eili \
:XﬁEtQHl( ! t+1) _XﬁEtQHl( IIHI)
t t

AR,ssPssTscs(l + zR,t + ﬁt + th) - (1 - %) st(l + ét)

3 ~ - o~
+5Xst[1 + Q¢ +2(I;—I;-1)]

—2xQss(1+ Q¢ + Iy — T1-1) = xBQss[1 + Qr + 3(E¢ T — I)]
—xBQss[1+Q; +2(E; Ty4+1 — I))]

AR,ssPss TSCS(XR,t + ﬁt + th) - st@t + XQSS(Tt - Tt—l)
= XBQss(EcTri1 = 1T1)

Given that TS, = (1 + 7<) and substituting equation (7.69) in the
previous equation,

c

~ ~ T ~ ~ ~ o~
/1R,t+Pt+(1+s_f_c )Tg] = QssQr + xQss Iy — It-1)

SS

1+ Tis)/lR,ssPss

= xBQss(E¢Ir1 — Ip) (7.83)

Non-Ricardian household budget constraint:
From equation (7.16),

Pi(1+7))Cnr,e = WeLng, (1= 77)
Substituting (7.68) and (7.69) in the previous expression,

Py T Cnpyr = WiLng, T}

Py TECNpyss(1+ P+ TE + Cvp ) = Wos Lgss T (1 + Wi+ Lyg o+ T})
At the steady state Pss TS, CnR,ss = WssLNR,ss T

§s?

ﬁ,;+ th+ GNR,t = Wt+ZNR,t+ Ttl
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Substituting (7.73) and (7.75) in the previous expression,

c

D ~ Tss Té =~
Pt+CNR,t+ c Tt—Wt+LNRt_ ] T (7.84)
1+7 1

Ss _Tss

Determining the Phillips equation for wages for Ricardian agents,

¢
LR,Hi

Are+i—1!, )

Substituting (7.69) in the previous equation,

LY .
Yw—

Wt*:( U/VK
Yw—1

) E S (pow)
i=0

/lR,t+iTt+l'

. ww \(1-pOw)[ Lk,
RPN
yw—1)\1=B0w )\ Ag s T

E; Y (BOW) (1 +@Lpvi—Ansi— T, })
i=0

L‘ﬂ
Given that in steady state, W = (WVV’VVKI) (l_éew) (/1 R's;l ),
R,ssLss

Wr=Q1- ﬁew)EtZ(ﬁew) @Lpsi—Are+i— T,  (7.85)
i=0

Subsiiituting (7.85) in the log-linear wage level, Wt = BWWt_l +
(1-6w)W; (equation (4.46)),

Wy = 0w Wy +(1-0w) (1- ﬁQW)ErZ(,BGW) (LR +i—AR+i=TL, ;)
i=0

Using the quasi-differencing procedure, by multiplying both sides
of the previous equation by (1—L~!80y),

— BOWEWyi1 = 0w Wiy + (1= 0w) (1 - fOw)

EtZ(,BHW) (@LR,vi = Aryivi = Ty ;)
i=0

~BOWOWW; — (1-0w)(1 - BOw) fOw
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© . ~ ~ ~
E; Z (ﬁgw)l((PLR,Hlﬂ' — AR, t+14i — Ttl+1+,-)
i=0

Resulting in:

Wr - ﬁGWEtWHl = QWWI—I - ﬁHWQWWt
+(1=0w)(1 = BOw) (@Lp, — g, — T})
Adding and subtracting Wt(l—Gw)(l—ﬁHW) = Wt—HWWt—ﬁHWWﬁ
BOwOw Wy, in the previous equation,
W, - ,BHWEtWH—l = HWWt—l - ,BQWHWWt + Wt - QWWt - ﬁHWWt
+BOWOW W, + (1 —Ow) (1 — BOW) QLR — Ar, — T[l)

Ow (W, —W,_1) = BE; W1 - W) +(1-0w) 1—POw) (@Lr — A —T))

Dividing both sides of the previous equation by 6y, and us-
ing the gross wage inflation rates for t and t+1, T, = Wy — Wy,
W t+1 = Wes1 — Wy, results in the Phillips equation for wages:

1-0w)(1 - BOw) ~ ~ ~
( We Pow (@Lri—Ari—TH
w

Substituting (7.75) in the previous expression:

Tw:=PBETw 1 +

_ . 1-6w)(1- 66
Tw=PBETw 41 + [( W)H( Fow)
w

1
~ ~ T
(pLR't—/lR’,+(1 3 )fﬁ] (7.86)
=T

SS

Comparatively for the non-Ricardian households,

1-0w)(1-BOw)
Ow
<PLNR,r—/1NR,t+(1 = )flt

1
—Tss

Tw=BETw 41 +

(7.87)
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Log-linearizing the law of motion of private capital (equation
(7.3)),

I \? I

Kss(1+ I?Hl) =(1 _6)Ksskt + Issz - %Iss(l +3Tt - 271‘—1)
~ o~ X ~
+xlss(1+21— 1) — Elss(l"‘lt)
Kir1=0-8K,+61, (7.88)

The equations resulting from the problem of the firm are the
same as those in the previous chapter’:

Vi=Ar+a; (U, +KP)+asl; + azK? (7.89)
(U, +KP)=MC,+Y,- R, (7.90)
Li=MC;+Y; - W, (7.91)

MC; = a;W; +a R, — A, — azK’ (7.92)
Tp=BE 1 + [%] (MC,-P,) (7.93)
fy=P—P, (7.94)

Aggregate consumption and labor:

Cssét = wRCR,sséR,ss +(1- wR)CNR,sséNR,ss (7.95)

Lssit = wRLR,nER,ss +(1- wR)LNR,ssENR,ss (7.96)

7 Assuming the introduction of public capital



224 New-Keynesian Model with government

Log-linearization of the government budget constraint:
BSS =4 B =4 s
—5 (L+Bry1 = Ry') = Bgs(1+ By) + Tss(1+ T7)

SS
= PsGss(1+G+P)+ P IS (1+1°+P) + P TRAN Sss(1+ TRAN S 1+ P,)
in steady state, By ( N 1) + Tys = PysGys + Pss 19+ Py TRAN Sy,
BSS TG
(Bt+1 - R ) — Bsth + Tss Tt pssGss(Gt + Pt) + Pl (Pt +17)

SS
+PgTRANSs(P; + TRANS;) (7.97)

Total government revenue,

Tys(1+ Ty) = 1°CysPss(1 + Cp + Py) + 1615 Poc(1 + 1P + Py)
+7 WysLss(1+ W, + L) + T°Res KL (1 + Ry + KP) — %6 KL, (1 + KP)

in steady state, Tss = 7¢Cys P55+ T I5, P+ 1! Wi Ly +T* Ry KE,—TF 6 KL,

587
TssTt 7¢Pgs [Css(ct+pt) + IP (TP +ﬁt)] +TlesLss(Wt+Zt)
+ 1%KL [Res(R, + KT) - 6KT] (7.98)

Log-linear fiscal policy rule,

Zt=YZZt—1+(1—Yz)¢z(§t—?t—l—ﬁt—1)+§tz (7.99)
Fiscal policy shock:

SE=pz8 +ez, (7.100)

Log-linearization of the Taylor Rule,

1- 1-
Rys )YR (T[ss )Yn( YR) (E)Yy( YR)
Ttss

R(l +Ry) (
R Y=\ Ry Y

SS SS

0 +yrRi—1 +Yn(1=yR)F +yy (L =YR) Y, + ST

1+R,=1+YRRi—1 +Yn(1—yR)F +yy(1—yR) Y; + ST
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Ri=ypRi1+ (L= yR) (Y2 + Yy ¥y) + ST (7.101)
The log-linearization for the monetary shock is:
—pmS 1 tEm: (7.102)
Lastly, the equilibrium condition and productivity shock:
Yss ¥y = CssCp + IDTY + 1S TC + GG, (7.103)
and the productivity shock:
Ar=paA;q+e; (7.104)
Table 7.5 summarizes the log-linear model.
Table 7.5: Structure of the log-linear model.
Equation (Definition)
~ — 7¢ o
Apt+Pr+ ( 33 )?C [ ]
BETET 7 ) T U —gep - g¢0) (Ricardian
[¢cB(ECR, 141~ PcCRr,0) = (Cr,t = PcCR,e-1)] household
Lagrangian)
aTwe=BEtRW 41 + (Phillips equation
(1-0w)(1—BOw) = = ke Y~ for the Ricardian
[ Ow ] [‘pLR't AR+ ( 1-7L; ) Tt household)
Tw,e = Wi =Wy (Gross wage
o inflation rate)
PssCrss[(Pr+Cpry) A +75) + 15,77 +
Ptk [(Pe+ I7 ) L+ 759) + 76,76 |
Bss (=~ ~
+ =3 (Brsr - RE) =
Rys (Ricardian
WisLp s [(Wt ‘ ZR ) a- Tés) TssTl] i RsSKfs household bud'get
constraint)

[(ﬁﬁ—[?t )(1 Tss) Tssrlf]

+BgsBr +wpTRANSssTRANS;
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Q
( ﬁss Qt—Et{(l 5)stQt+l+AR ssRssUss(1— Tss)
~ ~ ~ ‘['k )
AR,t+1+ Rest + U1 = | — T (Tobin's Q)
1-71g
_AR,ssPss\I"l Uss ﬁt+l }
Rs |5 5 AP ~
(1- ‘rss) 2 |Ry— Py — 1_”,6 Ti | =Y2UssUp (Demand for
Tss installed capacity)
(1+7$)AR, SSPSS[AR t+Pt+( 55 )f?] - (Demand for
QssQr + 1 Qss(PP = TP ) = xﬁst(EtTfH -1P Investments)
t+1 =(1- 5)KP+6IP (Law of motion of
private capital)
IR,t - ﬁf = IR,t+1 (Euler equation
. (Public bond))
~ ~ T
A'NR + P+ ( sS ) 7¢= [ ]
AT T 1 a- ¢cﬁ) (1-¢e) (Non-Ricardian
[pcBECNR, 1+1—PcCNR,) — (CNR,t — PcCNR 1-1)] household
0 0w Lagrangian)
__ __ (1-0w)(1 - pOw
Twe=PEAW 41+ — 0w
w
i (Phillips equation
OLNR - ANR t+( Tss )fl[} for non-Ricardian
1-7k household
wagesa)
Cssét =WR CR,sséR,ss + (1 -wR)CNR,ss GNR,ss (Aggregate
consumption)
LgsLy= wRLR,ssZR,ss +(1- wR)LNR,sszNR,ss (Aggregate Labor)
Yi=Ar+ar (U +KP)+apL + azkC (Production
function)
Zt—ﬁt—ﬁf =R, - W; (Problem of the
firm trade-
off(MRS=Relative
price))
]\'/fﬁt:azwt-ralﬁt—ﬁt—ag;ftc (Marginal cost)
7t =PETits1 + [w] (MC;—-Py) (Phillips equation)
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7ir=P;—Pi_1 (Gross inflation
rate)
% (Br+1 —ﬁf)—BssEﬁ Tss Tt = PssGiss(Gr+Pp) + (Government

PssIG(Py +19) + PggTRANSss(Pr + TRANS,)

Tss Ty = T°Pss [Css(Cr + Pp) + IR (T + Pp)] +
T WysLss(Wy + L) + TFKE, [Rss (R + KP) - KT

G _ =G 7G
Kt+1 = (1_6G)Kt +5It

budget constraint)

(Government tax
revenues)

(Law of motion of

public capital)

Zi=YzZi1+(0—-y2)pz(Bi—Yi—1 —Pi_1)+§7 (Fiscal policy
rulel)

R} = YRﬁfq +(=yR) (yaTtr +yy Vo) + ST (Taylor’s rule)
YSSE:C555;+I§Tf+lgftc+Gssét (Equilibrium
condition)

Ar=paA;q+er (Productivity
shock)

§tZ = pZ§IZ_1 +Ez,; (Fiscal policy
shocks)

Sm= pmgﬁl +Em,t (Monetary policy
shock)

Monetary and fiscal policy productivity
shocks and analysis of the Laffer curve

This section begins with a discussion about productivity shocks in
monetary and fiscal policy. Then, an analysis will be performed of
the use of taxation to stabilize the economy, finishing with a discus-
sion of Laffer curves for three distortionary taxes in this model.
Before analyzing each shock, it is important to highlight a num-
ber of assumptions with regard to the behavior of the fiscal author-
ity. Owing to empirical evidence related to greater rigidity of cur-
rent government spending, amongst the fiscal policy variables (G,
IG and TRANS on the expenditure side and 7¢, ! and 7* on the rev-
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enue side) only public investment (1 G) and the transfer of income
are adjusted to stabilize the level of public debt as a proportion of
the GDP?.

Productivity and monetary shocks

Figure 7.2 displays the results for the productivity shock. This shock
raises the marginal productivity of labor and capital, firms react by
increasing demand for these inputs. With regard to labor, Ricardian
households increase the supply (substitution effect), while non-Ri-
cardians diminish supply (income effect), with a negative net result
on the aggregate supply of labor. Because of to the increase in pro-
ductivity, nominal tax revenues rise, permitting an improvement in
the government accounts: by reducing public debt and increasing
government investment. With this increase in public investment,
capital requirements are easily satisfied and private capital dimin-
ishes. As a result, in the composition of inputs, the supply of la-
bor and of capital diminishes, while the supply of public capital in-
creases, a result which extends beyond the period of this study.

In summary, the growth in productivity improves the quality of
the public budget. The carrying cost of the public debt is reduced
for two reasons: the first is related to the reduction in the stock of
debt and the other the fall in interest rates. As mentioned in the
introduction, it is assumed that current government spending re-
mains unchanged. Finally, the transfer of income to the house-
holds is reduced because of to the improvement in productivity,
economic activity in general and the situation of households.

The expansionist monetary shock (figure 7.3) reduces the ba-
sic interest rate which raises the price of government bonds (P2 =
#). This brings down the demand for these bonds by Ricardian

households that adjust their budgets by acquiring consumer goods
and private investment. If, on the one hand, the lower demand for
government bonds helped to broaden private capital, on the other
hand, the lower demand for public bonds has forced an adjustment
in the government budget through a fall in public investment. As far
as the supply of labor is concerned, Ricardian households reduce
their supply, while the non-Ricardians increase theirs, however the

8Table 7.3 shows the parameter values used in this model simulation.
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Figure 7.2: Productivity shock.
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end result, in terms of the supply of labor, is nil. However, private
investment was sufficiently robust to sustain, by itself, an increase
in output growth.

Fiscal policy shocks

In this subsection, the possibility of fiscal policy shocks will be dis-
cussed. It begins with spending shocks and moves on to a discus-
sion of shocks in terms of the rates of taxation.

Spending shocks (G, I® and TRANS)

Figure 7.4 shows the impulse-response functions for the govern-
ment’s spending policies. A shock in current expenditure raises ag-
gregate demand, which puts pressure on the general price levels.
The central bank (through the Taylor rule) raises the basic rate of
interest, something which "pushes down" the price of government
bonds, thus increasing demand for these bonds. So in this new
household budget composition, it can be seen that the demand for
goods (consumer goods and private investment) by households is
reduced, owing to the crowding out effect, having a negative im-
pact on the government’s tax revenues. The solution for the govern-
ment with regard to this negative result in the public coffers (higher
spending and lower revenue) is to raise funds through new debt is-
sues. Private investment recovers in five periods. Tax revenue fol-
lows the same trend, though the cost of having a higher public debt
causes the government to adjust the composition of its spending,
and public investment falls. The result for production inputs is a re-
duction in public and private capital and an increase in the supply
of labor both for Ricardian and non-Ricardian households (having
a negative impact on the welfare of households).

Definition 7.3.1 (Crowding out effect). This happens when the
increase in the rate of interest on account of an expansionist fis-
cal policy, reduces private spending on investment, an occur-
rence which weakens the effect of growth in economic activity.
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Figure 7.3: Expansionist monetary shock.
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G
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—— —TRANS

Figure 7.4: Government spending shock (G, IG and TRANS).
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The shock in public investment does not cause significant chan-
ges in the model’s variables. Only the stock of public capital rises,
but the result on the aggregate supply is not significant. On the
other hand, the shock in terms of the transfer of income to the house-
holds increases the net income of these agents. This increases the
demand of Ricardians for goods and reduces the supply of labor
for these two groups of households. In other words, the Ricardians
increase the demand for consumption and leisure, while the non-
Ricardians only demand more leisure. The higher demand from Ri-
cardian households for private investment assets (increase in the
supply of private capital) is more than offset by the increase in the
demand for private capital by firms producing intermediate goods,
which reduces the return on capital (firms’ cost of capital). Thus
marginal cost is reduced together with the level of prices. The cen-
tral bank reacts by reducing the basic rate of interest and the cost of
public debt is lower, as there is no need to adjust the composition
of the government budget.

Taxation rate shocks (7¢, v/ and 7¥)

Figure 7.5 displays the shocks of fiscal relaxation. The result for
the shock in the rate of tax on consumption is very similar to the
shock on current government spending. The increase in demand
for goods by both Ricardians and non-Ricardians, puts pressure the
general price levels (initially the Ricardians increase their demand
for private investment assets and then replace demand for this type
of asset with consumer goods, the central bank raises the basic rate
of interest and the demand for government bonds rises. The result
to the public coffers is a fall in revenue (because of to the relaxation)
offset by a reduction in public investment and an increase in gov-
ernment debt. The non-Ricardians do not change their supply of
labor, even with a rise in wages, on the other hand the Ricardians
increase it (substitution effect). The result, in respect of production
inputs, is a slight increase in the supply of labor and private capital,
while the supply of public capital diminishes.

The relaxation of the labor income tax increases the supply of
labor of Ricardian agents (substitution effect) while that of the non-
Ricardians diminishes (income effect), but the result on the aggre-
gate supply of labor is positive. The main result of this relaxation is
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a change in the composition of production inputs, increased supply
of labor, and fall in public capital. Finally, the relaxation in terms of
capital does not result in significant changes in economic activity.

Using taxation for fiscal adjustment

In this section, a counterfactual analysis will be performed of a posi-
tive shock on productivity by analyzing the involvement of taxation
in fiscal adjustment. To this end, the following parameters will be
assumed as the fiscal policy values: yG, Y6, Y TRANS, Y1¢) V11, Yok =
0, 1; (PG;(P[G;(,DTRANS = —0, 1and Qbrﬂ,d).[l,(,brk = {0;0, 1;1; 10}.

Figure 7.6: Share of taxes in the adjustment of the economy given a positive
productivity shock.

Given a positive productivity shock, it can be seen that as in-
volvement of taxation for fiscal adjustment increases, the positive
effect on economic activity rises. When ¢c,¢p_ 1, ¢ = 0 the ad-
justments occur in the spending variables — current spending and
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transfer of income to households is reduced — with a fall in public
debt. With ¢rc, .1, = 10, the adjustment ceases to occur with
the spending variables but switches to taxes, and public debt grows
to conclude the fiscal adjustment.

The Laffer curve

One interesting analytical tool with regard to taxation is the Laffer
curve (Laffer, 1981). The relevance of this concept lies in the fact
that to know the position of the rate of a given tax is important in de-
termining if this rate should be raised or lowered to achieve greater
tax collection efficiency. In other words, if the current rate is below
(above) the rate which generates maximum tax revenue, the fiscal
authority should increase (decrease) this rate.

Laffer curve
035 T

o =
= o o o
& [ 5 [

Total Revenue Collected

o

. . . L . . .
a 0.1 0z 03 04 05 0.6 o7 03
Rate of Tax on Consumption

Figure 7.7: Laffer curve for tax on consumption.

The exercise here is to reproduce the concept of the Laffer curve
on the three forms of taxation in this model. Figure 7.7 shows the
Laffer curve for the tax on consumer goods. The model’s steady
state was calculated using rates between 0 and 1; a particular fact
of this tax is that the rate may exceed 1 as it is an ad-valorem tax.
However, in order to maintain a conformity with rates actually set
by governments, the study is limited to the domain from 0 to 1. Note
that as the curve is always positive, the tax’s elasticity of revenue is
always greater than 1, and there would be no maximum. The logic
for this outcome is that this tax does not affect economic activity
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via production factors. Thus, an increase in the tax rate raises tax
revenue and could offset this higher cost for households by increas-
ing spending on goods and services, which raises income. In other
words, the tax on consumption merely introduces a "premium" on
the price of goods and services acquired by households.

Figure 7.8 demonstrates the result of the Laffer curve analysis for
income tax. The result is a parabola, in accordance with the concept
presented in definition 7.3.1. This figure shows the points of the rate
used in the simulation and the rate which results in maximum tax
revenues (7’ *), noting that the total tax collected could rise if an in-
crease in the rate of this tax were to occur.

Definition 7.3.2 (Laffer curve). This is a theoretical representa-
tion of the relationship between total taxes collected, at different
rates, for a given tax. It is a tool used to illustrate the concept of
"elasticity of taxable revenue". The main idea that underpins
the Laffer curve is that if a tax rate is zero, the government re-
ceives no tax revenue, the same applying in the case of a tax
rate of 100%, though here the reason would be different since,
at this rate, there would be no incentive for the individual liable
to this tax obligation to perform the fact that generates this tax
(e.g. there is no incentive for an individual to work if the tax on
his labor is 100%). Thus, if there is no tax collection for these
extreme values (0% and 100%) it may be concluded that there
must be a rate at which maximum tax revenue collection is at-
tained. Accordingly, the Laffer curve is typically represented by
a parabola. The theoretical result of the Laffer curve is that by
increasing rates beyond a certain point, tax revenue begins to
diminish.

The third Laffer curve exercise involves the tax on capital in-
come (figure 7.9). This result is different from the other two exer-
cises. Note that this curve is decreasing for all rates for this tax. This
behavior is the result of the distortionary effect of this tax on the ac-
cumulation of capital, and so it acts on the level of economic activity
as the aggregate supply is a function of the level of capital.
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Figure 7.8: Laffer curve for tax on labor income.
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Figure 7.9: Laffer curve for the tax on capital income.
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BOX 7.1 - NK model with log-linear government on Dynare.

//NK model with Government - Chapter 7 (UNDERSTANDING DSGE MODELS)

var Y IP IG C CR CNR G

KP KG L LR LNR

R W CM P PI PIW Q RB LAMBDAR LAMBDANR

T tau_c tau_k tau_l TRANS B

A Sm SG SIG STRANS Stau_c Stau_l Stau_k U;

varexo e e_m e_G e_IG e_TRANS e_tau_c e_tau_l e_tau_k;

parameters sigma phi alphal alpha2 alpha3 beta delta

deltaG rhoa psi theta thetaW psiW

rhoG rhoIG rhoTRANS rhotau_c rhotau_l rhotau_k rhom

gammaG gammalG gammaTRANS gammatau_c gammatau_l gammatau_k

phiG phiIG phiTRANS phitau_c phitau_l phitau_k

gammaR gammaPI gammaY tau_css tau_lss tau_kss phic omegaR Psil Psi2 chi;

alphal = 0.3;
alpha2 = 0.65;
alpha3 = 0.05;
beta = 0.985;
delta = 0.025;
deltaG = 0.025;
theta = 0.75;

sigma = 2;
phi = 1.5;
psi = 8;

psiW = 21;

phic = 0.8;
omegaR = 0.5;
Psi2 = 1;

chi = 1;

//Fiscal Policy Parameters
gammaG = 0;

gammalIG = 0.1;

gammaTRANS
gammatau_c =
gammatau_1
gammatau_k =
phiG = 0;
phiIG = -0.1;
phiTRANS = -0.1;
phitau_c = 0;

I
O O OO~

phitau_l = 0;
phitau_k = 0;
//Taylor’s Rule Parameters
gammaR = 0.8;
gammaY = 0.5;

gammaPI = 1.5;

//Autoregressive Shock Parameters
rhoa = 0.9;

rhoG = 0.9;
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rholG = 0.9;
rhoTRANS =
rhotau_c =
rhotau_l =
rhotau_k =
rhom = 0.9;
//

Psil = (1+tau_css)*((1/beta)-(1-delta));

[eNeNeNe R
© © © ©

model (linear);
#phiB = 1;
#phi_TRANS=0.01;
#phi_1G=0.02;

#Uss = 1;
#Pss = 1;
#PIss = 1;

#RBss = 1/beta;

#Rss = Pss*((1+tau_css)/(1-tau_kss))*((1/beta)-(1-delta));
#CMss = ((psi-1)/psi)*(1-beta*theta)*Pss;

#Wss = alpha2*((CMss*0.2~alpha3)~(1/alpha2))*((alphal/Rss)~(alphal/alpha2));
#A1 = ((1-phicxbeta)*((1-phic)~(-sigma))*(1-beta*thetaW)*((psiW-1)/psiW)
*((1-tau_lss)/(1+tau_css))*(Wss/Pss)*(Wss/(alpha2*CMss)) “phi) ~(1/sigma) ;
#A2 = (((Rss*(Pss-tau_lss*(l-alphal)*CMss)-tau_kss*(Rss-delta)
*alphal*CMss)/(Pss*Rss*(1+tau_css)))-(delta*alphal*CMss/Rss)

- (phiB/Pss)*((1/RBss)-1)+phi_TRANS) ;

#Yss = (A1/A2)~(sigma/(sigma+phi));

#Bss = phiB*Yss;

#Lss = alpha2*CMss*(Yss/Wss);

#LRss = Lss;

#LNRss = Lss;

#KPss = alphal*CMss*(Yss/Rss);

#IPss = deltaxKPss;

#IGss = phi_IG*Yss;

#KGss = IGss/deltaG;

#Css = (1/(Yss~(phi/sigma)))*A1;

#CRss = Css;

#CNRss = Css;

#Gss = Yss - IPss - IGss - Css;

#TRANSss = phiTRANS*Yss;

#Tss = Pss*Gss + Pss*IGss + Pss*TRANSss - Bss*((1/RBss)-1);
#LAMBDARss = ((CRss~(-sigma))*(1-phic*beta)
*(1-phic)~(-sigma))/((1+tau_css)*Pss);

#LAMBDANRss = ((CNRss~(-sigma))*(1-phicxbeta)
*(1-phic)~(-sigma))/((1+tau_css)*Pss);

#Qss = LAMBDARss*Pss*(1+tau_css);

//1-Ricardian Lagrangian household

LAMBDAR + P + (tau_css/(1l+tau_css))*tau_c = (sigma/((1-phic)
*(1-phic*beta)))* (phic*betax(CR(+1)-CR)-(CR-CR(-1)));
//2-Phillips equation for Ricardian household wages

PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*thetaW)/thetaW)

* (phi*LR-LAMBDAR+(tau_lss/(1-tau_lss))*tau_1);

//3-Gross wage inflations

PIW = W - W(-1);

//4-Ricardian household budget constraint

Pss*CRss* ((P+CR) * (1+tau_css)+tau_css*tau_c) + Pss*xIPss*((P+IP)
*(1+tau_css)+tau_css*tau_c) + (Bss/RBss)*(B-RB) = Wss*LRss
*((W+LR)* (1-tau_lss) -tau_lss*tau_1) +Rss*KPss* ((R+KP(-1))
*(1-tau_kss)-tau_kss*tau_k) + Bss*B(-1) + omegaR*TRANSss*TRANS;
//5-Tobin’s Q

(Qss/beta)*Q = (1-delta)*Qss*Q(+1) + LAMBDARss*Rss*Uss
*(1-tau_kss)* (LAMBDAR (+1) +R(+1)+U(+1) - (tau_kss/ (1-tau_kss))
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*tau_k(+1))-LAMBDARss*Pss*Uss*Psi1*U(+1);

//6-Demand for installed capacity
(1-tau_kss)*(Rss/Pss) *(R-P- (tau_kss/(1-tau_kss))*tau_k)=Psi2*Uss*U;
//7-Demand for investments
(1+tau_css)*LAMBDARss*Pss* (LAMBDAR+P+ (tau_css/(1+tau_css))*tau_c)
-Qss*Q+chi*Qss* (IP-IP(-1))=chi*beta*Qss*(IP(+1)-IP);
//8-Law of motion of private capital

KP = (1-delta)#*KP(-1) + deltaxIP;

//9-Euler’s equation (Public bond)

LAMBDAR - RB = LAMBDAR(+1);

//10-Non-Ricardian household Lagrangian

LAMBDANR + P + (tau_css/(1l+tau_css))*tau_c

= (sigma/((1-phic)*(1-phic*beta)))*(phic*beta*(CNR(+1)-CNR)-(CNR-CNR(-1)));
//11-Phillips equation for non-Ricardian household wages
PIW = beta*PIW(+1)+((1-thetaW)*(1-beta*thetaW)/thetaW)

* (phi*LNR-LAMBDANR+(tau_lss/(1-tau_lss))*tau_1);
//12-Aggregate consumption

Css*C = omegaR*CRss*CR + (1-omegaR)*CNRss*CNR;
//13-Aggregate labor

Lss*L = omegaR*LRss*LR + (1-omegaR)*LNRss*LNR;
//14-Production Function

Y = A + alphal*(U+KP(-1)) + alpha2+L + alpha3*KG(-1);
//15- Problem of the firm trade-off (MRS=Relative price)
L-U-KP(-1) =R - W;

//16-Marginal Cost

CM = alpha2*W + alphal*R - A - alpha3*KG(-1);
//17-Phillips Equation

PI = beta*PI(+1) + ((1l-theta)*(l-betaxtheta)/theta)*(CM-P);
//18-Gross Inflation Rate

PI(+1) = P(+1) - P;

//19-Government budget constraint

(Bss/RBss)*(B-RB) -Bss*B(-1) + Tss*T = Pss*Gss*(P+G)

+ Pss*IGss*(P+IG) + Pss*TRANSss*(P+TRANS);

//20-Government tax revenue

Tss*T = tau_css*Pss*(Css*(C+P+tau_c)+IPss*(IP+P+tau_c))
+tau_lss*Wss*Lss* (W+L+tau_1)

+tau_kss*KPss* (Rss* (R+KP(-1)+tau_k) -delta*(KP(-1)+tau_k));
//21-Rule for the movement of public capital

KG = (1-deltaG)*KG(-1) + deltaG+IG;

//22-Rule for the movement of public spending

G = gammaG*G(-1) + (1-gammaG)*phiG*(B(-1)-Y(-1)-P(-1))+SG;
//23-Rule for the movement of public investment

IG = gammaIG*IG(-1) + (1-gammaIG)#*philIG*(B(-1)-Y(-1)-P(-1))+SIG;
//24-Rule for the movement of transfer of income

TRANS = gammaTRANS*TRANS(-1) + (1-gammaTRANS)

*phiTRANS* (B(-1)-Y(-1)-P(-1))+STRANS;

//25-Rule for the movement of tax on consumption

tau_c = gammatau_c*tau_c(-1) + (1-gammatau_c)
*phitau_c*(B(-1)-Y(-1)-P(-1))+Stau_c;

//26-Rule for the movement of tax on labor Income

tau_l = gammatau_l*tau_1(-1) + (1-gammatau_l)
*phitau_1*(B(-1)-Y(-1)-P(-1))+Stau_1;

//27-Rule for the movement of tax on consumption

tau_k = gammatau_k*tau_k(-1) + (1-gammatau_k)
*phitau_k*(B(-1)-Y(-1)-P(-1))+Stau_k;

//28-Taylor’s rule

RB = gammaR*RB(-1)+(1-gammaR)*(gammaPI*PI + gammaY*Y)+Sm;
//29-Equilibrim condition

Yss*Y = Css*C + IPss*xIP + IGss*IG + Gss*G;
//30-Productivity shock

A = rhoa*A(-1) + e;
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//31 - Shock in Public Spending

SG = rhoG*SG(-1) + e_G;

//32 - Shock in Public Investment

SIG = rhoIG*SIG(-1) + e_IG;

//33 - Shock in Transfer of Income
TRANS = rhoTRANS*STRANS(-1) + e_TRANS;
//34 - Shock in tax on Consumption
Stau_c = rhotau_c*Stau_c(-1) - e_tau_c;
//35 - Shock in tax on Labor Income
Stau_l = rhotau_l*Stau_1(-1) - e_tau_1l;
//36 - Shock in tax on Capital Income
Stau_k = rhotau_k*Stau_k(-1) - e_tau_k;
//37- Monetary Shock

Sm = rhom*Sm(-1)-e_m;

end;

steady;
check(qz_zero_threshold=1e-20) ;

shocks;

var e; stderr 0.01;

var e_G; stderr 0.01;

var e_IG; stderr 0.01;
var e_TRANS; stderr 0.01;
var e_tau_c; stderr 0.01;
var e_tau_l; stderr 0.01;
var e_tau_k; stderr 0.01;
var e_m; stderr 0.01;
end;

stoch_simul (periods=1000,qz_zero_threshold=1e-20)
Y IP IG CR CNR G KP KG LR LNR R W U PI RB T B tau_c tau_k tau_l TRANS A;
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Appendix A
Mathematical Tools

Lagrange Optimization

Consider the following problem of optimization with constraints.
There is a function f(x, y) whose objective is to find the values for x
and y that maximize f(x, y) and satisfy the relationship g(x, y) = 0.
The Lagrange method for dealing with this problem goes as follows:
define an auxiliary variable A that is known as the Lagrange multi-
plier (or Lagrangian). Then set up the so-called Lagrange function:

Lx, ) =flx, ) +Agx,y) (105)

In other words, the Lagrange function (%) is formed by two
components: the objective function f(x,y) which is maximized;
and A times the constraint function g(x, y).

The next step is to calculate the partial derivatives of . as a
function of the three arguments (x,y,1) and define that each ex-
pression is equal to zero. The three expressions are:

0L 0f(x,y) oglx,y)

ox  Ox +A 0x =0 (106

0L 0f(x,y) oglx,y)

oy - oy +A 3y =0 (107)
0_"2 =g(x,y)=0 (108)
ar &Y=

These three equations are the first-order conditions of the prob-
lem of optimization with constraints. So this system of first-order
conditions is composed of three equations for three variables.
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From equations (A.2) and (A.3), it is known that:

_ __0x
A= 255y (109)

9g(x,y) (110)

So by combining equations (A.5) and (A.6),

ofx,y)  Of éx,y)
0x y

dglx,y) ~ 9gx,y) (111)
0x oy

Equation (A.7) is the optimal solution to the proposed problem.

Example

Suppose that it is required to discover the point at which the func-

tion f(x, y) = x* + y? subject to the constraint x + y = 2. Classify the
maximum point.

Firstly construct the Lagrange function:

Ly )= +y* = Ax+y-2) (112)
Now, obtaining the first-order conditions:

0
— =2x+A1=0 (113)
0x
9 =2y+A=0 (114)
oy =Y -

g—x+ -2=0 (115)

or _rTYTET

Resolving equations (A.9) and (A.10) for ? and by combining the
results,

A=-2x
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A==-2y

x=y (116)
Substituting the equation (A.12) in (A.11),

y+y=2

y=1 (117)
Substituting (A.13) in (A.10),

A=-2 (118)

Therefore the maximum point for this problem is
(x, y;A) = (1v ]-, _2)

Operations with matrices and eigenvalues

Adding and subtracting matrices

The operation to add matrices is defined only between matrices
that have the same dimension. Thus,
all A1m b11 blm

Let A= s : and B =
anl ... Aanm bnl bnm
two matrices nxm.

The sum of the matrices A and B, represented by A+B, is defined
by:
(an+bu) ... (Gim+bim)
(A+B) = : , :
(am +bn1)) ... (@nm+bnm)

In other words, each element of the matrix (A+B), correspond-
ing to the i*" line and j'" column, is equal to (a;; + ;).

In turn, the operation to subtract matrix B from matrix A, repre-
sented by (A-B), is defined by:
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(a1 —=b11) ... (aim—bim)
(A-B) = :

(an1 —bn1) ... (@um—Dbnm)

Multiplication of matrices

The operation to multiply a matrix A by a matrix B is only defined if
the number of columns in matrix A is equal to the number of lines
in matrix B.
Thus, if A is a matrix with m columns, B must have m lines.
an A1m b11 blq

Let A= and B =

anl ... Qum bp1 ... bmg
two matrices nxm.

So, multiplying A by B, represented by A * B, is defined by:
(annbn+...+aimbm) ... (a11b14+...+a1mbmq)

(AxB) =

(ambi1+...+ anmbm) ... (an1b1q+...+ay,mbmq)

Calculation of the inverse matrix

Given a square matrix A of dimension nxn, such that [A| # 0,

1 1
Al'=—adj=—C' (119)
A A
where ad j(A) = C' is called the adjoint matrix of

[Ciil ... [|Cial
AC= : , C! being the transposed matrix of
C (cofactor matrix). As cofactor |C;;| = (—1)’+1|Mij|, where |M; ]| is
the determinant of the "smaller" matrix, resulting from the removal
of the i*" line and the j*" column of matrix A.
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Example: inverse matrix

Let,

1 3 1
2 0 1
0 0 1

A=

Calculating the determinant of matrix A:

|[Al=(0+0+0)—-(0+6+0) =-6|

As | Al # 0 Ais invertible. The next step is to construct the cofac-
tor matrix of B.

0 1 2
13141 _q 1142 _
[Ci1l = (1) [ 0 1 ] =0; [Ci2l = (1) [ 0 =
2 0
(1143 _0.
[Ci3l=(-1) 0 0 ]—0,
3 1 1 1
12+l _ . 1242 _
[Co1l = (1) [0 1 ]— 3; [Caz2l = (-1) 0 1 ]—
0;
1 3
(11243 0.
[Co3l = (-1) 0 0 ]—0,
Gl =1t 3 ]:3; ozl = (132 | L] ]:1,
1 3
|Css] = (-1)3*3 2 0 ]=—6-
So:
0 -2 0
C=| -3 1 0
3 1 -6
and,
0 -3 3
cl=|-2 1 1
0 -6
Thus,
Al=

QwiI—= O
| D=~
=
I
[T
—_—
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Eigenvalues

In order to find the eigenvalues of a matrix A, it is necessary to em-
ploy the following equation:

[A=AI1=0 (120)
Let,
all A1m 1 ... 0
V: —/1 =

anpl ... Qnm 0o ... 1
al a1m A ... 0
apl1 ... Aum 0o ... A

au—/l A1m
an1 oo Aum—A

Lastly, it is required to find the determinant of matrix V.

Example: eigenvalues

— N

To find the eigenvalues of matrix A = [ g ], the following

equation must first be solved:

2-1 2

A=MI=1 " 5

] =2-0)B-1)-2=0
Thus,
A2 —51+4=0

The eigenvalues of matrix A are the roots of the previous equa-
tion: A; =4and A, =1.
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Basic ideas about DSGE

Calibration

For the purposes of the numerical implementation of the model, it
is necessary to assign values to the parameters. Generally speaking,
the most recommended course of action is to estimate them. On
the other hand, calibration is still quite popular among researchers
working with DSGE, but to talk in depth about the methods used in
DSGE model estimation is not within the realms of this book. So,
in short, calibration will be discussed using the RBC model as an
example.

The rate of depreciation of capital stock (6), is usually estimated
using a database and an equation representing the movement of
capital stock intertemporally, such as the equation (2.26), ;s = 6 K.
For quarterly data, the literature works with values between 0.02
and 0.03. In the case of annual data, it would be between 0.04 and
0.1. In this book, the data are considered to be quarterly, so the
equation 6 = 0.025 will be assumed.

The parameter f is called the discount factor, representing how
the agents assess future utility versus present utility. The literature
assumes that this parameter falls between 0.97 for annual data and
0.99 for quarterly data. On the other hand, its value may be obtained
from the equation (2.25). Assuming an average quarterly nominal
interest rate of four percent (Rss = 4%)°:

1

=—=0.985
Rss+(1-0)

B

9As in this model there is no financial bond, the interest rate may be used as a
proxy for return on capital.
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The proportion of capital used in the production process, «, is
obtained from data in the domestic accounts. International litera-
ture works with values between 0.3 and 0.4. In this work, it is being
adopted a = 0.35. The value of the autoregressive parameter, p 4, is
normally greater than 0.9. However, it is possible to obtain an esti-
mation of the total productivity of factors like the production func-
tion residual (known as the Solow Residual), and then estimate this
parameter.

There is little consensus over the values for the relative risk aver-
sion coefficient'?, o. Vereda and Cavalcanti (2010) conducted pa-
rameterizations in a quest to determine the parameter limits of a
DSGE model for Brazil, and the value found by the authors was be-
tween 1 and 3. In this book, the average of this study has been as-
sumed, o = 2. The same problem occurs with the marginal disutil-
ity of labor!!, ¢@. The result from the Vereda and Cavalcanti (2010)
study is between 0 and 3. The choice for this parameter was also the
average of the result of these authors, namely ¢ = 1.5.

In summary, to calibrate for DSGE modeling means assigning
values to the parameters, in some form. No one form is more correct
than the other, but it is always necessary to proceed with caution
and common sense.

Blanchard-Kahn (BK) unique solution
and stability condition
The model, in linearized form, may be expressed in state-space

form as:

2t
EXp41

“1 | 4 Drpo+ Gey (121)

where z; is a vector of predetermined variables in time t, x; is
a vector of forward-looking variables. E, Ay, D and G are matrices
and €, is a shock vector, and

10Christiano, Eichenbaum and Evans (2005), Juillard et al. (2006) and Rotemberg
and Woodford (1997), assign 1, 1.25 and 6.25, respectively.

HChristiano, Eichenbaum and Evans (2005) and Juillard et al. (2006), define as 1
and 3, respectively.



261

2r-1

Tnr=K
n,t X

where K is defined depending on the model.

So the equation (B.1) is:

Zt Zt-1
=[Ayp+ DK + Ge
EiXt+1 (4o ] Xt !
or,
Zt Zt-1
E = + Ge
[ E¢xti1 Xt !
resulting in,
2t Al Q-1 A
=A + Ge 122
[ E¢ X1 ] Xt ! ( )

where A=FE 'Aand G=E"!G.

Thus rational expectations are formed using a set of information
{Zs, Xs+1,€s}, with s < 1.

The condition for unique equilibrium and stability depends on
the magnitude of the eigenvalues of the matrix (Ag + DK). If the
number of eigenvalues with an absolute value greater than 1 (un-
stable root) is equal to the number of forward-looking variables, the
system has a unique solution and is also stable on a saddle path
(Blanchard and Kahn, 1980). On the other hand, indeterminacy
occurs when the number of eigenvalues of the matrix (Ay + DK)
with an absolute value greater than 1 is lower than the number
of forward-looking variables (many stable roots). This means that
when the shock shifts the economy out of its steady state, many
paths exist that lead to equilibrium, in other words, there are multi-
ple solutions to the model. The possibility also exists of the number
of unstable roots being greater than the number of forward-looking
variables (many unstable roots). In this case, the system has no so-
lution and all paths are explosive (Figure B.1).



262

Blanchard-EKahn Satisfied

¥, unique solution
equilibrivm path

is unique

the system has
—w, "W astable saddle path

Many Stable Roots

¥, multiple solution
equilibrium path
is not unique

I alternative techniques
L T required

Many Unstable Roots

. no solution
Vi
I -
! all paths are explosive
I
|
| transversality condition
W, W, violated

Figure 10: Examples of positive results for the BK analysis.



263

An example from the book: RBC model in Chapter 2

The log-linear system of the RBC model developed in chapter 2 is as
follows:

oCi+@Li =W, (123)
%(Etém —C1) = RysEeRean (124)
Kis1=(1-80)K,+61; (125)
Y,=A;+aK,+(1-a)L; (126)
K, =Y,-R, (127)
Li=Y;,-W; (128)

Y55 Vy = CssCp + Igs I, (129)
Ar=paA,,+e; (130)

The first step to facilitating the BK analysis is to simplify the pre-
vious system:

Substituting equation (B.8) in equation (B.3), the equation (B.7)
in equation (B.4) and equation (B.9) in equation (B.5), leaves the
system with three fewer equations (and three fewer variables) than
the initial system.

oCi+(1+@)L,; =Y, (131)
g ~ ~ ~ ~
B(EtCHl —Ct) = RgsE¢ (Y1 — Kei1) (132)
- . Yis) = [Css) ~
Kiy1=(1-0)K;+6 (ﬁ) Y- (ﬁ)ct] (133)
ISS ISS
Vi=Ai+aK+(1-a)L; (134)

Ar=pahAii+e; (135)
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In this system, there are two forward-looking variables, E; Cri1
and E,Y;,1, and two predetermined variables, A, and K 2.
This type of system may be represented in state-space form:

A Ay
K41 K;
~ = A ~ + DL+ Ge (136)
ECra 1 G e
E/Yin Y

In order to help with the construction of the matrices, it is better
to write the model in a form that is consistent with the state-space:

A: A, =PAAt—1 +€;r

(5 )(52)e]
ISS ISS

g ~ ~ _ O ~
C: EEtCtJrl —RgsE Y1 + R Bt Ky = ECt

K:Ki1=(1-8K, +6

Owing to the variable E,Y;;; only appearing in the previous
equation, it is necessary to use a dummy equation to represent it:

YY:RssEtYir1 = RysEt Yenn
Y: 17I=Avt+alzt+(l—a)zt

L:Uét+(1+(p)zt— ?t:()
The next step is to find the matrices E, Ay, D and L;:

1 0 O 0
0 1 0 0

E= 0 Rss % _Rss (137)
0 O 0 R

12Remembering that, as per the convention adopted in this book, the stock-
variables have period opening values, thus when writing the simulation program,
each stock-variable should be postponed by one period.
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pA 0 0
0 (1-0) -6% 5=
Ay = ol Lss (138)
0 0 B 0
-1 a 0
0
D= 8 (139)
1-a)
- Ai_l
1 K;
Li=[ 0 0 1% —¢5 |« Ci
Y,
- AZ'L_I
_ K
=K a (140)
Y,
where:
1
K:[ 00 % - ]
Thus, DK is obtained:
0
0 1
DK = 0 *[ 0 0 ﬁ m
(1-a)
0 0 0 0
0 0 0 0
00 0 0 (141)
(1-a) (1-a)
0 0 Ggze G

The next step is to obtain matrix A:
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pA 0 0 0
0 (1-8) -85 o=
A= AO + DK = o5 s
0 0 i 0
-1 a 0 1
0 0 0 0
0 0 0 0
*lo o 0 0
(1-a)o (1-a)
0 0 1+¢ 1+¢
PA 0 0 0
CSS YYS
B 0 a-96 - T 6K
=1 o 0 3 0
(1-a)o (1-a)
-1 a g 17 Trg

(142)

Finally, the aim is to analyze the eigenvalues of the matrix A,

where:
A=E'A (143)
Table 6: Values of the structural model’s parameters.
Parameter Parameter meaning Calibrated value
o Relative risk aversion 2
coefficient
) Marginal disutility with regard 1.5
to supply of labor
a Elasticity of level of production 0.35
in relation to capital

B Discount factor 0.985

) Depreciation rate 0.025

PA Autoregressive parameter 0.95

- productivity

oA Standard deviation of productivity 0.01
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Table 7: Values of variables at the steady state.

Variable | Steady state
1
0.040
2.084
2.338
0.508
1.829
0.729
20.338

R O—=< == >

By finding the eigenvalues for the matrix A it is possible to an-
alyze if the system possesses a unique solution and is stable. As
stated earlier, Blanchard and Kahn (1980) demonstrated that for a
model with rational expectations to have a unique solution, there
must be the same quantity of unstable roots (eigenvalue greater
than 1 in modulus |A| > 1) plus forward-looking variables. Using
the values in tables B.1 and B.2 and the script in box B.1, we arrive
at the eigenvalues (1) of matrix A:

0.9041

0.9500

1.0337
34.9758

A=

In this case, the Blanchard and Kahn condition is satisfied and

the model has a unique solution'3.

13The Dynare result for the analysis of the Blanchard and Kahn conditions is dis-
played in BOX B.2.
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BOX B.1 - Analysis of the Blanchard and Kahn (1980) condition
for the RBC model in chapter 2.

%Analysis of the Blanchard and Kahn (1980) Condition
%Chapter 2 - RBC Model

%Value of Parameters

sigma = 2;

phi = 1.5;
alpha = 0.35;
betta = 0.985;
delta = 0.025;
rhoa = 0.95;

%Steady State

Rss = (1/betta)-(1-delta);

Yss = ((Rss/(Rss-delta*alpha))~(sigma/(sigma+phi)))*...
(((1-alpha) *((alpha/Rss)”((alpha*(1+phi))/(1-alpha)))..
)~ (1/(sigmatphi)));

Iss = delta*alpha*(Yss/Rss);

Lss = ((Rss/alpha)"~(alpha/(1-alpha)))*Yss;

Wss = (1-alpha)*((alpha/Rss)~(alpha/(1-alpha)));

Css = (Wss/(Lss) phi)~(1/sigma);

% The system is: E s(+1) = A0S+ DL + G e

E=[1000;010 0;0 Rss (sigma/betta) 0;0 O O Rss];
= [rhoa 0 0 0;0 (1-delta) -deltax*(Css/Iss)

delta*(Yss/Iss);

0 0 sigma/betta 0;-1 alpha O 1];

D = [0; 0; 0; (1-delta)];

L = [0 O sigma/(1+phi) 1/(1+phi)];

%A_=E~-1 A
= A0 + (DxL);
A_ = inv(E)*A;

lambda = sort(eig(A_))
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BOX B.2 - Result of the analysis of the Blanchard and Kahn (1980)
condition for the RBC model in chapter 2, on Dynare.

EIGENVALUES:
Modulus Real Imaginary
0.95 0.95 0
0.9614 0.9614 0
1.056 1.056 0
Inf Inf 0

There are 2 eigenvalue(s) larger than 1 in modulus
for 2 forward-looking variable(s)

The rank condition is verified.
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