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A Constant Real and Nominal Rate Monetary Policies

The paper considers specifications of monetary policy that hold the real or nominal interest rate
constant in response to a government spending shock. Here, we illustrate the method used to solve
for these monetary policy specifications. We do this for the case of separable preference. We use
an analogous approach for the case of GHH preference.

Consider the closed economy limit of our model. A log-linear approximation of the key equilib-

rium conditions of this model are

ét = Etét+1 — U(f,:n - Etﬁ_t—l—l)v (1)

= BEyitir + kCoLey + KCy i, (2)
R cy. .

Yy = (Y) Ct + G, (3)

where ¢ = 1/(1+,0) and ¢, = (1 +v~1)/a — 1.
Using equation (3) to eliminate g from equations (1) and (2) yields

& = Byl — o7y — Eyfrpgr), (4)

7y = BEyTi41 + KCeCr + KCyGts (5)

where ¢, = ((c7!1 + (C/Y)tp,) and {; = (. Recall that g = pydi—1 + €g.1-
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A.1 Fixed Real Rate Monetary Policy

An equilibrium with a fixed real interest rate must satisfy
e = Eyiya, (6)

7y = BEy1 + KCeCt + Ky Gt (7)

We conjecture a solution of the form ¢ = a.g;, 7 = arg;. Using the method of undetermined

coefficients, it is easy to verify that such an equilibrium exists with

S
1-Bpg -

a.=0, ar =~k
This equilibrium can be implemented with the following policy rule
Pl = B + bx(fe — 77)

= awpggt + Or Tt — AnPr e

= ¢ﬂ‘ﬁ-t - aﬂ((lsvr - pg)§t~ (8)
A.2 Fixed Nominal Rate Monetary Policy
An equilibrium with a fixed nominal interest rate must satisfy

¢t = EiCip1 + 0By, 9)

it = BEifti41 + KCeCr + Ky Gt (10)

We again conjecture a solution of the form ¢ = a.g:, 7f = arg:. Using the method of undeter-

mined coefficients, it is easy to verify that such an equilibrium exists with

_ PgkGg _ Ce Cg
Ae = , aw—ffliﬁpgac—i—mliﬁpg.

c

where A, = (1 — pg)(1 — Bpy) — pgkle. This solution is however only valid when A. > 0. For
0 < pg <1, Ac is decreasing in py. There is a critical point at which A. = 0. As p, rises and A,
falls towards zero, a. — oo. For values of p, that are above this point, our solution method breaks
down since a, is infinite. Similar parameter restrictions arise in Eggertsson (2010) and Christiano,
Eichenbaum, and Rebelo (2011).

In the valid range, this equilibrium can be implemented with the following policy rule
o= On(fty —7)

= (z)wfrt - aﬂ¢ﬂgt‘ (11)
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B Persistence of the Government Spending Shocks

We use annual data on aggregate military procurement spending to calibrate the persistence of
the government spending shocks that we feed into our model. The first order autocorrelation of
aggregate military procurement spending suggests a great deal of persistence. However, higher
order autocorrelations suggest less persistence. To capture this behavior in a parsimonious way, we
estimate a quarterly AR(1) process by simulated method of moments using the first five autocor-
relations as moments.

More specifically, our procedure is the following. First, we take the log of aggregate military
procurement spending and detrend it (results are insensitive to this). We then estimate regressions
of the following form:

Gy = o+ BiGY + e,
where G}% is detrended log aggregate military procurement spending. We use 3; for j = 1,...,5
as the moments in our simulated methods of moments estimation. We then simulate quarterly
data from AR(1) processes with different degrees of persistence, time aggregate these data to an
annual frequency, and run these same regressions on the simulated data. We then find the value of
the quarterly AR(1) parameter that minimizes the sum of the squared deviations of the empirical

moments from the simulated moments.

C Linear Approximation of Equation (1) for Model Regressions

To calculate the open economy relative multiplier for simulated data from our model, we must take

a linear approximation of the dependent and independent variables in equation (1) so as to be able

to express the variables in the regression in terms of the variables in our model. For the output

regression, we approximate the specification in which we deflate regional GDP by the regional CPI

(The second specification in Table 2). The linear approximation of the dependent variable is
PrY: _ PHai—2Yi-2

Py Pi_o . Y Mgllg

Pry_oYi-2 N Y; o ILII;_4
P2

— 1=t — Yo+ Tt + THt—1 — Tt — T—1 + hoot,  (12)
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where h.o.t. denotes “higher order terms.” The linear approximation of the independent variable
is

PyiGae  Pat—2GHi—2

P PYy,  _ Gallgdlg—1  GHi—2
Pri_oYi_ = WTW
%2’52 }/t—2 Ht Htfl Y%_Q
s A cy - A AW AW
=gt—Ggi—2+ (11— v (7THt T THt-1 — Ty — 7rt—1) + h.o.t. (13)

D Separable Preferences Model

The model consists of two regions that belong to a monetary and fiscal union. We refer to the
regions as “home” and “foreign.” Think of the home region as the region in which the government
spending shock occurs — a U.S. state or small group of states — and the foreign region as the rest
of the economy. The population of the entire economy is normalized to one. The population of the

home region is denoted by n.

D.1 Households

The home region has a continuum of household types indexed by z. A household’s type indicates
the type of labor supplied by that household. Home households of type x seek to maximize their
utility given by
o0
By Bu(Cr, Li(x)), (14)

t=0
where 8 denotes the household’s subjective discount factor, C; denotes household consumption of
a composite consumption good, L(x) denotes household supply of differentiated labor input x.
There are an equal (large) number of households of each type. The period utility function takes
the form
Ol L)

u(C Lif@)) = T =X (15)

The composite consumption good in expression (14) is an index given by

n
1 n—1 1 n—1 -1

Cy = |pjCrt +opCrl , (16)

where C'; and Cr; denote the consumption of composites of home and foreign produced goods,
respectively. The parameter n > 0 denotes the elasticity of substitution between home and foreign

goods and ¢y and ¢ are preference parameters that determine the household’s relative preference



for home and foreign goods. It is analytically convenient to normalize ¢g + ¢op = 1. If oy > n,
household preferences are biased toward home produced goods.

The subindices, C'y+ and Cpy, are given by

Cut = {fol cht(z)%dz} o and Cpy = [fol Cft(Z)%dZ] o (17)
where cpt(2) and cf¢(2) denote consumption of variety z of home and foreign produced goods,
respectively. There is a continuum of measure one of varieties in each region. The parameter 6 > 1
denotes the elasticity of substitution between different varieties.

Goods markets are completely integrated across regions. Home and foreign households thus
face the same prices for each of the differentiated goods produced in the economy. We denote these
prices by pp¢(z) for home produced goods and py(z) for foreign produced goods. All prices are
denominated in a common currency called “dollars.”

Households have access to complete financial markets. There are no impediments to trade in
financial securities across regions. Home households of type = face a flow budget constraint given
by )

P,Cy + Ey[M; 111 Bit1(x)] < Be(x) + (1 — 1) Wi (z) Ly (x) + /0 En(z)dz — T, (18)

where P; is a price index that gives the minimum price of a unit of the consumption good Cj,
Byy1(x) is a random variable that denotes the state contingent payoff of the portfolio of financial
securities held by households of type x at the beginning of period ¢ + 1, M; ;1 is the stochastic
discount factor that prices these payoffs in period t, 7+ denotes a labor income tax levied by the
government in period ¢, Wy(z) denotes the wage rate received by home households of type x in
period t, Zp4(2) is the profit of home firm z in period ¢ and T} denotes lump sum taxes.! To rule
out Ponzi schemes, household debt cannot exceed the present value of future income in any state
of the world.

Households face a decision in each period about how much to spend on consumption, how many
hours of labor to supply, how much to consume of each differentiated good produced in the economy
and what portfolio of assets to purchase. Optimal choice regarding the trade-off between current
consumption and consumption in different states in the future yields the following consumption

Euler equation:
1

Ct+j nd _ Mt,t+j Pt+j
Ci pi P

(19)

'The stochastic discount factor M; ++1 is a random variable over states in period t + 1. For each such state it
equals the price of the Arrow-Debreu asset that pays off in that state divided by the conditional probability of that
state. See Cochrane (2005) for a detailed discussion.
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as well as a standard transversality condition. Equation (19) holds state-by-state for all j > 0.
Optimal choice regarding the intratemporal trade-off between current consumption and current

labor supply yields a labor supply equation:

Wt(IL‘) .

vl o1
XLt(33> Cy :(1_Tt) P,

(20)

Households optimally choose to minimize the cost of attaining the level of consumption C;. This
implies the following demand curves for home and foreign goods and for each of the differentiated

products produced in the economy:

Crg=onCe (Bt) " and Cpy = w0y (%) (21)
cnt(2) = Cry (p?;b(;)>_9 and cp(2) = Cpy (pf,tF(tz))_e, (22)
where
Py, = [ Iy pht(z)l_gdz}lle and Py = [ s pft(z)l_edz}llg, (23)
and 1
P = [qﬁHP}I;" + quP;;”} o (24)

The problem of the foreign household is largely analogous and we therefore refrain from de-
scribing all details for this problem. We use superscript * to denote foreign variables. The utility
function of the foreign households is analogous to that of home households except that the foreign

conposite consumption index is

n
1 n—1 1 n—1 n—1

Cr=|67Ch + 5 Cry’ : (25)

where CfF;, is a composite index of foreign consumption of home goods and C7, is a composite index
of foreign consumption of foreign goods. These indexes are given by analogous expressions to those
in equation (17). We assume for convenience that ¢j; + ¢} = 1. The foreign budget constraint
is analogous to that of home households. This implies that the foreign Euler equation and labor
supply equations are analogous to those of the home household. Foreign demand for home and

foreign goods and for each of the differentiated products produced in the economy is given by

Ciry = onC () " and G =030y (B) (26)
—0 P -0
Gul(2) = Cii (%) and () = 3, (2) (27)
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where
-
P = [6uPh "+ 6vPr | (28)
It is useful to note that combining the home and foreign consumption Euler equations to eliminate

the common stochastic discount factor yields

YT g

() - (29)
where Q; = P}/ P, is the real exchange rate. This is the “Backus-Smith” condition that describes
optimal risk-sharing between home and foreign households (Backus and Smith, 1993). For simplic-

ity, we assume that all households—in both regions—initially have an equal amount of financial

wealth.

D.2 The Government

The economy has a federal government that conducts fiscal and monetary policy. Total government
spending in the home and foreign region follow exogenous AR(1) processes. Let Gy denote gov-
ernment spending per capita in the home region. Total government spending in the home region
is then nG . For simplicity, we assume that government demand for the differentiated products
produced in each region takes the same CES form as private demand. In other words, we assume

that

gnt(2) = Gme (%)‘9 and g (2) = Gre (pfatF(tZ))_e- (30)

The government levies both labor income and lump-sum taxes to pay for its purchases of
goods. Our assumption of perfect financial markets implies that any risk associated with variation
in lump-sum taxes and transfers across the two regions is undone through risk-sharing. Ricardian
equivalence holds in our model.

We consider two specifications for tax policy. Our baseline tax policy is one in which government
spending shocks are financed completely by lump sum taxes. Under this policy, all distortionary
taxes remain fixed in response to the government spending shock. The second tax policy we
consider is a “balanced budget” tax policy. Under this policy, labor income taxes vary in response

to government spending shocks such that the government’s budget remains balanced throughout:
WP + (1= ) PruGr =71 | Wilo)Li(a)d, (31)

This policy implies that an increase in government spending is associated with an increase in

distortionary taxes.



The federal government operates a common monetary policy for the two regions. This policy

consists of the following augmented Taylor-rule for the economy-wide nominal interest rate:

ff = Prf?ﬂ + (1 - Pi)(@bnﬁfg + ¢y@?g + ‘bgggg)v (32)

where hatted variables denote percentage deviations from steady state. The nominal interest rate
is denoted 7. It responds to variation in the weighted average of consumer price inflation in the
two regions 7Y = n#, + (1 — n)7;, where 7y is consumer price inflation in the home region and
7 is consumer price inflation in the foreign region. It also responds to variation in the weighted
average of output in the two regions ¢, = ng; + (1 — n)g;. Finally, it may respond directly to the
weighted average of the government spending shock in the two regions ¢, = ng; + (1 — n)g;. See

section D.4 below, for precise definitions of these variables.

D.3 Firms

There is a continuum of firms indexed by z in the home region. Firm z specializes in the production
of differentiated good z, the output of which we denote yx:(2). In our baseline model, labor is the
only variable factor of production used by firms. Each firm is endowed with a fixed, non-depreciating

stock of capital. The production function of firm z is
ynt(2) = Li(2). (33)

The firm’s production function is increasing and concave. It is concave because there are diminishing
marginal returns to labor given the fixed amount of other inputs employed at the firm. Labor is
immobile across regions. We follow Woodford (2003) in assuming that each firm belongs to an
industry = and that there are many firms in each industry. The goods in industry x are produced
using labor of type x and all firms in industry x change prices at the same time.
Firm z acts to maximize its value,
)
E; Z My 4 [pra+j (2)Yne+5(2) = Wigj (@) Leqj (2)]. (34)
§=0
Firm z must satisfy demand for its product. The demand for firm z’s product comes from three

sources: home consumers, foreign consumers and the government. It is given by

-0
ynt(2) = (nCrre + (1 — n)Cpy + nGry) (@fj) . (35)



Firm z is therefore subject to the following constraint:

—0
(nCrat + (1 — m)Chyy + nGiar) <p§;§)) < F(L(2). (36)

Firm z takes its industry wage W;(z) as given. Optimal choice of labor demand by the firm is
given by
Wi(z) = aLi(2)*1S;(2), (37)

where Si(z) denotes the firm’s nominal marginal cost (the Lagrange multiplier on equation (36) in
the firm’s constrained optimization problem).

Firm z can reoptimize its price with probability 1 — « as in Calvo (1983). With probability «
it must keep its price unchanged. Optimal price setting by firm z in periods when it can change

its price implies

0 e oI My 11 5yni+j(2)
N=—"_FE e Spvi(2). 38
Pre(2) -1 tjzo B> 0l o &F My kynit(2) t5(2) (38)

Intuitively, the firm sets its price equal to a constant markup over a weighted average of current
and expected future marginal cost. Since all frims in industry « face the same wage, have the same
production function and set price at the same time, they will all set the same price, produce the
same amount, hire the same amount of labor and have the same marginal cost. We can therefore
replace all indexes z by =x.

Combining labor supply (20) and labor demand (37), we get that

S(x)  x Ly(x)” —otloy™

Pt - a (1-7})

Using the production function to eliminate L;(x) from this equation yields

Si(w) _ Xy (@) —etD/acg™
P, a (1—m7) '

D.4 Linear Approximation

We linearize the model around a zero-growth, zero-inflation steady state. We start by deriving
a log-linear approximation for the home consumption Euler equation that relates consumption
growth and the return on a one-period, riskless, nominal bond. This equation takes the form
Ei[M;41(1+ 7)) = 1. Using equation (19) to plug in for M; ;41 and rearranging terms yields

3 <Ct+1>g_l Py 1
Ci P

I

E; (40)




The zero-growth, zero-inflation steady state of this equation is 5(1 4 7#") = 1. A first order Taylor

series approximation of equation (40) is
& = Eylipr — o7y — Eyfregr), (41)

where ¢, = (C; — C)/C, iy =m— 1L, and 7P = (1 + 7P — 1 —7") /(1 +7").

A linear approximation of the “Backus-Smith” equation (29) is
ét — é: = O'Cjt, (42)

where ¢ = Q¢ — 1.

We next linearize equation (39) in period ¢ + j of a firm that last changed its price in period ¢.
Let gt ¢+j(z) denote the percent deviation from steady state in period ¢ + j of output in industry
x that last was able to change prices in period ¢. Let other industry level variables be defined
analogously. We then get that

T

Bht s () = Vulneirj(z) + 0 Tepy + Titjs (43)

1—71
where $p,; 44 ;(x) denotes the percentage deviation from steady state of real marginal costs in period
t + j of home output in industry x that last was able to change prices in period t, 7, = (7 — 7) /T,
and the parameter 1, = (v~' +1)/a — 1.

The foreign analog of equation (43) is

) ) ) 1. T
St (2) = Geaj + olfeiri(z) + 0 e, + 17t (44)

Recall that we have assumed ¢y + ¢ = 1 and ¢} + ¢ = 1. These assumptions imply that
in steady state P = Py = Pr = p(z). We then have that in steady state Cy = ¢y C, Cp = ¢rC,
T =ouC", Ch = ¢5pC", en(z) = Cu, ¢f(2) = Cr, ¢,(2) = Cfy, and c}(2) = C. Since we assume
that home and foreign households have equal initial wealth, C' = C*. We also assume that steady
state government spending per capita is equal in the two regions, Gy = Ggp = G. We furthermore
assume that overall demand for home products as a fraction of overall demand for all products is
equal to the size of the home population relative to the total population of the economy. In other
words, nCy + (1 — n)Cj; = nC, which implies that ¢p* = (n/(1 —n))or.
We take a linear approximation of all prices relative to the home price level P;. A linear
approximation of the demand for home and foreign goods by home households—equation (21)—
and its foreign counterpart—equation (26)—yield

CHt = ¢ — NPy and  Cpy = ¢ — NPFy (45)
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¢ty = ¢ =Pt — ) and  Ch, = ¢ — n(Pre — Gr), (46)
where ¢y = (Cyy — Cp) /Ch, C, = (Cy—C)/C, pgr = Py¢/P; — 1 and other variables are defined
analogously.

It is useful to define per capita home and foreign output as

Yie = 2 [Lym(2)dz and Yy = 12 [ ypi(2)dz, (47)

and total output as

Yi =nYy + (1 —n)Ypy.

In the steady state, we have Yy = yp(2)/n, Yr =ys(2)/(1 —n), and Y = nYy + (1 — n)YF.

Next we take a linear approximation of demand for home and foreign variety’s—equation (35)
and its foreign counterpart. The steady state of demand for home varieties is y,(z) = nCy +
(1 =n)C} +nGy. Using Cy = ¢uC, Cf = 93, C*, C = C*, Gy = G, ¢ug + ¢or = 1, ¢pg*x =
(n/(1=n))or, yields Yg = C'+ G. Similar manipulations for the demand for foreign varieties yield
Yrp=C+G. Since Y =nYy + (1 — n)Yp, we thus have Y = Yy = Yp. Using these steady state
relationships, we can take a linear approximation the demand in period ¢ 4 j for home and foreign

firms in industries that last changed their prices in period ¢. This yields

. C\ . 1—n , [C) . R .
Int+5(x) = o <Y> CHt+j+T¢H <Y> CHtyjtgH+j—0 (pht( — PHivj — Zﬂ-t-i-k)

) n c\ . L(C\.. . ) A g
Ustr(2) = 7 OF <Y> et + OF <Y> Criqj + grey; — 0 (pft(l‘) — DFttj — Z?Tt+k) , (49)
k=1
where Juiyj = (Griy — G)/Y and greqj = (Greyy — G)/Y.
Given the way prices are set in the economy, home output from equation (47) can be expressed

as
00

1 A
Y = - Z%(l — ) yp—j ().
J:

A linear approximation of this equation is
e .
Yt = Z(l — ) Gpe—j ().
j=

0
Using equation (48) to plug in for g (x) yields

. C\ . 1—n , (C) . R
Jut = ou v ) CHt + - oys v ) Che + GHt
o0

—0 Z(l — Oé)Oéj (ﬁhtj(x) - ﬁHt - Z_:Wtk> . (50)
j=0 k=0
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Using again the structure of price setting in the economy, equation (23) for the price index for

home produced goods can be rewritten as

oo

P}{;e = Z(l — a)ajpht_j(x)lfe.
=0

A linear approximation of this equation is

oo

pre =)y (1-a)d <pht+] iﬂ ) .

=0

Combining this equation and equation (50) yields

. C C
Yot = ¢H< > < >CHt+QHt

A similar set of manipulations for foreign output and foreign prices yields

n C\ . « (O .. .
1—n¢F Yy Crt + OF Yy Crt T gFt.

Upt =

Using equations (45) and (46) to eliminate ¢gy, ¢y, Cre, and ¢j, from the last two equations

yields
~ C ~ 1—n * C A%
Jut = dn (Y) ¢t + Téf)H (Y) C
_(C p 1—mn ,\. n [ —n(Zs n
n % H n Pt +n % ud: + gHt,
C C\ ..
¢F< >Ct+¢F <Y> Ct

C n o\ C\ . . .
-1 (Y) (1 —or ¢p> Prt+ 1 <Y> PFat + grt-

Combining equations (43), (48), and (51) and (?7?), (49), and (52) yields

Urt =

. . . . . 1. T .
St () = Volmes; — Yol <pht(33) — DHt+j — Z?Tt+k> +o 10t+j =+ 1_ TTt+ja
k=1

R ~ ~ R ~ T
s+ (@) = Getj + Yolrit; — Yol (pft(fc) — PFt4j — ZWHk) +o e+ T Tt

k=1

A linear approximation of equations (23) yields

Tt = I?Ta(ﬁht(fU) —ﬁHt) and 7p = I?Ta(ﬁft(ﬂc) —ﬁFt)
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A linear approxmation of equation (38) and its foreign counterpart yields

Pre(x) = (1= aB) Y (aB) Eidnraqs(x) + aB Y (aB) By, (56)
7=0 J=1

Pre(x) = (1= aB) Y (aBY Eidgrerj(x) + aB Y (af) By, (57)
j=0 J=1

Using equations (53) and (54) to substitute for §p; 14 ;(x) and 5744 ;(x) in the last two equations
yields

T .
Tt+j
— Tt

M8

pre(x) = (1 —aB)C (aB)YE, [%ZJHHJ‘ + 0YuPrt + 0 ey + :

Il
=)

J

+af Z(QB)jEtﬁ'tJrja (58)

J=1

hgE

A~ ] ~ ~ ~ —1 A% T ~
pre(r) =1 —ap)C )y (aB) Ey [Qt—l—j + Yofriej + 0uPrirs + 06+ Hﬂtﬂ}

Il
o

J
+aB Y (aB) Eivyy, (59)
j=1

where ¢ = 1/(1 4 ¢,0). Quasi-differencing these equations yields

. .« N A~ —1x T . A
Pre(w) — afEpnia(z) = (1 —aB)¢ [%ym + 00pre + 0 e+ T 7_th| +afEfit,  (60)

pre(x) — afEppa(z) = (1 —aB)q [q} + Yolire + OPupre + 06 + 1 i %t] + afEf, (61)

Using equation (55) to eliminate py;(x) and pyi(x) from these equations yields

l—«, . .
Tt — OB E T + T(th — afBEPH4+1)

= K( [¢v@Ht + Oupr + o e 7A't:| + (1 — a)BETi41, (62)

l—a,, .
Tt — BB mpie1 + T(th — afSEpri+1)

. . . o T .
= K( [Qt + ufre + OYupre + o e + : Tt:| + (1 — a)BEimi11, (63)

where kK = (1 — «)(1 — af)/a. Notice that prrr1 — Pt = THe+1 — Te+1.  This implies that

prt — aBpmir1 = (1 — aB)pmt — aBET g1 + aBEyfi1. Similarly,
Using these in equations (62) and (63) yields

T = BEF i1 + KCUum — KCPr + KCo e + HC
13
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~ ~ ~ ~ ~ —1 A% T ~
7r = BBy ri1 + KCUuTre — KCDE: + KCG: + KCo e + KC Tt (65)

1—71
A linear approximation of equation (24) is
¢upHt + FPre = 0, (66)
which implies
. H .
DFrt = —¢*th- (67)
oF
First differencing equation (69) and rearranging terms yields
Tt = QuTHt + QFTFL. (68)
A linear approximation of equation(28) is
Pubut + Ppbre = G- (69)
First differencing this equation and rearranging terms yields
T = QuTH + Ol E (70)

E Model with GHH Preference

The second model we consider in the paper is the same as the baseline model except that households

have GHH preferences. The utility function of home households is, in this case, given by

(G~ xt@ a0 )
: ,

u(Cy, Ly(z)) = (71)

1—0—
where v is the Frisch elasticity of labor supply. Home household labor supply is then

ug(Ct, Le(x))
uc(Ct, Le(z))

Wt(ZL')

—(1—
( Tt) Pt ’

where the subscripts on the function u denote partial derivatives. Notice that these partial deriva-

tives take the form

—1

L1+V’1 I
Uet = Cr — Xm )

-1
Ll—l—ufl

14




This implies that home labor supply is

Wt(.’E> .

1
A = (1= m) =

(73)

Labor demand and the production function of firms are the same as in the baseline model.

Combining labor supply, labor demand, and the production function of the firms yields

N e ()

A linear approximation of this equation in period ¢ + j for firms that last changed their price

in period ¢t yields

. X T
Sht+s (2) = Yol (@) + 7Tt (75)

Using this equation and its foreign analog, we can derive Phillips curves for home and foreign

PPI inflation in the same way as we did for the baseline model. These derivations yield

-
1—71

Tt = BE i1 + KCUuHt — KCPHE + KG Tt (76)

r
1—171

Tt = BET i1 + 6Cure — kCDRt + k(G + KC Tt (77)

With GHH preference, the consumption Euler equation of households becomes

(Crit, L j2 1
uc(Ctv Lt(x)) Py 1+
A linear approximation of u.(Ciy1, Lit1(z)) yields
UeeC' . UeeL 4
Uy = %q+qu@. (79)

Notice that

-1
14p-1\ 7 1
Upe = —0 1 C—XL ,
1401

—1_

—0c 1
3 Ll—l—u_l 1
ucg:al<0—xl+y_1 xL” .

This implies that

-1
UeeC

-1
L c\ !
| _ _ 1 R “1y—1
w o C(C Xl—i—y—l) o (1 ap (Y) (1+v) ,

_1\ —1 -1
Uer L 1 Litv -1 UeeC (L -1 ue.C [ C 1
Yt _ o (0 -y | LV = “) L = - © .
Ug 7 ( X7 + vl X u. \C X U \Y o
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Let 0. = ueeC/u. and o, U= yuL /uc. We then have that a linear approximation of equation (78)
yields
G — acaglft = E1épy1 — UCUZIEtgt+1 — 0c(Ty — Eymeg1). (80)
Let § = oco, 1 (%)_1 ap~t. Also, a linear approximation of the production function—equation
(33)—vyields gr¢ = aly. Let &y = &fa = (%)71 pu~t. Using these conditions, we can rewrite
equation (80) as
¢ — &yt = Erliir — &y — 0c(P) — Eymgr). (81)

With GHH preferences, the Backus-Smith condition becomes

ue(C, Li (x))

= Q. 82
ue(Cr Lu(a)) 52

A linear approximation of this equation is
Ct — fy?gt - é: + fy?g;tk = 0.qy (83)

F Model with Regional Capital Markets

This section presents an extension of the baseline model in Section 1 that incorporates investment,
capital accumulation and variable capital utilization. We adopt a specification for these features

that mirrors closely the specification in Christiano, Eichenbaum, and Evans (2005).

F.1 Households

Household preferences in the home region are given by equations (15)-(17) as in the baseline model.
Household decisions regarding consumption, saving and labor supply are thus the same as before.
However, in addition to these choices, households own the capital stock, they choose how much
to invest and they choose the rate of utilization of the capital stock. Let K; denote the physical
stock capital of capital available for use in period ¢ and I; the amount of investment chosen by
the household in period ¢t. For simplicity, assume that I; is a composite investment good given
by an index of all the products produced in the economy analogous to equations (16)-(17) for

consumption. The capital stock evolves according to

Kip1 =1 - 8K+ @Iy, I1—1), (84)

I
Iy

where ¢ denotes the physical depreciation of capital and ®(I;, I;—1) = [1 — ¢ ( )} I;, summarizes

the technology for transforming current and past investment into capital. Households choose the
16



utilization rate wu; of the capital cost. The amount of capital services provided by the capital cost
in period ¢ is then given by K; = u; K.

The budget constraint of households in the home region is given by

P.Cy + PuIy + PoA(ut) Ky + Et[My 11 By (2))]

< By(z) + (1 — 7)Wi(x) Ly(z) + RFu Ky + /1 Epe(x)dz — Ty (85)
0

The differences relative to the model presented in Section 1 are the following. First, households
spend P;I; on investment. Second, they incur a cost P, A(u;)K; associated with utilizing the capital
stock. Here A(u;) denotes a convex cost function. Third, they receive rental income equal to Rfu; K;
for supplying u; K; in capital services. Here RF denotes the rental rate for a unit of capital services.

In addition to equations (19)-(29) and a standard transversality condition, household opti-
mization yields the following relevant optimality conditions. Optimal capital utilization sets the

marginal cost of additional utilization equal to the rental rate on capital,
Allw) = —- (86)
Optimal investment and capital accumulation imply
D@1 (I, I;—1) + BE{Diy1P2(L141, It)] = uc(Cy, Li(x)) (87)

Dy = B(1 = 8)EtDyy1 4 BEL(A (ugr1)uss1 — A(ursr))ue(Cran, Liga ()] (88)

where D; is the Lagrange multiplier on equation (84) and ®;(-,-) denotes the derivative of ® with

respect to its j-th argument.

F.2 Firms

The production function of firms in industry x is

yi(z) = f (Li(x), Ki(2)) (89)

The demand for the output of firms in industry z is given by

6
y(z) = (nC’Ht +(1—n)Cx+nlps+ (1 — n)I}kﬁ + nGHt) (pll;ii)> (90)

Optimal choice of labor and capital by firms implies

Wi(z) = fo(Li(z), Ki(2)) St (), (91)
17



Rf = fe(Li(z), Ki(x))Se(). (92)

Optimal price setting by firms yields equation (38) as in the baseline model.
Combining labor demand, labor supply and the production function yields

Si(xz) 1 ve(Li(x))
B (=7 wl O el (L), Ko@) (93)

F.3 Calibration

We set the rate of depreciation of capital to 6 = 0.025, which implies an annual depreciation rate
of 10 percent. The investment adjustment cost function is given by

where ¢(1) = ¢'(1) = 0 and k1 = ¢"(1) > 0. We set k; = 2.5. This is the value estimated by
Christiano et al. (2005). We require that capital utilization u; = 1 in steady state, assume that
the cost of utilization function A; = 0 and set o, = A”(1)/A’(1) = 0.01. Again, this is the value
estimated by Christiano et al. (2005). We assume that the production function is Cobb-Douglas

with a capital share of 1/3.

F.4 Linear Approximation

A linear approximation of equation (93) and its foreign analog yields

. vp L L\ K. UeeC' . T

sie) = (28 = 28 i) - ) - "k o (95)
o veeL* fol™ 4, for KK+, UecC' T .
si(z) = ( w7, ) 0 (z) — I, kj(z) — " + T + Gt (96)

Linearize approximations of the firm production function and capital demand equation (92) and

their foreign analogs yields

A~ ~

Ji() = aby(x) + (1 = a)ky() and  §;(z) = alj(z) + (1 - a)kj (x) (97)

= aly(x) — aky(x) + 5(x) and P = ali(x) — aki(z) + 5 (2) (98)
Note that there is no ¢; term in the above equation, because #F also is divided by P;. Using these

equation we can derive that

ki(z) = gu(x) — 7+ 5(2),
. N l1—a, l1—a.
U(z) = gu(z)+ . rf - 5¢(x)



Using these equations and the functional form of the utility function—equation (15)—and the

production function, we can rewrite equation (95) as

G = wlil-a) <g}t(m) 41 9k - 1= %t(;p))
~(1-a) (g}t(:n) kg §t(x)) +o e+ 1 i

N - A . T .
= Duli() + 0 ol + UK + Yo7, (99)

1 - . .
where ¢, = m, Y = % and Y. = W Correspondingly, we can rewrite

equation (96) as

N ~ — A~ ~kx A T ~
85(x) = o0y (z) + oMbl + R 4 abedy + 1/161 T (100)
A Linear approximation firm demand—equation (118)—yields
. C. I. —nC —nlI,
Yt = ¢H*0Ht + ¢H tHE + <Z5H YcHt + ¢H YZHt + gmt, (101)
N n C n I . .
Yyrt = ¢FYCFt+¢FY1Ft+¢F YCFt+¢F1 YZFt+gFta (102)
where
j
Utiri = UHte; — 0 (ﬁt — DHt+j — Z 7Tt+k> (103)
k=1
j
Uiprj = Uper;— 0 (ﬁft — DFtt+j — Zﬂtﬂc) (104)
k=1

Here we have made use of the fact that in steady state Iy = ¢yl, Ir = ¢pl, I;; = ¢ 1%, and
Iy = ¢pI".

Substituting these expressions into equations (99)-(100) yields

J
. X P 1, - T . .
Stivi = UolHtyj — ol (pt — DHt+j — Z 7Tt+k> + o by + ﬁﬂ)cﬂtﬂ + ¢krf+j
k=1
N N o o 1., A T « ~k o
8ttr; = VulFtrj — ol (pf — DFt+j — Z 7Tt+k> + 0o el + ﬁ%ﬁﬂ' + UkTiE; + Vel
k=1

Applying the same method as we did in Section 1 to derive Phillips curves yields

Tt = BEimHiy1 + kKC (@Z}v?)Ht Prt + o ety + ¢c — Tt + T/Jkrt) (105)

N A — A T . N A
Tre = BEmpi + K <T/JuyFt — PR+ 0 Pely + T/fcl T + YRt + 1/JcQt) (106)

We also have that

it = ¢mige + dpipe and iy = Piyy, + Pripy
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it =t —NPpre and  ipy = it — NPFy

- ~ -

Ui =17 — (P — @) and T, = if — n(Pre — i)

Analogously to (51) and (52) in Section 1, aggregate output is

~ C N 1-n/C K I N 1—n I L
Yar = ? ¢Hct+ n ? ¢Hct + ? ¢H1t+ n ? Ht
C+1 l1-n * ~ C+I\1—n %
- <y> <¢H + n¢H> DPHt + 1 <Y>
~ C * Ak n C . n I .
Yry = <Y> ¢FCt + m (Y) Ol + < > ¢F2t 777] <Y> bpi
CHIN(_n N - cC+IN\ . .
—n ( v ) (1 —or ¢F) PHt+ 1 (Y) ®rdt + gt (108)

A linear approximation of K; = u;K; and its foreign counterpart yields

(107)

];‘t = U + ]:’t. (109)
ki =4y + ky. (110)
A linear approximation of A'(u;) = RF/P, and its foreign counterpart yields
P
ool = 7. (111)
N o
ooty =T — Gy. (112)

where 0, = A” /A" and we use the fact that « = 1 in steady state.
Assume that ¢(1) = ¢'(1) = 0 and ¢"(1) = k; > 0. A linear approximation of equation (87)

and its foreign counterpart yields
(it + k] |:ﬁ (Et'thrl — it) - (%t - Zt 1):| + O‘c_lét =0 (113)

dr + k; [/3 (Et%jfﬂ - z;) - (a; —i 1)} torle =0 (114)
Assume that in steady state A(u) =0, A'(u) = R?f. A linear approximation of equation (88) and

its foreign counterpart yields
dy = B(1 — 8) Eydyy1 + (1 — B(1 - 0)) (Etffﬂ - Uc_lEtétH) (115)
05 = B(1 — 6)Budiyy + (1 - 80— 0)) (Biflis + Biivs — i — Bt — 0. Biény) (116)

20



G A Model with Firm-Specific Capital

This appendix presents a model of investment and capital accumulation that mirrors closely the
specification in Woodford (2003, 2005). In this model, firms own their capital stock and face
adjustment costs at the firm level in adjusting their capital stock. Household behavior is governed
by the same equations as in our baseline GHH model presented in section E. As in our baseline
model, firms belong to industries x, which make use of a specific type of labor. The production

function of firms in industry z is

yr(x) = f(Li(z), Ki(2)). (117)
The demand for the output of firms in industry z is given by

—0
ye(z) = (nCpy + (1 —n)Cppy +nlpy + (1 —n)lgy + nGpe) <p;;t]$)> . (118)

Firms’ optimal choice of labor demand implies
Wi(x) = fo(Li(z), Ki(z))Se(x). (119)

Each firm faces convex adjustment costs for investment. A firm that would like to choose a capital
stock Kyq1(z) for period t+ 1 must invest I(K;y1(z)/Ki(z)) K (z) at time ¢t. For simplicity, assume
that I; is a composite investment good given by an index of all the products produced in the
economy analogous to equations (16)-(17) for consumption. We assume that I(1) =4, I'(1) = 1

and I"”(1) = €. Optimal investment by firms implies

I <Kt+1(90)> +EtMt,t+1Pt+1 [I (Kt+2(x)> Y (Kt+2($)> Kt+2(95)]

Ki(x) P, Ki1(x) Kii1(x) ) Kipi(x)
Pryy RE (%) P
— EM, i 120
LT, Priv1 P (120)
where
Ri(z) = fr(Li(x), Ki(2)) S (). (121)

Firm price setting is given by equation (38). This model has two new parameters relative to our
baseline model. We follow Woodford (2003, 2005) in setting § = 0.012 and €, = 3. Our results
are virtually identical if we instead set 6 = 0.025 and €, = 2.5. We assume that the production
function is Cobb-Douglas with a capital share of 1/3.

Combining labor demand and labor supply yields

St (SL‘) PHt

A L)Y 122
Py P xLi(z) (122)

aLt(x)a_th(a:)l_a(l —T)
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G.1 Linear Approximation

Notice that
Kip1(z) = (1 - 6)Ki(x) + Li(z)

In steady state, we have /K = §. A linear approximation of equation (123) then yields
kep1(z) = (1 — 8)ky(x) + 61y ().
Similarly, for the aggregate home capital stock we have
ke = (1= 8)kme + 01

A linear approximation of equation (122) yields

Sl@) = 07+ 1= )lu(a) — (1 - a)le) — e+ 7

A linear approximation of equation (121) yields
1 (x) = §i(x) + aly(z) — ake(x)

Here, in contrast to earlier models, we are deflating nominal variables by Ppy.

(123)

(124)

(125)

(126)

(127)

From equation (??) we have that in steady state R¥/P = § +1/8 — 1. A linear approximation

of equation (??) then yields

Uet + € (Etﬂ(m) - l%t(fb“)) + Eyticr 1 + Bey (Et]%t+2(x) - fft+1($)>

+(1 - B(1-9)) (Etff+1($) + EtﬁHtH)

A linear approximation of the production function yields

~ A~

Oe(x) = aly(x) + (1 — a)ke(x)

Combining equations (126) and (129) yields

vt —a —a)(v! - T
s1(x) = %Qt(ﬁ) - a )(a ) ki(x) — pue + 1=

Ty

Adopting the notation used in Woodford (2005), this equation becomes

$1(w) = @jile) — @ = P)hu(@) = pre +

A

Tt

where @ = (v™! +1—a)/a, v = v~!. Taking an average across all home firms we get

Tt
1—7

SHt = Wypt — (W — D)I;‘Ht — PHt +
22
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(129)

(130)

(131)

(132)



and

A~ ~

51(x) = S + 0(Ge(2) — Gre) — (0 — v)(ke(x) — Kpre) (133)
Now using the demand curve for home firms we get that

§u(x) = st — 00py (@) — (@ — P)kr(2) (134)

where k() = ki(z) — kny.

A linear approximation of the firms’ price setting equation yields
00 ‘ J
Ef Z(aﬁ)j (ﬁt(x) - ZTFHtJrk - §t+j($)> =0 (135)
j=0 k=1

where following Woodford (2005) we use Ef to denote an expectation conditional on the state
of the world at date ¢, but integrating only over those future states in which firms in industry z
have not reset their prices since period ¢. For aggregate variables E,@”mT = Eixp. For firm specific
variables, this is not the case.

Substituting for marginal costs in the above equation we get
EY Z(Oéﬁ)] Pe(w) — ZWHt+k — Shtj(w) + Wl (ﬁt(f’«") - Zﬂtﬂc) + (@ — 17)kt+j(w))] =0
=0 k=1 k=1
(136)

Thus,

00 J
(1+ @0)pi(x) = (1 — aB)E} Z(@ﬁ)j [§Ht+j + (1 +@0) ZWHtJrk —(0- ﬂ)lz%ﬂ'(f”)] (137)

j=0 k=1
Notice that unlike in the heterogeneous labor model p;(x) is not independent of x. This is due to
the presence of the l~ct+j (z) term on the right hand side. Notice also that Efl%tﬂ (z) depends on

pr(x), we need to determine this dependence to be able to solve for py(z).

Combining (127) and (131), we have

(@) = @i () — (@ = D)ko(@) — pre + ali(x) — aky(a) + 7 (138)

Using the product function to eliminate () yields

- N » A T .
it (x) = pyin(x) = prke(x) = b+ T (139)

where p, = @ + 1 and p;, = p, — 7 as in Woodford (2005).
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Thus, aggregating equation (128) yields

Gt + € (kies1 — kie) = Bytiaryr + Bey(Eikiro — ki)

~ ~ T
+(1 = B(1 = 96))(pyErimir1 — prkmes1 + T

(140)

Here our expression differs from Woodford (2005) in the coefficient on Eytceq1. This difference

arises because we are using GHH preferences.

Combining this expression with the one on (128) yields

ey (Ria(2) = k@) = Bey (Bikrsa(@) = ki (@)

+(1 = B(1-9)) (PyEt (Ut+1(x) = UH141) — ,Ok];t-&-l(x))

Rearranging and using the firm’s demand curve
(1= B(1 = 8)) pybe;" Erpryr(x) = BEiki ()
— (1484 (=80 = 0)prey!) (@) + ()

OF;pi1(x) = By [Q(L)];;t—l-Q(x)}

where

0= (1-p301-9) pyee;
QUL)=8-1+8+(1-501 —5)),%6;1} L+1L?
Notice that Q(0) = >0, Q(5) <0, Q(1) < 0 and Q(n) > 0 for large n. So,
Q(L) = B(1 - i L)(1  psL)

with g1, pro real and 0 < pp < 1 < 871 < po.

Using the argument on page 13 of Woodford (2005) we have

bi(x) = prr — V()

(141)

(142)

(143)

(144)

(145)

i.e. the choice of a price to set by firms in industry x is a function of aggregate variables and industry

x’s capital stock. Here, v is a coeflicient to be determined below. Also, note that I;:t(x) =0 on

average for firms that reset their prices at time ¢ because of the Calvo assumption. Thus p; is the

average relative price set by firms at time t.
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A linear approximation of the home price index yields

«

1-—

PHt = THt (146)
a

Let’s now introduce the notation p¢(z) for a generic relative price. This contrasts p;(x), which we

have been using to denote the optimal price set at time t. Notice that
Eipra(v) = o [pr(2) — Ermpa] + (1 — @) Egpria (o) (147)

and using the last three equations we get

Epi(z) = alp(@) — Emmisr) + (1 — @) Eyfpris1(x) — Y (z)]

= apy(z) — (1 — @)y Bk (2) (148)
Again, Woodford (2005) argues that
kiy1(z) = Aki(2) — vpe(w) (149)

where A and v are to be determined. The algebra on pages 14-15 in Woodford (2005) applies to
our model. We plug the equation (148) into the last equation and get

Eikpyo(z) = A+ (1 = a)ylkes () — avpr(z) (150)

Using this to substitute for ks () in equation (142), and again using (148) to substitute for
Epr41(x), we obtain a linear relation of k;(z) and f;(z). For convenience, denote A =1+ 3+ (1 —

B(1 — 5))pke1;1, thus Q(L) = B — AL + L?. Equation (142) becomes,

Oapi(z) — O(1 — )Y Eik1(z) = N Eikygr (@) + X ypy ()

—Akp1(z) + BN+ (1 — a) vl (z) — aBype(x)

For the conjectured solution (149) to satisfy this equation, we need the coefficient in front of p.(z)
to satisfy
(1 —afN)y = OaA. (151)

Using this equation the coefficient in front of Etl;tﬂ(x) becomes
Ol —a)YA+1— AN+ BN+ (1 —a)BMpy = 0
=>0O(1 —a)YA+ (1 —afA)(1— AN+ 68X = 0

=> (B —aN)Q(BN) + (1 —a)OyPA = 0 (152)
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Now, returning to optimal price setting, we focus on the term

EFY (@B kiyj(x) (153)
=0
Since
kir1(x) = Mey(2) — vpi(x) (154)
we have ;
Efkiyj1(x) = AN kg () — (ﬁt(x) —E ZWHHI:) (155)
k=1

for all j <0, and using pi(z) — E¢ Zi:l Thisk = EFpre;(z). Notice that

ke (x) = Mke(x) — vpe(x)

kipa(z) = Nh(z) = yApi(z) — vprsa (o)
kips(x) = Nhi(z) = yNpe(x) — yYAPer1(z) — Yhrra (@)
SO
P . k P .
Br Y (@) hile) = (= OB S (@B (a)
j=0 J=0

00 00 J
EFY (aBYperj(z) = Y (apy (ﬁt(ﬂf) - E; ZWHt—&-k:)
j=0 k=1

=0

In addition using the fact that, E¥ > olaB) Ek L THi+k = 1= ozBEt Py [(aB) Thiy; , we have

[ > ] ];'t x o N a 0o .
E} jz;)(aﬁ)ﬂk;ﬁj(x) =1 _(a;)\ - a;)(f)_ aﬁ)\)l)t(ar) + = aﬁv)(lﬁ— aﬁ)\)Et;(aﬁ)]WHtﬂ

(156)
Noting that for firms reoptimizing their price at time ¢, p;(x) = pi(x). Therefore, combining

equation (137) and the last equation yields

1+ @0)pe(z) = (1 — aB)Er Y (B dmeps + (1 — aB) L+ @0)E Y (aB) > Triss

7=0 i=0 k=1
Q _1a—6)a(;}; D) + Wﬁt(gg) Wﬂ(m i (0B s
Thus,
ppr(x) = (1 — aB)Ey i(o‘ﬁ)jgh’tﬂ‘ + qﬁi(aﬂ)jEthHj —(w— ﬁ)ll:cfyﬁﬁ)\/%t(m) (157)

j=0 J=1
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where ¢ =1+ wf — (w — 1/)1“701’2A

For this last equation to be consistent with our conjecture (145), we must have

(0.9}
¢pur = (1—ap) > (aB) Bidury; + ¢Z aB) By
7=0 7=1

and
1-— ozﬁ

(158)

(159)

This last equation along with (151) and (152) comprise a system of three equation in the three

unknown coefficients A, 7, and 1. Woodford (2005, pages 17-18) describes an algorithm for solving

these three equations. The following explains how to reduce this system of equations to a single

equation for A. For A # 0, (151) can be solved for .

(B~" — aN)Q(BN)

A)=—
v() (1 —a)OA
Similarly, (152) defines a function
Oa
A)=—r

Substituting these functions for ¢ and v in (159), we get the equation to solve for A:
V() = [1+a0)(1 — aBr)? - a?B(@ — 7)ON] Q(BA) + B(1 — a)(1 — af)(® — 7)OA =0
Quasi-differencing the expression for pgy, equation (158), yields
prt — aBEpHi = (1 — aB)d $ue + aBEmhi

Using equation (146) to plug in for p; yields
o2

1—

(07

THt — aEtWHt—l—l (1—aB)¢ st + aBEmmi41

11—«

T = k¢ m + BE I
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(161)

(162)

(163)

(164)
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