
Households

maxCt,Lt,bt+1Et

∑∞
s=0 βs{log(Ct+s−ΦCt+s−1)−χL1+σ

t+s /(1+σ)},

subject to:
Ct + bt+1

1 + rt
= wtLt + bt

πt
+ Πt + Tt

and λ1,t is the Lagrange multipliers of the budget constraints, respectively.
FOCs:

∂

∂Ct
= U ′(Ct) = 1

Ct − ΦCt−1
− βΦ

Ct+1 − ΦCt
− λ1,t = 0

⇒ U ′(Ct) = λ1,t

∂

∂Lt
= −χLσ

t + λ1,twt = 0

⇒ Lt = (U ′(Ct)wt

χ
)

1
σ (1)

∂

∂bt+1
= − λ1,t

1 + rt
+ λ1,t+1

πt+1
= 0

⇒ πt+1
1 + rt

= λ1,t+1
λ1,t

= βU ′(Ct+1)
U ′(Ct)

(2)
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Intermediate good producers:

max
Pt,j ,Lt,j ,It,j ,St,j ,Zt,j ,Yt,j ,Kt+1,j ,Nt+1,j ,bt+1,j

Et

∞∑
j=0

Mt,t+jΠt+j(i)

where

Πt(j) = Pt(j)
Pt

Yt(j) − wtLt(j) − It(j) − St(j) − ϕP

2

(
Pt(j)

πPt−1(j) − 1
)2

Yt + bt+1
Rt

− bt

πt

subject to the following constraints:

Yt(j) = Kt(j)α (Zt(j)Lt(j))1−α (3)

Zt(j) = AtNt(j)ηN1−η
t (4)

Yt(j) =
(

Pt(j)
Pt

)−ε

Yt

Pt(j)
Pt

Yt(j) ≤ ζ(Kt+1(j) − bt+1
1 + rt

) (5)

Kt+1 = (1 − δK) Kt + ΛK

(
It

Kt

)
Kt (6)

Nt+1 = (1 − δN ) Nt + ΛN

(
St

Nt

)
Nt (7)

with γi,t, i = 1, 2, 3, 4, 5, 6 being their corresponding Lagrange multipliers.

FOCs:

∂

∂Pt,j
= Yt(j)

Pt
− ϕP

1
πPt−1(j)

(
Pt(i)

πPt−1(j) − 1
)

Yt + Mt,t+1ϕP
Pt+1(j)
πP 2

t (j)

(
Pt+1(j)
πPt(j) − 1

)
Yt+1−

εγ3,t
1

Pt

(
Pt(j)

Pt

)−ε−1
Yt − γ4,t

1
Pt

Yt(j) = 0
or

1 − ϕP
πt

π

(
πt

π
− 1

)
+ Mt,t+1ϕP

πt+1
π

(
πt+1

π
− 1

)
Yt+1
Yt

− ε − (1 − ε)γ4,t + εγ1,t = 0 (8)

∂

∂Lt,j
= −wt + γ1,t(1 − α)Kt(j)αZt(j)1−αLt(j)−α = 0

wt = γ1,t(1 − α) Yj,t

Lj,t
(9)

∂

∂Kt+1,j
= γ1,t+1α

Yj,t+1
Kj,t+1

+γ4,tζ−γ5,t+γ5,t+1

(
1 − δK + ΛK

(
It+1
Kt+1

)
− It+1

Kt+1
Λ′

K

(
It+1
Kt+1

))
= 0

⇒ γ1,t+1α
Yj,t+1
Kj,t+1

+γ4,tζ = 1
Λ′

K( It
Kt

)
− 1

Λ′
K( It+1

Kt1 )

(
1 − δK + ΛK

(
It+1
Kt+1

)
− It+1

Kt+1
Λ′

K

(
It+1
Kt+1

))
(10)
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∂

∂Nt+1,j
= γ2,t+1η

Zj,t+1
Nj,t+1

− γ6,t + γ6,t+1

(
1 − δN + ΛN

(
St+1
Nt+1

)
− St+1

Nt+1
Λ′

N

(
St+1
Nt+1

))
= 0

⇒ γ1,t+1(1−α)η Yj,t+1
Nj,t+1

= 1
Λ′

N ( St
Nt

)
− 1

Λ′
N ( St+1

Nt+1
)

(
1 − δN + ΛN

(
St+1
Nt+1

)
− St+1

Nt+1
Λ′

N

(
St+1
Nt+1

))
(11)

∂

∂Zt(j) = γ1,t(1 − α) (Kt(j))α Zt(j)−αLt(j)1−α − γ2,t = 0

γ2,t = γ1,t(1 − α) Yj,t

Zj,t

∂

∂Yt(j) = Pt(j)
Pt

− γ1,t − γ3,t − Pt(j)
Pt

γ4,t = 0

γ1,t + γ3,t + γ4,t = 1

∂

∂bt+1
= 1

Rt
− Mt,t+1

πt+1
− γ4,tζ

1 + rt
= 0

πt+1
Rt

− γ4,tζ
πt+1

1 + rt
= Mt,t+1 (12)

∂

∂It
= −1 + γ5,tΛ′

K( It

Kt
) = 0

⇒ γ5,t = 1
Λ′

K( It
Kt

)

∂

∂St
= −1 + γ6,tΛ′

N ( St

Nt
) = 0

⇒ γ6,t = 1
Λ′

N ( St
Nt

)
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Market clearing conditions

Goods market:

Yt = Ct + It + St + ϕP

2

(
πt

π
− 1

)2
Yt (13)

definition:
Rt = 1 + (1 − τ)rt (14)

monetary policy:

Rt

R
=
(

Rt−1
R

)ρr
(

πt

π

)ρπ
(∆Yt

∆Y

)ρY

exp(σrεr,t), (15)

aggregate productivity:

Log(At) = (1 − ρa)Log(A) + ρaLog(At−1) + σaεa,t (16)

government budget balance:

Tt = bt+1( 1
Rt

− 1
1 + rt

) (17)
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ALL DE-TRENDED EQUATIONS

I define X̃t = Xt
Nt

and also gN,t = Nt
Nt−1

.

Set of endogenous variables:{
Lt, C̃t, Ĩt, S̃t, K̃t+1, gN,t+1, Ỹt, πt, Z̃t, bt+1, w̃t, Rt, rt, Tt, γ1,t, γ4,t, At

}

gN,t+1 ˜Kt+1 = (1 − δK) K̃t + ΛK

(
Ĩt

K̃t

)
K̃t (1)

gN,t+1 = (1 − δN ) + ΛN

(
S̃t

)
(2)

U ′(C̃t) = 1
C̃t − Φ ˜Ct−1

gN,t

− βΦ
gN,t+1 ˜Ct+1 − ΦC̃t

U ′( ˜Ct+1) = 1
gN,t+1 ˜Ct+1 − ΦC̃t

− βΦ
(gN,t+2 × gN,t+1) ˜Ct+2 − ΦgN,t+1 ˜Ct+1

˜Mt,t+1 = βU ′( ˜Ct+1)
U ′(C̃t)

πt+1
1 + rt

= ˜Mt,t+1 (3)

Lt = (U ′(C̃t)w̃t

χ
)

1
σ (4)

γ1,t+1α
˜Yj,t+1
˜Kj,t+1

+ γ4,tζ = 1
Λ′

K( Ĩt

K̃t
)

− 1
Λ′

K( Ĩt+1
K̃t1 )

(
1 − δK + ΛK

(
Ĩt+1

K̃t+1

)
− Ĩt+1

K̃t+1
Λ′

K

(
Ĩt+1

K̃t+1

))
(5)

γ1,t+1(1 − α)η ˜Yj,t+1 = 1
Λ′

N (S̃t)
− 1

Λ′
N ( ˜St+1)

(
1 − δN + ΛN

(
˜St+1
)

− ˜St+1Λ′
N

(
˜St+1
))

(6)

ΛK

(
Ĩt

K̃t

)
= aK,1 + aK,2

1 − 1
τK

(
Ĩt

K̃t

)1− 1
τK

Λ′
K,t = aK,2

(
Ĩt

K̃t

)− 1
τK
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ΛN

(
S̃t

)
= aN,1 + aN,2

1 − 1
τN

S̃
1− 1

τN
t

Λ′
N,t = aN,2S̃

− 1
τN

t

w̃t = γ1,t(1 − α) Ỹt

Lt
(7)

Ỹt = K̃α
t

(
Z̃tLt

)1−α
(8)

Z̃t = At (9)

1−ϕP
πt

π

(
πt

π
− 1

)
+M̃t,t+1ϕP

πt+1
π

(
πt+1

π
− 1

)
gN,t+1Ỹt+1

Ỹt
−ε− (1−ε)γ4,t +εγ1,t = 0 (10)

Ỹt = ζ

(
K̃t+1 − bt+1

1 + rt

)
(11)

Ỹt = C̃t + Ĩt + S̃t + ϕP

2

(
πt

π
− 1

)2
Ỹt (12)

bt = 0

πt+1
Rt

− γ4,tζ
πt+1

1 + rt
= Mt,t+1 (13)

Rt = 1 + (1 − τ)rt (14)

Tt = bt+1( 1
Rt

− 1
1 + rt

) (15)

Rt

R
=
(

Rt−1
R

)ρr
(

πt

π

)ρπ
(

Ỹt

Ỹt−1

g̃t

ḡ

)ρY

exp(σrεr,t), (16)

Log(At) = (1 − ρa)Log(A) + ρaLog(At−1) + σaεa,t (17)
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